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PREFACE; 



THC Author a( thk^ Work eoofiiferr th* 
different Branches ai the Mathematics as 
£> many Languages s and tfa^ ace fain efibS, fot 
men have, tmrented languages to expreis theif 
dioQghts:by outward figns, and thereby %a mark 
the objeifts of ideas^ their propenies and relatidns« 
In like manner. Mathematicians have adopted 
iigns td mark different qoantities, and to express 
their properties and relations* 

Now;, fincethde iigns are either Numbers j Ltt^ 
tetSf 00 I^ims^ there: ars confequently three pri« 
mitive Mathematics Languages ; namely, Arith^ 
metiCf inr v^ich numbers ; Algebra, wherein let*- 
tera ; and Geometry^ in which lines are ufed. But 
fince we may^ at the fame time^ make ufe of 
numbers and letters, of letters and lines, there 
are twa other langij^es^ which being derivative^,, 

may 



may be called Arithmetico^ Algebraic^ and Alge^ 
braico^Geometric : and fincc the eye of the im- 
iQortal Newton has penetrated to the firft ele- 
ments oF quantity, which he calls Fluxions^ there 
is a fixth Language, which though ftri<fily fpeak- 
ing it be Algebrako-Geometrtc^ nnay, however, 
take a more particular name from its objed, and 
therefore be called Pluxionai^ or ^ranfcendental. 

In each of thefe Languages, the Author ex« 
plains the manner oi readings writings ^ndjpeak^ 
u^ mathi?maticiUy, and thtis brings the . fciencd 
within the reach of every comttion genius* 

We read mathifnatkalfyf when> we. exprefs iii 
vords what is reprefented by tnatheo^ttcal iigns : 
We write mathematically ^ when we reprcfent by 
iigns what has been expreifed only in words : and; 
laflly, vfejpeak mathematically^ when we makeufe 
of (igns in the ipveftigattoia'and demonftration of 
theorems, and in the fQlHtioQ of problems ;. there* 
by fixing the principle^ aiid rules for Jearning this 
fcience without any affiftance, and carrying it to 
the highcft. degree of perfedlion. 

The experience of former years has convinced 
t^e Author, that this method of ftudying the- Ma« 
thematics, provided the pupil will give a proper 
degree of attention, and have a little patience at 
the beginning, ferves.not only to make him ac* 

quire 
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quire the fcieot^ very eafily, but alfo to develope 
his genius, re&ify his judgement, give him a 
tafte for invention, and actually to Wfke him be« 
€ome infcnfibly an Inventor* . : 

This IS the reafon v^hich has determined the 
Author to offer his method to the Public, and to 
treat thjs fublinae Science of MjtthematLcs as a Laiir 
guage^ with a view, aot of giving a compleat 
fyikcfo^ i;)Ut of ^xplaiining the principles, in ordec 
to lay fuch a feundafion, as that a beginner may, 
without any other affida^ce, make a competent 
progrefs in the Mathematics. Nor is it a vaia 
prefumption which has led the Author to this de- 
termination, but a convi^ion founded on his 
own experience in Italy, Switzerland, and Eng- 
land; where^ by giving ledures after this me« 
thod, he has always had the fatisfadion in a few 
weeks to make his pupils fond of the Mathema- 
tics, and capable of purfuing their ftudies by 
themfelves. Add to this, the judgement of two 
celebrated Mathematicians of the Univerfity of 
Cambridge, who having been fo obliging as to 
read the firft part qf thb Work, have given it as 
their opinion, that it is ingenious ^ that the fuljeSl 
is treated with more than ufual accuracy ^ and that 
it will be ufeful to the Public. 

c It 



3c Kviu .) 
It my-^othcittmCs dfo td tbf^tvt, thtft this 

W6fk c6Atjj^t>s leteral things which are ticw: a^^ 
lit, Rules Ibr fiinpiffyttig the ocki^Aion dperati&t^d 
in Arithmetic; xdly^ Several general ^ules (ea 
ftiblvhig atl {»r6b!ei)bs, df whitev«r dtgt&Sf that 
tan.be propefed in 6uidbeiiS) by Arithmetic onl^) 
wfthottt Algeblti t Bt-dlyt A v«ry «afy m^od of 
rerbl#4tag a niumttHical eqU^tidn of any degree^ {a 
ill cftfei at lead therein it iias k i^dl and «0m- 
ttiehfuriblfe jpbol ; 4thly, A ft*i\V maiiiifer <>f i(J«cr* 
mining ihcomrfitnfHrabk quadMtic J-<t6K i- l^y^ A 
foethod of approximating to the valire' bf *1} ilii- 
tbitmnenrufabte but real i-odt ; 6th Jy-, A ^lef^il 
rule for ttoaking the exprefiion V(^+^^'-f ert^^Fi^- 
lional itt nuwbcrs; ythiy^ and kftly^ A diw(§t 
attt! very fimple folution of this ptiobten^-— ^i&# jf^ 
«rrj/ /^r;>> ^/'tf^ algebraic feries being pi>e», U J^rid 
^;? expre/fionfor thejkm oftheferiis. 

The methiid of convfcrting any giteft fimple 
equation into t^ree other fimple ones, kdfis to a 
capital difcovery in M^thematks, \vhi(ih'is, «h3it 
every fimpk equation mujl have four diffktim r^hy 
Pvoo realf and t^>o imaginary. 

'tht Author lia$ an intention * of publifliing a 
partictrlar Diflertation upon hfe Difcovery, wlWrt- 
in he will demonftrate its ufo in rtiathematital 
Problems, and chiefly in the conftrudion of 

curve 
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curve Lines. Now he obferves only, that the 
Law of Continuation is rigoroufljr obfcrvcd by 
thefe Lines, fo that, for inftance, the two 
Branches of the common Hyperbola are joined 
together by a nodus. 

The firft part only, contahiing the principles 
of Arithmetic and Algebra, and being an entire 
work of itfelf, is now offered to the Public. The 
fecond, explaining the methods of treating elemen* 
tary and fublime Geometry, and Fluxions, will 
follow, if the prefent volun^e (hould meet with 
general approbation. 
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Nature .A KP Di VIS I o N QF tetjc 
Mathematical Lanouags. 

THE Matbematiqai Language conMs of the know- 
ledge and ufe of feme charadlers and - iigfis, iQ« 
vented to repnTenc the differeut quantities, which are 
the obje^ of Mathemaijcsj to denote the' operations to 
be performed with them, ajid to exprefs their proper- 
ties and th^ relations ariiing from tl^eir comparifon» 
And b^caufe the proper objefts of the Mathematical 
fcience ire number, exten/jon, and quantity in general; 
three kinds of charafters are ufed in exhibiting thefc 
different objefts, viz. the- Arabic figures, o, i, 2, 3, 4, 
5» 6, 7, 8, 9, to denote the numbers, lines to reprefent 
the extcnfion, and the letters of the alphabet to exprefs 
quantities iq general. 

Again, in order to mark the operations to be per- 
formed upon magnitude, and to exprefs its relations, 
the following figns are taken. 

+ Plus or more. The fign of Addition. Thus 3+5 
denotes the fum of 3 and 5, or S. When no fign is 
expreffifd, + is underftood. Thus 8| and +i mean 
the fame thing* 
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- Mnus or lefs. The fign of Subtraflion. Thus 
6-2 denotes the excefs of 6 above 2^ that is 4. 

Note. The quantities, conne&ed by thefe characters, 
larcfaid to be compaundj as 3 -f- 5, and 6 — 2. - 

X Multiplied by. The fign of Multiplication. Thus 
4x6 denotes the produ& of the numbers 4 and 6, that 
is 24. 

The multiplication of quantities is alfo exprefled by 
fetting a point between them, and 4.6 is therefpi'c the 
fame thing as 4 x 6. 

Note* The produ£ls arifiog from the continual mul- 
tiplication of the fame quantity, are called the powers of 
that quantity, which is the root. Thus 2.2, 2.2.2, 
2.2.2.2, &c. are powers of the root 2. 

Thefe . powers are expreffcd by placing above the 
root, to the right hand, a fmaller figure, denoting 
how often the root is repeated. This figure is called 
an index or exponent^ and from it the power is denomi- 
nated. Thus, 

I ft 1 power of the ["2' or 2 
2d root 2, and is J 2* 
3d f othcrwife ex- J 2* . 
4ih J prcffcd by [2* 

The 2d and 3d powers are generally called xht/quare 

. and cube \ and the 4th, 5th, and 6th, are alfo fometimes 

rcfpeftivcly called the biquadr ate y fur/olid^, znd, cubocube. 

-T- DiXikded by. The fign of l3iviGon. Thus 8-T-2 
denotes the quotient of the foriper of the numbers di- 
vided by the latter, that is 4. 

Divifion is alfo marked thus 2)8, the latter number 
being the dividend, apd the. former the divifor. 

The quotient of two quantities is alfo denoted by 

. placing the dividend above a fmall line, and the divifor 

8 
below it. Thus — is the quotient of 8 divided by 2, or 

4. 2 

4. This exprelfion of a quotient is alfo called a frac- 
' tion. 

V This 
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V This mark is called the radical fign^ and ha^a fi- 
gure or index fet over it^ to denote what root it is of the 

number before which it Hands. Thus, \/4 or V4 fig- 

nifies the 2d or fquare root of 4 ; v 8 denotes the 3d or 
cube root of 8. 

A vinculum is a line drawn over any number of terras 
of a compound quantity, to denote thofe which are un- 
derftood to be affe£ted by the particular lign conneded 

with it. Thus, 8-2x3 Ihews that the excefs of 8 
above 2 muft be multiplied by 3. Without the vincu- 
lum, the expreflion 8 — 2x3, would mean the excefs 
of 8 above the produft of 2 by 3. Therefore, the va« 

lue of 8 — 2 X 3 is 18, and the value of 8 — 2 x 3 is ^. 

By fome authors a parentbejts ( ) is ufed as a vincu- 
lum, and (8 - 2) X 3 is the fame thing as 8 — 2 x 3. 

=: Equal. The fign of equality. Thus 3 +5 = 10 — 2 
means that the fum of 3 and 5 is equal to the excefs of 
10 above 2. 

:> Greater. The fign of majority. Thus*3 + 5^^ " * 
means that the fum of 3 and 5 is greater than the ex* 
ccfs of 8 above 2 . 

< Lefs. The fign of minority. Thus 3 +5<ii2 — 2 
means that the fum of 3 and 5 is lefs than the excefs 
of 12 above 2. 

: Toy and : : fo is. The figns of proportion. Thus 
a : 4 : : 3 : 6 ; that is, as 2 is to 41 fo is 3 to 6. 

Laftly, it is by means of thcfc different charaftcrs and 
figns, that the properties of magnirude are mathemati* 
cally expreflfcd. Thus 8=12 x 4 (hews that 8 is either 
double of 4, or quadruple of 2. 

From the nature and combination of the characters 
ufed for expreffing the quantities, it follows that the 
mathematical language may be divided into (ix others. 
Thus, when the Arabic figures are employed, the Ian- 
guage is arithmetical i when lines, geometrical; when 

B 2 the 
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the 4ilf)biibeticat letters, algebraical ; when figures and 
lines, aril hmttico geometrical % when figures and letters, 
aritbmetic^algehraical i and, laftlj, when letters and lines, 
ajgebraicO'geometricaL 

Thcfe languages arife naturally from the mathemati- 
cal exprefiions of finite magnitude. But there are ex- 
ceedingly fmall quantities, ivhofe expreflioa, being quite 
different from the preceding ones, requires a particular 
alphabet and language, "whxchlc^Wtranfcendental^ and 
will explain in its proper place. 

The figns which ferve to mark the operations upon 
quantities, and to exprefs the relations of magnitude, 
no more belong to one language than to another, being 
common to all ; and therefore they fhoald be called 
matbemat teal figns ^ 

From thefe principles it appears, that nobody can. be 
a mathematician without a perfect knowledge of thefe 
languages \ and no one, who would' make any progreis 
in thefcience of magnitude, ought to be ignorant of 
their elements, and how to put in pradice at lead their 
firft rules. It is for this reafon I ihall try to explain the 
nature and principles of thefe languages, in order to 
facilitate and render more agreeable to my pupil a ilu- 
dy, which, without thefe helps, has not always charms 
enough to attach a beginner to it. And fince yeu are 
not thought to underftand a language when you do 
not know its alphabet, and the way to write, read, and 
fpeak it, I (hall Hop to explain mioutely thefe articles 
in every one of Qur languages ; and then I ihail apply 
them to fome of the moft yfeful and mod common 
examples, fo that there may be gathered from the 
whole a fufficient courfe of elementary mathematical 
lefTons. 
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PAR T I. 



THE ARITHMETICAL LANGUAGE, 



CHAP. I. 



The Nature of this Language. 

I. Arithmetical Alphabet, 

FROM the ten fingers of the bands, on which k 
had been ufual to compute numbers, the figures 
were called digits* Their form, order, ^jtixi value, are 
as follow : 

I one, an unit, or unity, 2 two, 3 three, 4 four, 5 
'fife,- 6 fix, 7 feven, 8 eight, 9 nine, o cypher, nought, 
jMiil, or nothing. Of thcfe, the firfl nice, in contra- 
dJftinAioQ to ihc cypher, are called Jigfiifcant figurei. 

The value of the figures now afiigned is called their 
Jimple valuer as being that which they have in themfelvcs, 
or when they ftand alone. But when two or more fi- 
gures are joined as in a line, the figures then receive alfo 
a local value from the place in which they ftand, rec- 

koniag 
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koning the order of places from the right hand towards 
the left ; thus. 



A figure ftandiog ia the firfl: place has only its fim- 
pie value ; but a figure in the fecond place has ten 
times the ?alue it would have in the firfl place^ and a 
figure in the third place has ten times the value it 
would have in the fecond place ; and univerfally a figure 
in any fuperior place has ten times the value it would 
have in the next inferior place. 

Hence it is plain, that a figure in the firft fimply Cg- 
nifies fo many units as the figure exprefles ; but the 
fame figure advanced to the fecond place, will, fignify 
fo many tens ; in the third place^ it will fignify fo many 
hundreds ; in the fourth place, fo many thoufands ; in 
the fifth place, fo many ten thoufands ; in the fixth 
place, fo many hundred thoufands ; and in the feventh 
place, fo many millions, &c« Thus, y in the firft 
place will denote feven units ; in the fecond place,- fe« 
ven tens, or feventy ; in the third place, feven hun« 
dred ; in the fourth place, feven thoufand, &c. 

Every three places, reckoning from the right hand, 
make a half-period % and the right-hand figures of thefe 
half-periods are termed umfs and thoufands by turns ; 
the middle figure is always tens, and the left-hand fi- 
gure always hundreds. But here obferve, that the 
right-hand figure of every half-period, properly and 
ftriftly fpeaking, is always units s for the place called 
4 tbou- 
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tboufandsi when ezprefled at more lengthy is termed 
tmits of tboufands^ or xYitumfs place of thmfands. 

Two half-periods, or fix places, make a full period ; 
and the periods, reckoning from ,the right hand towards 
the lefty are titled as follows, viz. the firft is the period 
of units \ the fecond, that of millions i the third is titled 
bimilUons or billions ; the fourth, trimillions or trillions ; 
the fifth, quadrillions I the fixth, quintillions \ the fe« 
venth* Jixtillions ; the eighth^ fefHUions ; the ninth, 
oamions; the tenth, nonillions, &c. 

Half-periods are ufually diftingui(hed from one ano- 
ther by a comma, and full periods by a point or colon ; 
as in the table, following. 

Table. 
4th period. 3d period. zd period. 

Trillions. Billions. Millioi^s. Units. 

• • • ' '• 

M •» « C. ' 

^O TJ ^ "O 

a . a a 

«S^ ^« ^M ^tt 

2*^ gt, .3*^ sna 

•oi*? -8 -Hi's -8 •o^'g -8 •g^'S -S . 

•o~3 '«•:•• t3~3 -Owe? "o^p tt Ji J» 'o~ ss ^o*;*. 

OdS flS.ti S«2 2S.2 geo cS.tS gflS ««.« 
9v^ sud 3w^ 34ia 3u.c 94>e svjQ svs 

BShh^'KH^a-Khh^WhD -WHh ^KhP -Khh »Whc> 
964, 085*813, 700. 137, 894. 678, 040 

The table may be expreiTed in a more cpncife form 
thus^ 

4. 3- 

Trillions. Billions. 

CXM,CXU :CXM,CXU :CXM,CXU :CXM,CXU. 

9 6 4, 085 .'813, 700:237, 8942678, 040. 

From the table It is obvious, that though a cypher 
Cgnify nothing of itfclf, yet it ferves to fiipply vacant 

places^ 
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-pbcesi anjd raifes the value of fignificant figures on 
Its left haud^ by throwii^g theoi into higher places. 
Thusy in the firft period, by a cypher*! filiing the place 
of units, the figure 4 is thrown into the place of. tens, aod 
Signifies forty. And a cypher likewiie fupplyiog the place 
of hundreds, the figure 8 is advanced to the next highor 
place, and fignifies eight . thoufand. Again, two cy- 
phers being 10 the places of tens and unics of billions, 
the figure of 7 bejongs tp the nqxt higher place, and 
fignifies feven hundred billions. Sic But a cypher does 
not change the vaUie of a (igniiicant figure on its - right 
hand«, Thus, 07 or 007 is the fame as y. 

From this alphabet it is plain, that the value of fi- 
gures increafe from the right to the left, and decreafe 
from the left to the right, in a decuple proportion, fo 
•that, by carrying on the places from that .of units to- 
iirards tnc right hand, the figures belonging to thefe 
places become ten times Icfs for every place they atrc 
removed to the right, and confequently they exprefs 
parts of unity, which may be properly called decimal 
fradions^ or only deciniaU. Therefore, reckoning the 
order of thefe new places* from the left hand towards 
the right, a figure flitnding in the firft place will fig- 
nify fo many tenth parts^ of tenths \ but the fame fi- 
gure advanced to the fecond place, becomes fo many 
bimiredth farts or hundredths^ and being removed one 
place more, it becomes thoufandtb parts or tboufandibs^ 
&c. On the contrary, at>y decimal figure, by being re- 
moved one place toward the lefr, becomes ten times 
greater. 

Hence equidiftant places on the left and right of 
the place of units come under fimilar names, viz* tens 
and tenths, hundreds and hundredths, thoufands and 
tboufandths, &c. as in the following table. 
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ji.2.2.5*3oB« •'Se's'Ssioi* 
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It is Bfual to prefix a comma or point to Decimals, 
in order to diftingoilh them from a whole number. So 
•7 is feven tenths, .07 feven hundredths, .25 twenty- 
five hundredths, ^•75 three units and feventy-five hun- 
dredths, or three hundred fcventy-five hundredths, &c. 
The point thus prefixed is called the decimal point. 

In Decimals the figure next the point, being the firft 
decimal place, is fometime^ called primes^ and the fe- 
cond figure from the point is called Jeconds^ the next 
thirds y &c. Thus, in .875 the figure 8 is primes, 7 is 
feconds^ and 5 is thirds. 

An integer, by annexing cyphers, is raifed to higher 
places on the left, and may, by this means, have its 
value increafed to infinity. On the other hand, a de- 
cimal, by prefixing cyphers, is deprefied to lower places 
on the right, and may, by this means^ have its yalue 
diminifiied tainfinity. 

Cyphers annexed to decimals do not change the value 
of the decimals. Thus, .5 = .50 = .500 = .5000= &c. 
mean always the fame value, or five tenths. 



II. Defcriptions of the Kinds and Species of Numbers. 

* 

THE fpecies of numbers are very various and mani- 
fold ; but in this place it will be fuflScient to defcribe 
fuch as appear mod ufeful and necefiary, particularly 
thofe that will occur in the enfuing treatifc. 

C I. An 
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I . An integer y or V)hole number ^ is an unit, ot any 
multitude oC units; as i, 7, 48,. 100. 

2/ AfraSion^ or broken number, is any part or parts 
of an unit; and is expreflcd by two numbers, which 
are feparatcd fron:i one another by a line drawn betwixt 
them i the under number being called the denomnatorj 
and the upper one the numerator^ of the fraftion ; as 
§1 if tVj xw The denominator gives name to the 
iraflion, becaufe it Ihcws into how many parts the 
unit is divided 5 and the numerator tells how many of 
thefc parts the fraftion contains. The numerator and 
denominator are in general named the terms of the 

f raft ion. 

Hote. A decimal is a fraflion whcfc denominator is i 
with fome number of cyphers annexed. Thus xV» xvtt* 
are decimal fradions. Therefore, A and .9> tIt and 
.05, are one and the fame thing. 

3. A mixt number is an integer with a fraftion j5ined 
to it ; as 44., 7}, 4TTr or 4.7. 

. 4. A nurtiber is faid to meafure another number, whan 
it is contained in that other number a certain nuifaber of 
times, or when it divides that other number without any 
remainder. Thus 3 meafures 6, 9, or 12. 

5. An even number is that which is n^fured by 2, 
or which 2 divides without any remainder ; as 2, 4, 6, 

8, 10, 12. 

6. An odd number is that which 2 does not meafurc, 
or which cannot be divided by 2 without a remainder ; 

as 1,3. 5. 7>^ 1^ ^3- ,.^ . .rye 1 

7. A prime number is that whtch unity, or itielt, only 

meafures. Here is a table of prime numbers under 500. 
I, 2, 3, 5y 7» 1 1^ ^3» »7, 19. 23, 29, 3U yj, 4^ 

43* 47i 53* 59. 61, 67, 71, 73, 79* 83, 89, i)^. 
101, 103, 107, 109, 113, 127, 131, 137, 1391 H9> 
151, i57> ^^3* ^67, 173, i79» 181, 191, 193, I97j 

»99- 

211, 
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811, 223, £27, 229, 233, 239, 241, 251, 257, 2:63, 

269, a7l, 277, 281, 2«3, 293. 

907f ?"• 3«3f 317* 33^» 357. 34^ 349» 353> 3S9» 

3^7» 373» 379. 38^. 389^ 397- 
401^ 409, 4«9> 4^1* 43'» 4J3^ 439* 443> 449' 457» 

461, 4^Si 4^7. 479f 487, 491, 499. 

8. A compofite number is that which is mcafurcd by 
fome other number than itfelf, or unity ; as 12, which 
is meafurcd by 2, 3, 4, or 6. 

9. Numbers are called prime to one another, when 
unity only meafures them. Thus i^ and 31 are prime 
to one another ; for no number, except unity, meafures 
both, 

10. Numbers arc called compofite to one another, when 
fome number, befides unity, meafures them. Thus 12 
and 18 are compofite to one another^ for 3 and 6 mea- 
fures both of thcin. 

11. A number which meafures another is called an 
aliquot part of the other. Thus 6 is an aliquot part of 
18, and 3 of 12, and 5 of 2c. 

12. The number meafured, or which contains the 
aliquot part a certain number of time;, is called zmulti^ 
//^ of that aliquot part. Thus 18 is a multiple of 6, 
and 12 of 3, and 20 of 5. 

13. A number is called an aliquant part of another, 
when it does not divide that other without a remainder. 
Thus 7 is an aliquant part of 24* 

14. Two, three, or more numbers, which mulriplied 
together produce another number, are called the compo- 
nent parts of the number produced. Thus 3 and 4 .or 
2 and 6, are the. component parts of 12 ; and 2, ^, and 
4, are the component parts of 24. 

15. The product of a number multiplied into itfelf 
is called lYitfquare or id power of that number; and the 
number itfelf is iu this cafe called the root : and if the 

C z fquare 



( » ) 

fqaare be qjultiplied into the root^ the produA is called 
the cube or ^d power of that number : and if the cube 
be multiplied into the root, the produft thence arifing 
is called the biquadrate or J^b power ^ &c. The fame 
thing has been put in another point of view before, 
when the manner in which the different powers are ex- 
prefled| was explained. 



CHAP. IL 



Of Writing arithmetically. 

DEFINITIO N. We write arithmetically when we 
reprcfent by figures and figns any number and arithme- 
tical propoficions exprefled in wordst 

Ruk to write Numbers. 

Beginning at the left hand^ and writing tc^ivards the 
^^S^^^t P^^ every ^gure in fucb place and period as the ver- 
bal exprejfion points out^ Supplying the omitted places with 
cyphers. Examples follow. 
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Examples in Whole Numbers. 



Nine hundred and eigh- 
ty fevcn millions 

Forty-five millions and 
feven hundred thou- i 
land I 

Six millions^ four hun- 
dred and thirty-two 
thoufand 

j^ght hundred and fire 
thoufand and nine 
hundred 

Seventy-three thoufand 
< and ten 

Five thoufand and four 

Four hundred and 

twenty 
Nincty-fiyc 
Seveit 



Millions. Units. 

CXM, CXU : CXM , CXU 

087:00 0,0 o o 



Examples in Decimals. 



45:70 0,0 o o 



6:4 3 ^9^ ^ ^ 



805,9^^ 

7 3>^ ^ ^ 

5>o o 4 
420 

9 S 
7 

.•2-3 
^ l1 «^ o o 5^ 

f:58 

i .907 






Nine units and five tenths 

.Forty-eight hundredths 

Kine hundred and feven thou- 

fandths . 

Four hundred and nine ten-thou- > g j .0409 

fandths 1^1 
Five hundred-thoufandths M .00005 

Seven hundred and three thou- \'^ \ ,703046 

fand and forty-fix millionths J ^ 
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BuU to write FraSioiu, 

IVrile ihnjigures which txprefs the numerator of the 
given jfraOhn above a line^ and below it the figures of its 

denominator. . 

Thus, an half, two thirds^ three quarters, fc?ca 
tenths, &c. arc written f, 4, |, ^\, &c. 

Rule to write arithmetical Propofttions. ' 

// is onfy reqmred to write down hj figures and figns 
the numbers^ their relations^ and the operations^ which are 
exfreffed in words, as is to be fecn in the foliowing 
cjtaoiples : 

Simple propoficions. 

I. The fum of the odd jium-' 
bcrs 3 and 5 makes the 
produft of the even num- 
bers z and 4« 

IL The fum of the numbers 
10 and 6 is four times their 
difference. 

III. The produa of 3 multi- 1 '^ 
plied by 4 is equal to the p* S ^ 
quotient of 48 divided by 
four. 

IV. The double of 3 is an 
half of 12. 

V. Take an half of the pro- 
dua of 3 muliplied by 4, 
add 8, and you will find 
the double of 3 and 4. 



3+5=^^4 



io + 6=:4x io-6 



CO 



3x4=48-^-4 



12 

2x3 = — 
Z 






■2 — -Tj p — 



+8=2x3+4 



Com- 
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Compound Propofidons. 



L The fum of fix 4<^en ^ 
dozen and half a do- 
zen dozen is 936, and 
the difieftuce 792. 

IL The continual mul- 
tiplication of nine di- 
gits will give 3628 So, 

• the changes that may 
be rung on nine bells. 

IIL If 8 cannons in one 

. day fpencf 48 barrels 
of powder, 24 can- 
nons in 22 days will 
fpend 3168 barrels 
of it. 

IV. A fchoolmafter be- 
ing aflced 'how many 
fcholars he had 
1 have 36 ; but 
had as ^lany more, 
half as many, and i 
quarter as many, plus 
I fcholar, I fltould 
havejuft ico. 

V. A captain and i<6 
failors took a prize 
worth 1 360/. of which 
the captain has a fifth 
part for his (hare, and 
the reft having been 
couallydividedamong 
the failors, each man's 
part was *6 pounds 
and eight tenths. 



.» 



6 X S2 X 12 + 



6x 12 X 12- 



12 X 12 

2 
12 X 12 



-93« 



= 79Z 



i.z.3.4.5.6.7«8«9 =562860 



8 X 1 : 48 : : 24 X t2 : 316S 



36 + 36 + i^'+^+t:z 



109 



Captain's ihare = 1360-^5 

The remainder 
= 1360-1360-1.5 

Each man's part 

= 1360-1360-7-5 

160 

Therefore 



t6o 
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CHAP. IIL 



Or Reading Arithmbticallt. 

DEFINITION. We read arithmetically when Wtf 
cxpreft in words any number given in figurest and alia 
arithmedcal propofitions reprefented by figures and figns. 

Rule to read Numbers. 

Divide the given numbers in their periods and half -per iodsi 
then beginning at the left band^ and reading towards the 
right \ to the fimpk value of every figure join the name of 
its place ^ and conclude each period by exprejjing its title g 
every where omitting the cyphers. Examples follow. 

Examples in Whole Numbers. 



Millions. 



Units. 



CXM^C XU:CXMyCXU 

900:000,000^ 
78:009^000 

4:000,800 

9 o Z>^ o 5 
2 0,0 3 4 

8,4 6 9 

708 

96 
3 



CO 



13 \ 



xn 



* Nine hundred millions* 
Seventy-eight millions 

and nine thoufand* 
Fourmillions and eight 

hundred. 
Nine hundred and 

three thoufand and 

five. 
Twenty thoufand and 

thirty four. 
Eight thoufand four 

hundred and fixty 

nine. 
Seven hundred and 

eight. 
Ninety-fix. 

Three, or three anits. 

Note. 



( «? ) 

Note. The name of the unit's place^ in all periods, 
and the title of the right-liand period^ are commonly 
omitted^ or very rarely ti^pteSdi. 

Examples in Decimals* 



} 



«n 



i CO 



" no no 



V3 fi« \^ \^ 

•JO'S g e 



«» 



• 4> 



S o a ts 



« ^ -o 3 ^ J .2 



7-5 



•7 

.0 



5 
7 



7 o 



7568 



5 
6 



.0 



705 



407a 6 




'Seven units and five tentBs, or 

fcventy-five tenths. 
Seventy-five hundredths. - 
Seventy-five thoufanchhs. 
Seven hundred and five thou- 

fandths. 
SeVen tlioufahd five hundred and 

'fixty-eight ten-thoufandths. 
Seven thoufand and fifty fix 

bilfidred-thoufand chs. 
'Four hundred and feven thou- 

faQd add fikty-five millionths. 

Note. Dfcciitials ma^ be refolved into conftituent 
partSi and thfc parts may be f ead feparately thus : 

.75 — .7 + .05 ; thati), fevien primes and five feconds. 

.075^.07 + .005; that i^ (even fedood^ -and five 
thitdli. 

•705 =: .7 +«oo5 ; that is> fipven primes and five thirds. 

.7568=:.7+.o5 + .6ol6 + .6oo8; that is, feven primes^ 
five feconds, fis tbirds, ^nd ^ight fourths* 



X' 



D 
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Rule to read FraSionS. 

Read the numerator tf the given fraaion as a whole 
number y and its denominator as the ordinal numbers. 
Examples follow*' 

^An half. - 

Two thirds or third parts. 

Three fourths, or thfec quarters, or three 
\^ J fourth parts. 
^'^ > Seven tenths or tenth parts. 

Seventy^five hundredths or hundredth 
parts. 

^Fifteen fevenths or fe?enth parts. 



2 



7 
75 

loo 






en 



e9 
U 

CO 



8+6x8-6=8*^6 




— . >•* 



1+3+5+7=4 



^U to read .Arithmetical Fropojitions. 

* 

It is only required to exprefs by words the figures 
find figns with.whkh the arithmetical propofitions are 
written down; as is to be fecn in the following exam- 
pies ; 

^The fum of 8 and 6 
multiplied by their 
difference, is equal 
to the difference of 
their fquares. 
The fum of- the four 
odd numbers i, 3, 
Sy h is equal to the 
fquare of 4. 
The fum of the four 
odd numbers i, 3, 

5> 7 J is four times 
four. 






i+3+5+?=4X4 






0/ 



The 
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t+4+6+S-$x4 



8*-6*=:8 + 6 + 2X7 



8*-5*=8+5 + 2x6 + 7 



The (um of the four 
even numbers 2» 4, 
6, 89 is five times 
foun 

The difTcrence of the 
fquaresof the num- 
bers 8 and 6 gives 
the fum of their roots^ 
together with twice 
the number in the 
natural fcale between 
. the two roots. 

The diflference of the 
fquares of the num- 
bers 8 and 5 gives 
the fum of their toots» 
together with twicd 
the numbers in thd 
natural fcale between 

^ the two roots* 
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O^ Sp£akiho Arithmetically. 



THE proper obje£t which is treated of in the arlth^ 
metical language being number, every propofition de* 
rived from the arithmetical alphabet, the mathematical- 
iigns and the mod iimple reafoning concerning the na- 
ture of numbers and their relations, miifi: be reickontdf 
arithmeticaU Hence the following' 

D z DE. 



Definition* ^tj^tftk aritbnuticdUy when employing 
the arithmetical alphabet an^ the mathematical figps, 
no lefs in the. inyelligati^n and demonftration of theo- 
rems, than in the refol^tion of problems, our reafon- 
ing and opetations entirely, depend on arithmetical 
principles, and proceed without any foreign aid %i di- 
re£tion* 

General Rul^ to find Theorems. 

Write, members aritbmdfical^^ tonfider their kind^form^ 
fojitiouy known prdpertie^ an\ relations^ funiy difference^ 
frodu^i quotient, powers^ roots, iffc. and either marking 
ihe feveral operations by their figns to retain the original 
form of numbers, or doing the ji operations to change that 
form, you will gather different expreffions, and confe^enty^ 
hj reading them, difcoverfome propofttions, to be reckoned 
new arithmetical j^rirtciples, 

^xam^e. 

I propofe to find fome properties of the odd and even 
numbers, for inftance, nine and three, twelve and four. 
Writing therefore thefe numbers, and marking thehr 
fum, difference, product, and quotient, I find the fol« 
lowing expreiSons : 



9+3 = " 
9-3= 6 

9x3 = 27 
9-r3= 3 



I2+4=t6 

12 — 4= 8 
12x4=4^ 
12-i-4= 3 



9+4=13 

9-4= 5 
.9x4=36 

9-r4=»i 



12+3 = 15 
12-3= 9 

iiax3=36 
12-3= 4 



NoW; (^c^^ring. tbe . kinds, of tbefe cambers^ and 
readiog thefe espreflionS) Llearn thefoUowing pro{>ofi*> 
tioas. 

!• The.fun\.Qr di^^eoce.of twp odd fiambers is aiv 

cypn flwibsr. . 



II. The 



if. The (}gm ox dilScf odce i^ two even lumbers- iii an 
even number. i 

UL.Thc Aim or di^erence of an odd and an civen 
number is an odd numb^r^ 

IV. Tdie pro^udt^of t!ivo odd numbers is an odd^nnnn 
ber. 

y« T|he,pro4ud of two number^, either even onodd 
and ev^fx, is an even number^ 

VI. The \iihole quotient of two odd' numbers is an 
odd^number. 

yn. The whole qqoUejit of two even nmnbera may bf 
an odd number. 

VIIL^ The quotient arifing ftom the dirifioa of ati odd 
nuQiber by. an ie?en one, cannot beia^whole number* ' 

IX. The whole, quotient: found by the divifon of an 
evea^Qumbtr byan^odd oue mud be an even number. 

General Rule to refolve Problems by Reafoning. 

Etukapour to form a clear idea of the quefiion profojidi 
andcHtt^g^offTii^t is foreign to the nature of numbers^ 
fet down in few words the arithmetical propofiliotii then^ 
conjidering the properties of the given numbers^ the condi^ 
ditions of the problem^, that is, the relations, ofkna^m and 
unknoism numbers^ the federal operations to be done^ &Cm 
dram ibexonfequ^nces contained in thepii cmd.pafs from 
om, confj^qmn^i taanofher, uniilyou arrive at a propfififiQ9^ 
n^n'^efl en^b^ to^j^. the UKifyw^ rfq^irM^ 

Example. 

. Ascertain captatin. feuds out loo foldiers, divided inta 
two bands> whofe difference was ftOt men.;, how max^yv 
foldiers were in the greater^ and how many in the lets 
band ? 

• Refolufm^ Thalimple arithmetical q^eftioacontoiiied 

itiitb^ai {wohtemi> JlbuL the foUowiiig/^ ^ ^ ^ "^''^ 

> To 



I 
/ 
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To fiDd two numberSi whofe fum is loo, and' difle- 
rcncc 20. 

Becaufe the greater namber furpafies the lefs by 20 
units, the greater wanting 20 units muft be equal to the 
lefs, or the lefs increafed by 20 units, will be equal 
to the greater. 

In the firft cafe, twice the greater number, minus 20 
units, being equal to the given fum 100, once the 
greater number wanting 10 units, will be half this fum, 
or 50 ; and confcquently, the greater number muft be 
50 increafed by 10 units, that is, half the fum and half 
the difference, or 6o. 

In the fecond cafe, twice the lefs number, plus 20 
units, being alfo equal to the given fum 100, once the 
lefs number increafed by 10 units, will be half this fum, 
or 50 { and confequently, the lefs number muft be 50 
wanting 10 units, that is, half the fum, wanting half 
the difference, or 40. 

Hence the general anfwer; ifl, jidd the difference to 
ihejiifn, and half the aggregate will be the greater num-- 
ber ; 2dly, fubtraSi the difference from the fum^ and half 
tbe^ remainder will be the lefs number. 

General Rule t9 refolve 'Problems by Trials^ 

^ake any number at pleafure^ and by it working the 
queftion according to the nature thereof as if it was the 
true number y bring, out the refulty whichy if not the truey 
willferve at leafi to corre^ your fufpqfition, and to find 
another refult^ by whofe comparifon with the firjij it will 
not be dijicult to contrive fome particular way^ in order ta 
difcover the true number fought. 

Example. 

. Good*morrow, good fellow, with your 20 geefe : 
nay, faid he, I have doc 20 ; but if I had as mafly, half 

as 
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as manyj 2 getfe and |« then I fliould have 20% I de* 
maod how roany he had ? 

Suppofe 3 ; then ^s many, f as many, 2. geefe and f, 
would make 3+3 + ^i+2i=i09 which ihould be 2o« 
The error therefore is 20 — 10= lo. 

Again, fuppofe hq had 5 ; then as many, i as many^ 
2 gecfe and |, would make 5 + « + 2i+2iz:i5, which 
(hould be 2o, The prror therciore is 20 — 15 =5. 

Whence it appears, that the firft fuppofition 3 hating 
been increafed by^ two units, the firft error is diminifhed 
by 5> and then increafing the fecond fuppoiition by two 
units,, the remaining error 5 will be perhaps taken 
away. Really we find 7 + 7 + 3i + 2f = 20, as it muft 
be. 

From thefe general ^ rules may be drawn particular 
ones of great ufe in the arithmetical language, as will be 
feen iu the following Chapters. 
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The Rule of DefiHitiovs, wHEREiii of the 

Principal Operations. ^ 

THE Rule of Definitions is a method of finding what 
is required by way of its definition and the arithmetical 
principles. 

Rule of Definitions. Endeavour to define clearly what 
is to be founds fet down the arithmetical principles belongs 
ing to the prejint guejlion, and hence draw the rules to 
refohe it. 

We will now apply this rule to find the particular 
methods of dobg the principal operations upon the 

whole 



» 
ntbofe aad bratten ninhbtffs ; add tberefoi^ -we 'begin 
with fecting down the following art&ttletictii 

Primpin. J. Nofie but ^Uar or like things can 
bei addod or IfttbtraAed^ ^2. ^its tod units, tens and 
tens, hundreds and biRkiredSi ^8cc. tenths and tenths, 
JmndiredtUs.and hundredths, €ec. (birds and thirds, 
fbui^ch; and -fourths, &c. and in general, nntebers oF 
the fame kinds and denominations. 
; II. The '%ures of any number increafe in value 
from the >right toward >tne left, 4n a decuple propor- 

tkWXp 

BL Wen in any inferior place makes one or an unit 
hk the meat .UglEdr {>laC6. 

IV. If the right-hand figure of any number be cut 
•fl^ the remaining figure or figures are a jdft number 
of tens, and the rigbt*hand figure fo cut off rs the 
overplus. Thus, cutting dff 2 from 72, the remaining 
figure 7 is feven tens, cutting off o from 720, the re- 
maining figures 72 are feventy-two tens. 

V. Numbers equally augmented or diminifhed con- 
tinue to have the fame difference. Thus, becaufc 
8+4=12, and 6 +4 = ro, it'will be 8-^6 = 12-10 = 2. 
Again, being 8 - 4 = 4, and 6 - 4 = 2, it will be 

8 — 6 = i^-2=2. 

' yi. Any, number is niKiurally refohed into as many 
condituent parts as it has (ignificant figures, by annex- 
ing to each flgnlficant figure as many cyphers as there 
are figure^ on its right hand. Thus, 345 = 300 -H40 +5; 
6081 = 6000+80 + 2; 700^6=^70000 + 90. 

VPt Any whole is equal t6 all its parts. 

VIII. The difference of two unequal numbers added 
to the IcFs, gives a fum equal to the greater ; or fub- 
traftcd from the greater, learcs a remainder equal to the 
lefs. .Thus, bccaufe 8 - 5 iz 3^ it is 5 + 5 = 8, and 
8-3 = 5. 

EX^ If the fnfmerafToi' k^A denominatoT of a fra^ion 
be tither bcnh ttukiipiied or boOi divided by the fame 

num* 



QU^iber^' t^i^rocluAs or quotieots will retain the fame 
proDortion to oni another j and confequently the new 
fra^ibn ttience arifing will be of the famje value with 
the gh^en one. Thus the numerator and (lepominaror 
of tl^ fra^ion ^ multiplied by 2 produces 4* &nd di« 
Tided by 2 quotes. '$, both which, fra^oos arc of the 
f^me vahie with 1* < ; • 
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DEFINiTION.r AdHiKon is the coUeain|; of two of 
more numbers into zfum or totaU 

# • 

I. Addition of Integers. 

RULSS^ 1. . Set figures of like flace under (ffc^ ' c^bJt^^ 
viz. units under units/ tens under tens, bundreds ufiSer 
hundreds. &c. * See Princ. 1. * * * 

II. Draw a line under the hweft number ; then begin* 
ning at the lowejl place , Jet down the right-hand figure of 
the Jum of every column^ and ^ carry the re/t as fo iff any 
units to the nepct fuperior place. Sec rfinciplcs IL 

m. iv^ 

Example. 

Having placed the numbers as direAed £974 

in Rule I. viz. units under units^ &c. as in 9803 

the margin, and beginning at the loweft 7541 

place, viz. that of units, I fay, 2 and i 862 

make 3, and 3 make 6, and 4 make 10 ; . + 

which being juft i ten, and nothing over* 3*4180 

£ I fee 



/ 
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* I fct down, the right-Hand figure o .fa die plt€ie of 
units^ and, becaufe ten in anj lower place makes but 
one in the next fuperior place, I carry my one teo^ as 
Aireded in Rule IL faying i ten, coUefted out of the 
vnits, and 6 tens make 7 tens, and 4 make 1 1^ and 6 
mak^butftill II, and 7 make 18; here again I fee 
down the right-hand figure 8 and carry the remaining 
firare i , being i hundred, to the next place, viz. that 
of hundreds ; and having in like manner added up this 
column, the amount is 3 1 ; fo I fet down the right-hand 
figure I in the place of hundreds; and carry the re- 
maining figure 3 to the next -place or cdumn, which 
being alfo added, amounts to 24; I fet the right-hand 
figure 4 below in its proper place, and the remaining 
figure 2, which bdcbgs to the next place, I fet on the 
left hand, there being no figure in the next place to 
which it can be 

The reafon 
of the opera- 
tion will flill 
farther ap- 
nea^ by tak- 
fag the fum 
d each co- 
lumn fepa- 
ratefy, and 
then adding 
them into 
one total, as 
in the mar- 
gin. 



So the film or total i^ 8;4i6o< 



5974 
9803 

7S4I 
862 



+ fign of Addition. 



Sum of tbt 



10 units. 
17. tens» 
30 • • hundreds. 
2 1 • • • thoufandt>. 

24180 totaU 



IL M 
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IL Jdditum cf Dettiadi. 



SULE* l^lace fbegfven decimals fi that tbepoinUmaf 
fiimd dhr^ly under each other, and cmfequently tenths 
^jifider tenths, hundredths under hundredths , ^c. then add 
them as integers^ infertile the decimal point direRly under 
*the column rf points. 



1 


Ex.x. 


Ex. z« 


•75 


a .750 


a.y6. = 276.0000 


,895 


= '895 


39.^13 = 39*ai30. 


fS 


= .500 ' 


724.07 = 724.0700 


.635 


= .625 


450.9 =: 4JO.9000 


•7*5 


= '7*5 


0.3785 = .3785 




n + 


«, ^ ^ 


3*495 


= 3^4^5 


1490.5615 =: 1490.5615 



HI. Addition of Fr anions. 

, RULES* I, If the given /rations have M the fame de^ 
pominator, a^Ht^e numerators^ and place the Jim over the 
denomini^or. 

II.. Iftbegh^M froEtions have different denominators, 
reisue them to a common denominator hy the foUowng 
Lemma, then work as in Rule L ^ 

LEMMA. Up reduce fraSions of different denominhtors 
to a common denominator, multiply the denominators conti* 
nualfyfor the common denominator, and multiply each nu* 
merator into all the denominators, except its own, for the 
feveral numerators^ 



E f, £x« 



f 
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Examples. 

I* Reduce } and 4 to a common dcriomlnator. 

4 X 5 = 20, the common denominator* Or, 3 ^ ^ xS^ 1$ 
3x5 = 15, the firft numerator. . 4 ""^^^Ts '" 20. 

4 X 4=: 169 the fecond nnmerator* 3=1 — 3=1.. 

So the new fractions are ii and 44^ 

IL Reduce 4^ h ^^^ h ^^ ^ common denominator. 
3.6,8 ^144, common denominator. Or, a_ti6.8_; 96 
2.6.8 =: 96, firft nnmeratoc* 3 3.6.8 ~* 144 

o i- J 5 ?«^-8 120 
5.2,8 z: 1 20, fecond numerator. 5 = n-^ =: 

^ . t 6.3.4 144 

7.3.6 = 126, third numerator. ^ = Zllii. :::I£^ 

o 8.3.6 . 144 

The new fraftions are xV^f x^f ^"d -Ht* 

IIL Reduce 4=^9 if t> ^^^ 4 ^ a common denomi- 
nator, r 

1.2.3.5 = 30,. common denonu Or, 4^4.2.3.5^120 
4.2 .3.5 = 1 20, firft numerator. j "^ 1X375 ~^ 30" 

1.1,9.5 = 1^, fecond numerator. ^ , •. T; 

^ . 1 .2. 5 = 2 o, third numerator. - = JLZ21P srl^ 

3.i.2.3=: 18, fourth numerator. ^ ^•^•3*5 3^^ 

2^2. 1. 2. c 20 
New fraftions S^°, 4^, -J-J, and 44. 37'3.i.2.5'^5o 

3^3>/>^>3---^^^ 

Notes. 1. The fecond method, fubjoined in every 
example, to reduce fraftions of different denominators 
to equivalent fraflions of a common one, may ferve 

alfo 
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alfo as a demonftration of the firft. See Principle 

2. In the third example we confider the whole num- 
ber 4 as a fraAion whofe denominator is i| to apply to 
ii the Rules of the brokien number$i^ 






Sxamples of Addition* 
I. What is the fiim of ^ and 4- ? 

°' 7 7~ 7 ~7 

IL What is theliimof ^f^nd*!:^ 

--5 --8- 5x8 8x5 40 i)o 40 
ni. What is tbe.fum of 3, .|, and ^i 

Anf 3,^-|4^^x5X7 + axi-x7+4Xix5^ 

' I 5. 7 . :*.; 1x5x7 

■ — 1^5+14 +20_ 139 
'35 35 



I 1 
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I v. Addition, of fevtrnl Denominatkns. 

DEFINJTiON. Addition offivefdl behotAkations in 
the findii^of theium of fevcral parts dTintegets, fuch as[. 
Shillings/ pcdce^^fartbings ; onnccfs, Sc; 

RULES*: 1. Piace like parts unckr each other I viz.far^ 
things under fartbings, fence under fence^ 6ff . Sec 
Principle L 

n. Begin at the loweft of the parts^ add every column 
jOS in integers J and carry according to the value of an 
unit of the nextfuperior denomination \ viz» for every four 
in the funi of farthings carry i to the pence ^ for every 
twelve in the pence carry \ to the /hillings^ and for every 
twenty in tbejhillings carry i to the pounds. 



< so ) 

Tables. 

I. Money, 

4 farthings make i pennj; 
12 pi»CQ I billing, 

to ihilllQgB I pofund. 

Marked thu«. 

A S, d, f^CTf, 

t srios 240=960 
1= 12= 48 

iS= 4 

IL AYoirdnpoM Weight. 

16 drains make z ounce. 
16 ounces x pound* 

«• poonds 1 Quarter. 

4 quarters 1 hundredo 

20 hundreds i tun. 

Maiked dius. 

/. 4r. a. it. ex. Av 

^ S:2or3 80=: a 240=3584oas57344o 

1= 4= liars 1792s: 28672 

IS 28ss 448= 7t68 

la i6s ts6 

IS 16 



Examples. 



Examples. 
(io)(2o)(xa)U) 



( t 




18 


II 


3 


9 


10 


2 


>7 


S 


I 


11 


9 


ft 


SS 


t8 


8 


ss 


40 





58 


4 





i8 


4 






(ioX2o)(4) Ca8) (16) (16) 
IL /. a j^ it^« ozm dr. 

\ 74 19 i 27 IS t* 

85 17 » 24 14 IQ 



^^ 



A*. 159 56 5 51 ^9 £2 

B. ij[9 ^5 5 51 3CJ 6 
C 159 36 5 5a 14 6 

E. 159 37 fl *4 14 6 

F. ;i6a 17 a *4. 14 6 

Note. In thefe examples the firfl; aumber A gives tbe 
fttin of every denomination^ feparately, witboat zaj 
reduAion ; the fecond B (hews the iame fam, but with 
the fuitable redudioq of the loweft of the parts, accorcU 
ing to the value of an unit of the next fuperior deno* 
mmation ; and fo cootinnally the next following number 
exprefles the fame fum, with one reduction more^ fa 
that the lad number^ viz. D in the firft example, and 
F in the (econd, reprefents the total entirely reduced. . 
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SEC T' i ON II. . 

, .1 1 Vi * 

S U B t E A^ C T^ I O N. 

DEFlNITlONr-Su iiiamn is i he taking a Icfs 
number from a greater^^(n order to diftfever their diffe^ 
TcncCy or the remaiftder^ ,^ y^ 

^ . ^ * - - • - 

I. Subtrailion of Integers. 

RULES. J^ . Sit fgurfi 'of Me place under eachl other ^ 
mn. units under unitf, tens under tens^ (^c. and the 
greater of the given numhhj upperm^fi* r ¥t\nc. I. 

II. Begitming at thL4ildc£Mf units^ take the. lower fgwres 
from thoje above y borrowipg and paying iep^ .as need re^ 
quires J and write th£ rem finders behw a line /drawn un^ 
4tr the lowejl number^ Iggnc^I. I|L V^ . [\ 

* - 

I ^Xtample. 

Having plaCrbd the nuihber^ as directed in Rule I. y\z. 
units upder units^ &(;• ^s , . 
in the margin, and begin-- ' 74356 major or' itiinoend. . 
ning at the place of units, 27S53 minor or fubirahend. 

I fay 3 units from 6 units, -* fign of Stibtradtion. 

and 3 iinits remain, '^hich 46503 difierencc or jem* 
I fct below in the ^place 

of units ; . then 5 tens from 5 tens, and nothing- remains, 
wherefore I fet o below in the place of tens; I' proceed 
and fay 8 hundreds from 3 hundreds I cannot, but, be- 
caufe an unit in the next fuperior place makes ten in this 
place, 1 borrow i, i.e. i ten, from the faid next place. 



C ii ) 

di dire^ed in Riile IL vhich i ten being added to g 
makes 13 ; then I fay 8 fron) ig, and 5 remains, which 
5 I fet below in the plac^ afiiupdreds {» then I proceed^ 
and pay the unit borrowed, either by eftimajting 4, the 
bc»t figure ia thh it2a}or> to be ooJy 3, 6r^ Which ia 
more uiual» asd the fatiie itt effied> by acting i to tfailt 
t^eat figure in the minor, thus* i that I boitaWed and 
7 make 8, From 4 1 cannot, but bdtrowiiig. as beit^e^ 
I fay 8 from 14 and 6 remains, which 6 I fet below } 
J go on, and fay i borrawfcd «ad i make 3, from j, and 
4 remains, which 4 I fet telow ; iC? the diflference or 
remainder is 46503; 

The reafon of the dpcratiod will '3^^^1md'or 
filll fai:tber appear by dtvidmg th£ 61356/ ^ 
iftiajor number 74356 into two confti- 2785 j minotf 
tuent parts 13000 and- 61356, an4 - ■ — 
thep fubtradii^ from them the roir 46503 ribm. 
nor, viz, 3 units fronj 6 nnits, 5 tens 
from 5 tens; 8 hundreds from 13 hundreds, 7 thoufahds 
from 13 ihoufands, and laClly 2 ten-tboufands from 6 
ien-thotifafufc, a^ in the itiargid* 

» " . ' 

IL Sk^lra^M of Didmdh* . A 

RllLE. j^lace tht nimr under iht ii/kaht, fo that the 
points may he in one coluttm, and thff^ work as m -Bubtrac^ 
tion of Integer Si putting the decimal point in the diffetince 
direffiy under the pointu 

Ex;ri. ^ L Ex. !• 

fertittx iS7 :=z.P}o6 ' Frortt 45*9380003 

Sub. .3894=8:. 3894 • Sub. 3-9857986 



■A^ 



Henii .46o6s=.48o^ Rem. 41.9522017 
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III. SubtraSlion ofFraSlms. 

RULE. Reduce all the fradicms to the fame 
nator if tbey be not^ then the difference of the numera^ 
tors written above the common denominator will be the 
difference of the fraSions^ required. 

Examples. 

I. From 4 fubtrafl: 4.. Anf. 4 - 1= *. 

II. From i fubtrad ^. 

4 3 4-3 3-4 " " l^ 

III. From ^V fubtraf^ i and 4. 

Anf. 9 _ ^ _ ^— 9>g-3 _ 1*10.3 i»io>g _ 
10 2 3 xo.2«3 2«io«3 3.10.2 

54_30_2o__4 

60 60 60 60 

IV. From 2 and J fubtraft 4 and 4* 

Anf. ^ -I- 3 - ^ ^ 5 '^ 2.4.3.6 ^ 3.1.3.6 2.1.4,6 

1436 i.4.3«6 4.1 •3.6 3.1.4.6 

_ 5.1.4.3 ^144 54^48 _ 60^198 io8_9o 

6.1.4.3"" 72 7* 7* 7* 7* 72 "72 

V. From 7i fubtraft 5$* 

Anf. 7 I 3 ^J^_ I _ 74'i>2 , 3.1.1.2 ^ 5.1.4.2 

* I 4 1 2 i«4.i.2 4.1.1.2 1.1.4.2 

, ^ 1.1.4.1^^56^^ ^ - 4? - 4. ^ -.44-ii? 
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iV. SubtraSion of fever al Denominatums. 

RULES. I. Write the lefs mmbtr under the greater, 
as direded in Addition of feveral Denominations. 

II. ^hen^ beginning at the leaji denomination, fubtraH 
the under nUwber of each from the upper ^ borrowing and 
paying according to the value of an unit cf the next fupe^ 
rior denomination^ as need rf quires^ 

Examples* 

(I0)(20)(I2)C4) (lo) (2©) («X4) 

!• /. s. d. f. IL 7. /. d. f 

73 15 10 2 maj# A. 708 14 6 t voAy 

48 1262 mih, p. 707 33 17 i mij. 

. r 178 17 10 5 min. 



%S I 4 „ ^<^«- 



iM 



429 16 1 % rem. 



(ioXio)a)(»8)(i6)(i(J) 
III. /. ' e. q. lb. oz. dr. 
A. 38 14 2 18 13 8 maj. 
3, 37 33 6 17 29 8 maj, 
25 14 3 I? 15 6 min. 

12 19 3 ^14 2 rem. 

J7^l^. In the 2d j^nd 3d examples the major number 
A is changed into its eqpal B, according to the value of 
aq unit of the next fuperior denomination, in order to 
render every part of it greater than the correfpondent 
part in the minor, and thus the Dpethpd of Subtraftion 
19 ms^de obviqus to fight. 
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. M U L T I PL JC A,T I O^i 

t 

» 
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IN Mulppliqation there arc* two numbers gnrerij 
Tiz. one to be mulnpliedj called die multiplicand ^ ana 
another that niultiplies it,''kialfcd the multiplier; tliefc 
twagp under the pommon names of failorsj aiid the 
puniber arifing from'the multiplication of the one by 
,thc Qther is chilled ihej^roduSl^ ^nd fometimes the faSl, 
^ or the reiiangle. Ifta multiplier confifts of two or more 
figures, the npmbers arifing froin the loultipl.ication of 
their levcral .£gurei(. into the, multiplicand are .called 
f articular or far tial^produ^s, and their fum'is called the 
total produtf. 

DEFINITION. MuitipUcaHon thfn i$ the taking or 
repeating of the multipli<;:and as often as the multiplier 
contains unity • Or, 

Multiplication, from a -muhiplicand and a multiplier 
given, finds a third number, called the prod uft, which 
contains the. multiplicand a$ often as th$ multiplicand 
pontalns unity. 

Hence MultipHcarionTupplies the place of many Ad- 
ditions ; for if the multfj>Hctind'be repeated, or fet down 
as often as tbere arc units in the multiplier, the fum of 
thefe taken by Addition will be equal to the produ^ by^ 
Multiplicarioni Thus 5 x 3=ri5=5-i|-5-f*5. 

The firft afid loweft ftep in Multiplicanon ii, to mul- 
tiply one digit by another; and^ the fa<ft or number 
thence arifing is called a Jingle prodvS. This elemen- 
tary ftep may be learned from the following Table com- 
JDQonly called Pythagoras* s Table of Multiplication : which 
* " • ' • is 



C ^ 3 

is confulted thus : feek one of the digits or numbers on 
the head^ and the other on the left fide^ and in the 
angle of meettog yob h^ye ttmt pr6du6L The learner 
before he proceed farther ought to get the table by 
lie&rt. To Pythagotas's ttfak ^R tere added on account 
of theiMifefuIneft the prcMluifts of the «talibeisi«i i^^ 

' 12, 
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I. MukipUcation of Integers. 

RULES. I. 5^/ the multiplier below the multiplicand, 

,fo as Hie places may Jland under each otber^ viz. units 

under units, tens under tens, 6f r. iut if either or both 

of the favors have cyphers on the right hand^ Jet their 

fi^fi Jignificant figures under each oiher^ 

II. Beginning at the right band, multiply each figure 
of the multiplier into the whole multiplicand, carrying as 
in Addition, and placing the right- band figure of each 
particular produB diredly under the mtHiiptfing figure^ 
Frinc. l\. III. IV. VI. 

in. Jidd the particular froduSs, and their Cum will 
be the total produS. Princ. VII. 

Note. The order prefcribed in Rule I. is not abfo 
lutely neccflary, but very copvenient^ as will s^ppear ix) 
the examplesf 

Examples. 

Having placed the multi- 742 multiplicand, 
plier under the multiplicand, 68 multiplier, 

as direded in Rule L I pro* ■ ■» .- x fign of' Mult, 
ceed to the opcratioui and 5936I particular pro? 
fay 8 [times 2 make 16; I 4452 j dudls. 
fet the 6 below in the place ' -|- fign of Addit. 

of units, and carry my i ten J0456 total produA. 
to the next place, as dire&ed , 

in Rule 11. faying 8 times 4 make 32, and i that I 
carried make 33 ^ I fet the 3 tens below in the place of 
tens, and carry the 3 hundreds to the next place ^ thei^ 
I proceed and fay 8 times 7 make 56, and 3 that I car^ 
ried make 59 ; I fet 9 below in the place of hundreds]^ 
and the 5^ which belongs to the next place, I fet on 
its left bandj there being no farther place to which it 

caa 
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can be carried. Then I proceed^ and mnldply 6 teni 
into the whole multiplicand^ and I fet down the right* 
Land figure of the produft under the multiplying figure, 
or in the place of tens, and the other figures in the 
the hext following places, as in the margin. Laftly^ 
adding the two particular produfb^ the total produft 
will be 50456. 

If you fet down in its proper place feparately every 
fingle produA arifing from the multiplication of each 
figure of the multiplier into the multiplicands af in £z« 
amples I. IL III. IV, you will flill further underftand 
the general method of Multiplication and its rcafoo^ 



I. 



Sum of the < ^ 




742 multiplicand* 
68 multiplier. 

— X 

16 units. 
32 . tens. 
56 • • hundreds. 

12. tens. 
24 • . hundreds. 
42 . . . thoufands- 

— + 

50456 total produd. 



II. 

853 

72000 

106 

16 .. 

21 . 

35 •• 
56 . • • 

tf 141 6000 



+ . 



lU. 

853000 

72 

106 

i6.. 

21 . 

35-- 
56 ... 

61416000 



+ 



IV. 

853000 
7200 



to6 
16 .. 

21. 

55*' 
56... 



+; 



6 141 600000 



V, 
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V. 



a9^oi847 multiplicand* 

300905 mnltiplier. 
— — — -X 
48009235] 
I416623 . . > fingle prckla^j 



^907343771531 total RtoduA 

VI. 

29(01847 multiplicand* 

5l 

^00 > partial multiplieM^ 

300000 J 
' x 



148009235 produA by 5# 
2664 1 662300 prod«& by 9001 
888055410000a pro4u£l by 300060* 

: f" , 

8907343771535 total produfti 

The r^fon of fetting the right-hand figure of each 
particular produf): dire^^ly tinder the multiplying figure 
Viir ftill farther appear by refolving the multiplier into 
its conftituent parts^ as maj^ be feen in Ex. VI. which 
is a repetition of Ex. V. 

Note^ If the multiplicand or multiplier^ or both cod 
Ifrith cypher;, it is enough to annex to the total produft 
as many cyphers as there are annexed to them both^ ai 
in Ex. II. m. IVi 



tL Muh 
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•tt. M»nipiiMfionif.Dtcmah. 

1UJL& Work epctiSfy as in MuUlplkation aphftgtr^^ 
piMoig^ the dmnuil faifa fn 4be fritditB fo iis tv make jujt 
4i many decimals in if as there are in both fqSors ; and 
if the prwk^ i^sn^fimany fibres, fuppfy that iefeSt 
iy ^pin^ ethers. * ^ 

Nolfs. 1. Ifhc re^on of this Ruje wijl cafily appear 
by <i<>Difidtrtiig, tlut che molttplicsiid, becomes ten tinu^ 
hafldced liines^ &c. lefs^ as it is Qultipli^d by tenths, 
by hahdrcrfrti*, &c. ■ ' ' '^' ^, 

II. In the following Examples U* 2«d III. the prbdu6^ 
not afforfling fo many decimal figores as arelti.chetnal^ 
tiplicand and moUipIicr^ I fujyply tlie defe^ by prefixing^ 
cyphers. 

Ex.1. ' ILLM* 

« • t 

.785 *^^S 

75 ... 2$ - 

39*5 ' ' 62s \ . , 

5495 ,250 

. m y ,, ^ - ^ • 

ix.^HI. ^ ;• Jlx.1V. 

- •0375 " ' ^875 

.105 JS' 

«|7S 34375 



1 - " f 



375 ^7J^ 



,0039375 ...>.-7».875 

G IIL TiIuU 
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III. MidtjpUeatm. <f Fra^ittii. 

RULE. . Multifiv fbe^ numer^^i for tbe^ numraf^ of 
ihtfroduEl^ and muhiply thedenominiUorifor its demnd* 
nator. ' , ..\s ' 

Noie. The reafon of the Rule may be Ihcwn thns : 

iLxl==Lli = l: for2rimes±=liil == iilii^ 
3 5 3>^5 15 5 ' 5 3.x 5 . 

(fee Principle lX.)f and therefore 4- times 4 ^i^' ^^ 

zrj 1 divided by 2,that fs ^ Z-^sr J 2 

.3x5 ... , . 3x51 3x.i 

hence -r- x — = =1^-, ., . 

. , :. 3 5 3>'5 15 . , 

Examples. 

L i. x-^:ri21i=l^ ^ 

• 3 7. 3x7 ai 

n^ 3— ^X3_2 2x1 ** e o • 5 
. — .x-i=- — ?=_= -_._ .Sec Pnnc!«« 

3 4 3x4 4 2x2 2^ 

pie IX. 

III. i.-xi:x A=_Li:i=i±hl=± 

* 3 7 10 3«7'io 3'7«»-5 7 






IV. J. ^"s^-^± X ±4.±=± x'\i±5z:l X n 
4 . a 4 » 3 4 - 3. 4 3 



4 .. -'4 :; - 



V. 2-L' x.5JL=:i_+±x i.+-L=>iSxii±3 

^ g. 1 4 I -:3- .f • 3 

4.-3' 

VI. 
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roO lOOO X lOO IPQO.OO ■ .' 

t Natesi h The fecond Ind ttilVd examples ftiew^ tHa t 
|o roaliipl j;ing fiiiAions, cqu^l f^Qors above and b&lpvf 
may fee dafticd dr dropped; ^i^d that a faCi'bt aboVe aind 
another Jiblow may be dWided by the Tame 'number, ot 
ikat ''iM^may chafige^e-numerator for. another : thus 

a 3 3 * ^ 2-r2 I I _ X. i«K ^-r 

'A- x-i X v^att vxJL^x -i^3B_^y — X — == — 1-^ X — 

-3 v2.:...^?^v.a'. 7 . ^A^ 3 \ 7 ^^ 3-^3 7 

xi?=:AxjLxJL=^ ' , ' 

f ll.-lft^he fowth andfiiFib examples the multipircatioa 
c£jh« iMxrntihibcrs ?s pidtformed. 

III. Laftly, the fixtfc- and fcTenth examples exprels 
another reafon of the givpa Rule ot the multiplication of 
Decimals. " '. 

•» 1 . . . ' i • .. - ♦ ' 

IV. MubipUcation offeveral Denominations. • 

*'RVh%J(i,yyour nnd^^^ integer , multtphf it 

into ail ihe ,p^rti jf the . multiplicand ^ beginning at the 
Ufveflj ;and .carrying qlwflys as in Addition^ or according 
to the value of .the next fuperior place* . 

Example. 

What is the price of 14 packs of cloth, at 64/. 8/. 
iQd.i per pacjL \ 

G 2 Here 



.V- - • ♦ 



Here I fay^ t4 tfanes x - 
is 28, Which t^eingjKciftljr - 
7 pence, I cafry 7 "tb the 
place of pence^ iayinj^i4 ' 
times 10 iff 1401 arnd 1 : 
that I carried make 147^ 



ir^iF xp ^m^lripfie; 
14 tnulciplier 

StPA 4 ~3 Q pcoduift. 



which, is 12 fhilling^ and } peof^ei I (ht down thS^ 1 
pence, and carry )2 tq the place of (biiUngat &jriog 14 
times 8 is iiz aqd la that ( ^arfk^i^. £«4,!/#l|icli 
)3}akes'6 poDods and ^^Ihtlling^ j I fee doivn tbfe';4'^ikib 
lipids, andcairy^to fhe place of poiiodsj^ irhichrflit 
integers. ... ^ 

. RULE IT. If pur mwBipfUr is f frofflM. mult^ty k$ 
numerator info alt the parts of i^^e fifuWplicaniL as in RuU 
I: thOf fifvide the pro^kt^ b^, tie 4^stmnaittt 4^ ihk given 
fraSiMy according to RtUfi I.^ Dhnfionof ftheralDeno^ 
fninattonSf in tbefpUowing Section. : ' ? -^ 

Note. The method is very fimple ; hpt bccaufe it 
fuppofes-the diviiioa of feverai dqxomji^ailoQS bf]ai^ in*- 
ieger^ the learner, l^efore he proceed tp e3(^plc% ojVgllt 
to be acquaiiited with this operanonf > 



1. . 



sample. 



What is the price of 7 of a yard of velvet, a^t 3A fix* 
4(/. per yard ? 

Here the moltiplier be^ 
ing 7« I firft multiply the 
rtiuUiplicand 3/. Bs. 4^* by ^ 
the ou merator 2 ; aM4> '* - 
then I divide the produ^ 
6l i6s.Sd.hj the denoi 
minator 3; To tl.c quo- 
tient 2/. 5J. 6d. if. 4. will 
give the aufwer. 



/. s.' d, 

384 mtiltipUeandf 
* f miiJa|HWt 

■ ■ ■■ y^ 



6 16 8 prodaA by ii» 
-^3 



256 2f.lq\:^outM 

by 3. 



RULE 



KUO: IIL ^ycur mdii^ris tt mixt muikeri firj^ 

fmiltiply by ^e iMeger (Rule i.) then hy the fraSttkn (Rulft 
1|*) andtjbefum oj thefe iwchproduSs is the anfSberm 



> 



Wh^t is the price 6f ^| yfdxd^^xff }meu^ at 3/. 4^/«r 
yard?^ 

^ ^1 Bwiapiisn -; ' •* :* ^ 

■ ? ' " ^ , ■ X. •• , ♦ J ■ ' '• ny ' .Iff •. >: IS ■ * ?'<t<| 
16 8 price of 5 yards. 16 8 io -o i t 
Tfr. ^ price xrfjdfuyarilf \ ' ^^ ' ^ ' • ■ ^C 4, 

Jf9. 2 teHtlprieei. [ e..; : •• •"/ i' '.3 • "f 

RULE IV. . if ymitmhifiBn'. h (f Smerai ^^mtum 
f0m^ write th^n ibe^parU if it wtk tbmt rtifiifai^e .S$^ 

tSi*befrice(^9^iUdes».. 



cloth at rf. 7*. V-^r yaJi^d i' 

•4^ /. . L" .""^ ; See the f«^ 

, raT operations lA 

• • • ^•^ » •» ■ 



i 7*4 



616 8 price of ^ yardsJ 
10 6 prrce of | of a^ yard* 
5 , li price of V-rf of a yard* 



i^Mi^ 



totalprio 



«i 



e \^. > 



. s 


" 1-7 4- : 

. •■•• -3 ■ 


» 7 4 : 
3 


6 1$ 8 


4 *? o. I 




• 


: -4 

I' O'*^ • - ' 





Btcaufe i yard- is <«ithet 4 quarters or 16 nWils, 3 

^^^aiters^nd 3 dsmIs S^ill make l-f-^^ of a yard: ot^r 

multiplier is theil5+3-|-TV yards. Multiplying ^y ^Vt 

^re^ra^remaindcr of Vr of a penny, that id, -^Httf" 

things, oi 8 «vX . - • . I; ox 

f-J fe^g. 'This multiplicatioii iqay be;. aUb 'jporfbrmid 
by die tiethod of fraftions, reducing both mtmipUcand 
ind multiplier to the leaft refpefiive -ijdnionittatian; 
Thas, becaufe I j)ound is 240 pence, and 7 (hillings 
iiiakef^^^ l^^^^k ^ pouiid, 7 ihiilings, ^ibd 4 pence 
^l^bev4<>gerboi. 30^ ^dfioe, br 4v^^f' )i pound i 
)^kmiift» 5ivysrdi' being' ^ nuilt, and'^5^^(¥aarter^ ta 
sails, 5 yards, 3 quarters, and 3-'ii^is,.-vil| *g4^ 
together 95 nails or l^ of a yard. Therefore, 
inoltiplying 4U by ^i7or-^i by ^ (for 4U 

ttMt^.toi. ilPw311,b6^^ )e^ lii i*;: ife iti ail 
240-^«' 30/ :l$, ^30; ^S. :; 4^9 

pj?id?.^^^w -5J.=iLtl=^,tharis,!2J7iWe, 

At . un\r*i;)q»^ :.i48o 400-7-2 24O ^ v t 

<k ^*(hlllltgs, 5f **pcnce, and z farthings. Tke total pro- 
du6l is then'&^. i/. ^d. 2/. as befpre. -^ "; ; 

Definitions. I. Dra#il/5b«^'^s^ theafurc of extenfion. 

II. A lineal dimiri/hiU W'i )iixxcxi tneafupc of cxtcnfion 
having only length, as lines. '"~ ' ' . 

III. jt/i^perfidaldinienfiontiVfvtpirficizl meafiTre of 
cxtenfion, having only length and breadth, as furfaces. 

IV. A fquare dimenfion is a fuperficial dimenfion, whole 
length and breadth are equal, as a fquare^ 

V.A 



" 
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V. Afolid dimenfion ia a folid naeafure of extenfion oon*^ 
fifitng of lengthy breadth, and thicknefs, as folids. 

v£ A cubii dhnenjlon)^ a folld meaiuite of extcoiion^ 
whofe length, rbre^fb, and tbb&Dlefs arc of the fanK 

magnitud.?, as a cube. ' ^ 

Note. The dimeofion$ arcufnally taken in yards, 
feet« inches, and ilines^ whojfe value is at in the IbUow* 
ing Tables : ^ 

. • %r ' ' '^ •;■ : : 

I. LongMeafure. 

1 2 lines make t i^ch. 

12 inches i.fbbu 

3 feet ; i ]ranL 

11. Superficial Meafufe. 

> T44 fquare line^ make, t Iquare inch.^ 

144 fquare inches l. fquaretfoot.* ' 

9 fquare feet , i fquare jard^« 



'*-' «i. 



in. Solid Meafure. 



I ^) 



1 728 cubib linef maker cubic inch. 
1728 cubic inches i cubic foot. « 

27 cubic feet 'i cubic yard. 

> 

/RULE V. 'To muhiptf the Itneal dimenjions one bf 
another to have a froduh of a fquare dimenfion^ writi 
down the parts both of the multiflisand and the tnultipUer 
with their refpeSive denominators ^ as fraSlions of an into* 
ler ; then work as in the preceding Rule IV. and lafity^ 
reduce tbofe parts of the produSt which are not reduced to 
the denomination of any fquare meafure^ either multiply '- 
ing or dividing the fr anions ^ by which they are expreffed^ 
by a denominator fit for that furppfcy as may bofeen m 
the following 

Example^ 



( 4» ^ 

In an *rw or Bppr, ia 1ic«g^ |« {*et. 9 ,fnc^» ^ 
^e«, apd ip br<?a4A »i fe«,. & mkAci, 6 lues, how 
inany fquare feet ? ..•-■• 

«4 8 6s=23+— +--- lineal il^dplier. 
»* " " ^ ' 12 ' 144 

8 j;^^4l. fufifirficial produft by 23* 
.^.44 

a^,^J^ fupcrfical prodaft by A* 
•144 . 

•• . • • '144 144.144 
Square MeafiVM* ui.- ^ ■ 1^ 

ix9 98 »o8=9'9+£r^— -JTI*°«lfq'Fod- 



• • 



H4 i«^4»'44 

* * * 

• v N|i wli J ill H I H " ■ " ■'■ ' ' ' ' * ' ' ^ '' 







ii • 

«»4 

'1891 +^+4^ or 

^ IZ.X2 ^^ 

891+1^4 or 

89*+^ 'sl 



( 49 ) 



-m-^L. 



38+^+^1? 



8 
TT 

tx 



-* J) ^ 1 2 "T YZfT -r ■— -r-— or 



ia.i44 



25+jLIi+J*+l!±L*6r 



"•'44 
12 



±La._71.j._4 
144 



^^«44^i44^7i^or 



44 



1, , ^- , ']M . 




^* *2.i44 144144 
I-4^j4.4-54-rit^ 36 

» 144 ~ — ' T ■ or 

^* i?-«44 »44-«44 

71 

144^X44+ r— i — or 

fc .i».i44 »44.»44 

* ^T44+- :— + -fc«— -or 

^■»' 12.1a. 144 144.144 

1+Ji. + 7* ^ 36 

^^ 144.144 *44*44 

^* »44-'44 



Note. The faflorg may be redu<;ed to the loweft de- 
Bomiaation, viz. lines, and then the produd: will be 
l^uare lines, which divided by 14^, vviil quote fquare 

H inches. 



( so ) 

inches, and the remainder wilt be fquare lines ; and tbc 
fquare inches divided by 144 will quote fquare feet, and 
the remainder will be fquare inches. Again, the fquare 
feet divided by 9 will quote fquare yards, and the re- 
mainder will, be fquare feet ; and the fquare yards di- 
vided by 36 will quote fqqare roods, and the remainder 
will be fquare yards. Thus^ b cc au fe in the foregoing 
example 

the multiplicand is 

12 144 144. 12.12 144 144 144. 

+A =5516 
144 144 

and the maltipTier 

23 H 1 '•— +■■ ■< ^^-r+-^^— 

12 144 144 12.12 144 144 144 

J 6 _34H 
144 144 

the prodaft^will be ' 
5586 ^ 34'4 ~ too7o6o4 _ 1^24^4 log 

144 144^144^144 144 H1-M4 

oS 108 , - 
rrgia + -^—-i as before. 

144 i44-»44 

RULE VI. To multiply fuferficial dimenfions by Rneat 
JUmenJions in orderfo j^ave a produS of a cubic dimenjion^ 
write down the parts both of the multiplicand and multi- 
flier with their refpeftive denominators, as fractions of an 
integer ; then work as in the preceding Rule B^. and lafl^ 
fyf reduce thofe paHs of the produR which are not reduced 
to the denomination of any cubic meafure, either multiplying 
or di'oidir^' the fraSUohi by which they are enpreffed^ by a 

de- 



t « 



( SI ) 



> 



denofiunaicr fit for thai furpofe^ as may kefeenm the /rf- 
hwing 

Example. 

In a piece of timber, whofc length, is i8 feet 6 inches^ 
breadth 2 feet 4 inches^ami tbickoe^ 2^feet 3' iochefS, 
how many folic! feet ? 

f. itim . ' 1 , •. - •; 

18 6 = 18+ T-T 21 lineal multiplicand. 
% 4:= 2+ -A- a lineal multiplier. 

X 

37 fuperficial produft bv 2. 

By Rule V, 6 + t-VV fuperficial' ;()roAift Dy A* 

+ 

43+^V^ tctalfquare produft. 
% 3= 2+^V lift«»l H^ultiprrer. 

— X 

86-f-TVTi . (oUd produft Ijy.^a.' ' ^\ 
10 + ^^^-i-TTTT folid jroduft by. Vt« . . • :i ' 

5^6+ tV-fi^- hV? \ r «»<ai ^ol«d prod^ pr 

9^T7,iir=^97rt^=^7 cubic feet 2r6-. 

cubic iocbev 

N(^^. This operation may be facilitated by prci. 
yioufly reducing the three fadtors to the loweft deno- 
mination, for inftance,^ lines ; which being multiplied 
continuaUy^ will produce cubic line$, which divided by 
1728 will quote cubic incl^es^ the remainder being cubic 
lines f and the cubic inches divided by 17^8 will quot^ 
cubic feet, the remainder being cubic inches ; and thf 
cubic feet divided by 27 will quote cubic yards^ fhe re? 
maindcr being cubic feet ; and the cubic yard^ divided 

H 2 by 



bjr 2i6 will quote cubic roods, the rcmaiodcr being cur 
bic yards. Thus, in the precedhig example, 

asbcforc. Or, t^ ^lixif^l^^^l^xli^^, x..^ , 

The rcafon of thefe operations depends upon the na^ 
t.urc of fractions,^ Sec Seft* 3 qf this Chapttr. ^ 



8 E C T I O N IV, 



P I y I S I Q N. 

. DEFINITION. DhiJioH difcovers how often oae 
fiumber is contained in another ; of Divmon, from two 
numbers given, finds a third, \(^hich contains unity as 
often as one number contains the other ; or laftly, Di- 
vifion is riie dividing any given ^mber; into any pro- 
pofcd number of pqual parts. . . 

The number ro be divided^ or ^yhich contains the 
dther, is called the dmdend^ the number by which we 
idivide, or which is contained in the dividend^ is called 
the divijor ; and the number found by divifion) or which 
ixpreffes how often the dividend contains the diyifor, 
is tailed the quottenty or quot. 

• As Multiplication fupplics the place of many Addi- 
tions, fo JDivifiori, which is the reverfe of Multiplication, 
Tervcs inftead of many Subtraflions, as will thus appear: 
fuppofe it' were required to divide 1 8 by 6, that is to 
0nd how often 6 is contained in 18, the work by Sub- 

traftioa 



k- 1 



( 53 ) 

Itra^ion ^lU ftand as in the margin; by i8 

ix^hrch it appears that 6 is contained 3 times 6 

|n the number 18. But this, by Divifion, — 

inay be fdunid at one trial^ thus: la 



6 

6. 
6 



•■^ 



I fct the divlfor on the left of the dividend, leaTing 
room on the right hiand for the quotient, as in thfe mat- 
gin; and then I fay, How 
often 6 in 18 ? Jnjl^ j times; Dividend. 

this 3 I fet in the quotient^ Divifor 6)i8f(5, Quotient, 
then I multiply the quoticpt i8f ' 

'figure 3 into the divifor, fay- — — 

if^g) i times 6 make 18, ' * o 

which I fet down below the 

dividend, and lubtrad it from tl^e dividend, and nothing 
remains. 



• • • 

J. Dhjj^on of bitfgtrs* 

RULES. J. From the left-hand part of the dividend 
point off the firjl dividualy viz. fa many figures as will con-^ 
tain the divifor. 

II. Aik bozv often the divifor is contained in the dhi^ 
dual^ and put the anfwer in the quotient. 

III. Multiply the divifor by the figure fet in the quo* 
tient, anifuitraEl the produil from the dividual. 

IV. 9I7 the right of the remainder bring down the next 
figure of the dividend for a new dividual^ and then proceed 

0s before. 

Uotesp 



( 54 ) 

fJifes. 1. The luWlanc* of thefe Rules is briefly ix* 
preied in the folfowbg verfc: 

Die quot ? mnltiplica^ fubdac^ tramfsrqui fequentem. 

Firft alk how oft? in quot the anfwer make; 
Then multiply^ fubtra£t^ and dowa a figure take. 

n. Erery remainder mud be lefs than the divifor, 
for if it be either greater or equal, the divifor might 
have been oftener got, and the quotient figure is too 
little. 

HI. If any dividual happen to bolels than the dlfi- 
(br, you muft put o in the qpotienty and t>fiQg down tbe 
next figure of the diyidend> and if it be ilili kfe than 
tne divifor, yoj muft put another in the quotienr, and 
brino: doWh* the following figure of the di?ideiid| &e* 

IV. To complete the quotient, put the lad remaiadOr 
(if any) at the end of it above a (mail line wicJi the di» 
vifor below it. 

E.a,picn 

Here, becaufc the divifor ^ Divifor.Dmdcnd.Quoticnt. 
is contained in 8, the left-hand • • • 

figure of the dividend, I point • 7)87S(i2C 
it oflF as my firft dividual, ac- 7 

cordiogao'RuJe L and then t •^•-- 

fay : How often 7 ia 8 ? Anf» 17 

once ; which i I fet in the quo- 14 

tieiu as dir€d:ed in Rule If. —^ 

then 1 multiply the divifor 7 by 35 

this quotient figure i^ and fub- 35 

traft the produft 7 from the df- ^— -7 

vidual 8, as dire£^cd.in Rule III. o 

I0cbe remainder a, I bring down 

the following figure 7 of the dividend and have 17 for ntjf 
fecond dividual as dire^ed in Rule IV. then 1 proceed as 
before, and fay : How often 7 in 17 ? Anf. % times; 

whcrci 



( Si ) 

Dvhereforcy fetting 2 10 the quotient, I multiply and fub« 
xxz{k, .and find the next remainder to be 3 ; to which I 
bring down, the following figure 5 of the dividend and 
have 35 for my third dividual ; then I fay : How often 
J in 35 ? Anf. 5 times, which 5 being placed in the 
quotient, I multiply and fubtraJt, and o remains ; (o 
the quotient is 125. 

Notes. L Here obferve, that the iright-hand figure 
of the firft dividual and all the fubfequenc figures of the 
dividend, have a point or dot fet above them as they 
are brought down, which is done to prevent miftakes 
by diflinguifhing them in this manner from the figures 
not yet brought down. 

IL By reviewing the fteps of the preceding operation 
and reducing, by Princ. VI/ the dividuals and quotient- 
figures to their feparate values, the^reafon of the Rules 
will be obvious, as may be feen in the following opera* 



uon: 



875 = 800+70 + 5, and i25=ioo-|-20-|-5« 
Divifor. Dividuals. Partial Quots. 

7)8oo-|-7o-f-5(ioo-f-20-|-5 
I ft dividual 800 i ft qnot i oo. 

7 X 100=700 fubftrahcnd» 



remainder 100 

70 

2d dividual 170 
7 X 20:=; 140 



+ 



remaioder 30 

S 

3d dividaal 35 
7^5-35 



+ 



2d quot z6^ 
fubtrahend. 



3d quot g. 
fubtrahend* 



total quot 125/ 



Es* 



i 



Example IL 

» 

8)56032897(700411 2 j^ 
7*8=56 

. . 032 (Note lit > 
4x8=34 

,.S 
1x8=8 

•9 

1x8=8 

»7 

2 X 8=16 {. 

I (Note IV.) 
Example III. 



36)789426(21928^. 
2.36=72 

.69 
1.36=36 



334 
9.3 6q;j 24 



^9* 



. 10% 

4.36^73 



.306 

8.34=2»8 



18 (Note IV.) 



Ex* 



( 5> ) 

Ezai&ple IVt 
Xetitbe repaired to divide 170948^ among 2 34 men. 



• • • 



2^4)170948(73^ pounds* 
7.»34=:i638 

3.234 =:7oz 

remainder 118 (Note HI.) 

20 

——•X 

• • 
234)2560(10 IhillingSf . 
1^234=234 

remainder 220 (Note lit) 

12 

440 
220 

Jim' 



• • 



a34)264A(ri pence. 
1.434=234 

300 
«-a34=*34 

remainder 66 

4 

X 

a34)264(iTV^ farthings. 
1.234=234 

30 (Note IV.) 
So each man's ihare is 730A los. i id. j/.-rrr« 

I Example 



( 4t ) 

•Eiimple V^ 

If 34i€8o62 iw#. of goods ^c divided Into' 4875 
fqual lots, whaf yi}^\.hf U^s wjfigj^t pf ^ch lot ? 



• • • • 



4875)341 ^806 »j[7ooB rtp/. 
7-4875 = 34"5 , " 

43062 ^ (Note III.) 
remainder 40^2 

• 4875)i6H^3.2.. -> 
3.4875=i4$li: ' '* 



reoialnder 16^3 ' 

*28 
X 

1298,4 

+ 

4.875)4S444(? iirl ^• 
9.4875=43825" 

remainder 1^1691 (Note IV.) 
So the weight of each lot is 7008 rw/. 3 j. 9 ^frr '*• 

AV^. In Examples IV, and V. inftead of annexing 
,the refpcftive fractions 10 the integral parts of the quo- 
tients, each remainder is roiliMiQl to the next lower de- 
nomination, and the produft thence^, arifing by Multi- 
plication is divided by the firil gircndiyifor. 



, *■ * 



Ex- 



— i. 



(^ ^ > 



•£i3(ii^Rf¥I; 



ii 



• • • ^ ' 



• • «■ 1 



.; 



civ' I ^*?=»^.c- • ■ 

1 80 (Nece-»,)' 

348=144 

''3J (tTotcTV.) 
^jampleVII. 

648^)<9(^7V|2(i38»»*^ 
1.648 = 648 



4487 

3.648 =; ^944 

_ • 

5438 

S.648 = 5#»4 :. ;. :^ 

- - a'54a (Note IV.) 

JVi?/^. TheKafonofcu«l)%'6ffflJme^fi|^^ 
right hand of both thbv dividend^ and diTiibr jlh» theft 
two laft eximpfe^s w3t eVidisntly appear b^' dbliOdreang 
the foUowiDg operatioiis : 

' V i trr i498biJo_dy8o.ti* oy86_ ,« 

64B0 648-. 10^ 648' 

t±^^Jf=:iii^S±^^ »ia8+*^ 

1 2 Ex- 



Example yin. 

Divide 1692 by 468. 
169a _ i69a-rg ^84^^ <464-a ».4»3^ 4t343 _i4i 
468 468-r4 ""234 »34-r»^ir7^"7'r3 75 

39-r3 «3 '3 ^ . 

Exa5ipJc;iX. 

Divide 7896 by 84. 

y896_7896-^2 _ 3948^3948-^2 ^i974,^ T974'?-3 
84 84-r^ 4Z . 4*T*. "^ ^* ^ *»"f3 

7 ... 

Example ^« 
Divide xs.jtf by i8. • - 

18 18 

*^ *' '"' ExairiplftXL 
; Divide 8.7a?48 by 4^4.72. * "^ r . ". 

8,72,48 _ 8.72,48 _ 8 72 ' 48_i , ._.-^ 
4.24.72 4.72.44 4 7* .24 

JVb/^. In tbefe four examples the ^ivifipn is ren- 
dered morelnnpie : but in compulations or Calculations 
that require tl^e frec^vjent ufc of the fame divifor, the 
op^ratioitmay b«j:endered more eafy and^ expeditious, 
by makipg a table of the. products of the divifor into all 
the nine digits^ -as in the following example i for the^ 
you have the (]uotient-frgiircs apd their produ£^9 iato the 
diipfor by infpe£lion. 



(( <«• T 

Exan^leXn* 

; Divide 47^96845 by 748* ' 



/ • 



Tablb. 

2 1496 J . 

3 *^44| 

4 a99» I 

5 3740 I" - 

6 4488 

7 5*36 
« 59«4 
9 673*1.. 



• • 



• i 



• • • ) • 



748)47896i45C64<>334TlT * 
44«8 •, 



3016 
2992 \ 

• . 2484 
2244 



•i * • 



r ^ 



r 



t «* 



.1 «► » #• • 



^^fotetlL) 



— o :r. 



• * 



k* 



2405 
2244 



S 






. i6r — (Note IV.) 



• . Ui Dwifion of Deamm*' . <• 

RULE. \Divid0Ms^in Integers, pointing 6ff as manf 
Deeimali in the iptol^t^u^s ibe dbmml.bax mere than 
the divifor^ and'vihetU^er ibe number <f figures, in the quo^ 
tietu is lefs than the required numifr . of Jieciihits, f^^ 
cyphers to fupply the Mfe^y as in Ex^ W.. 

Notes7' K The reafon of this Ri^ wiitcafil^^ilAppear 
by confidering, that the dividend* becomes ten times, 
hundred times, tzo, gttater, as it is divided by tenths, 
by hundredtbsj &c. 

11. If the decimals of the divifor exceed thofe of the 
dividend^ yon mod add to the dividend fo many cyphers 
2$ are required to make the decimals of the dividend equal 
pr furpafs thofe of the divifor» as in Ext IIL 

HL If 



in. If 10 any cafe there be a renuuoder after all 
the diTidend figures asdiiSed^.tiMr Quotient may be coq« 
tinned to what number of decimals you pleafe by fifb- 
leaning a cypher continu^alfy to the^ hA VeMainder9 as 
in Examples V. and YIv; ' 



»• • ^ 



4 fr 



Example L 



• • • 



/ ' 



•75)-58875('78S 
7X75=5*5 



» * 



8x75=^00 

•375 
5x75=375 



' *■ s 



7X^5=175 \ 

3X»5=7j" ' 



< I 



K 



• ^ 



EzudpIclIOk 
•W5)"'75C 



• • 



\ - 



;>if75>"-75«ift* 

. 1500- - 
4M3175«»5o» 

• • • •: 



Hvnnple IV. 



•# • 



* *:5j.M*7r5(.o9tt5 



•• • 



37 

Wft5=i:»5 

»i^5 

■ i I 



Ex. 



i 6s ^ 

Example V. ExAipltLVI. 



n 



•8)»f(S^.»5 . 


• 


3X8=:24 


/sri8).oo24(.i33,2fie( 


, . . ^ ■ 


1X18=18 


W 




4k8=«48 


.60 


— -■ 


3x185=54 ." . 


.20 


1 


.3X8 = 16 


• 60 




JXia*54 


• 40 




5X8=40 


^,i9C 



S^yLS. Mdiiffyiffifi-wiys, viz. iU^mmratw of 

the dMderuf into the denominator of the dfviflrfbr the nm^ ^ 

merator of the quct, and the denominator of the divided 
into the numerator of tie divifor for the dentminator of 
the quot. 

Or, hpfr4 tkf 4ivifii[9 ¥i4^mnmU^yitMotbe divi- 
dend. 

' ffinte. Tht T8afon of the Rule will appear by 'coi^ 
Mcrbg tltat ^e method here ufed is nodiing t\(i Voi 
the r^ouctng t^e divllbr and difidcnd to a ctmmioti 4^ 
Boiifnatori and then difiding one noiQCrator by tbe 

other, thus 4^|=:*-^-r?:l=;i.ri-l«J:^ 

3.4 4.4 la 12 9 



£xample$< 



Q 



Examples. 

*• tTt'^Xt— — — — ■ — LZ^I--— It, 

5*^ lo lo • . 

4 3^ 4 3 
3 



1 1>« <^ 



1 
* 

43^8»3^»»6»6* 

Yl. Iki-Jxf xi=4xfKfxixi=lf*=i2l=f 



-.f. 



IV* pwifion offeveral Demmnatms. 

, HULC L jT/^^ divifor be an iniegtr^ divide the ini 
ttgtrs iff the dividend by it^ reduce the remainder to the 
farts of the next inferior denomination and add it, when 
thus reduced to the /aid parts ; then dinnde the fum^ re- 
ducing and adding the remainder to the farts of the foUow^ 

ing denomination^ He. 

• « • ♦ • • • 

Note. If the integral part of the dividend be leis 
than the divifor you mud in the firft place reduce it to 
the parts of the next denomination^ as in Ex. !!• 

T Ex- 



( «s ) 

Example h 

If 274A 1 3/. 8^. be equally divided among 8 iQen^ 
nvhat will each man's fhare be ? 

Divifor. Dividend. (^otient. 

/• s. ,d. /. s. d.f. 

8 ) ^74 13 8 ( 34 6 82 
24 



•34 




3* 




remainder • 2 pounds to be reduced 


ioto fhillings*' 


20 


4 


— • X 




40 (hillings. 


• 


13 




— + 




8 ) 53 ( 6 (hillings- 




48 


• • 4 


rem. • 5 (hilh to be reduced 


into' pence. 


12 




— X 




\ 60 pence. 


• 


8 • ' 


% 


- + 




8 ) 68 ( 8 pence. 




<^4 


i 


rem. . 4 pence to be redoeed into farUuagi,; 


4 




— X 


• 


8 ) 16 ( zfgrthiflgs. 


* 


i6 


t 



K %t* 



( « ) 

Example H. . ^ 

' If lewt. or 1 1 2/^. of nutmegs be. valued at 76/. x8^« 
td. what is that per lb.? 

DWifor. Dividend. Quotient. . 

/. s. </. /. s. d. f. 

IJ2 ) 76 18 8 ( 6 13 8 3AV 

ao 

— — X 
1520 
18 

-I- 

112 ) 1538 ( 13 fhillings. 

112 



.418 
336 

rem. . 82 ihill. to be reduced into pence. 

-^— X 
984 pence. 
8 

+ 

III ) 991 ( 8 pence. 

896 • 

rem. . 96 pence to be reduced into farthings* 
4 

iia ) 384 ( 3 farthings* 
336 

rem. . 48 (See Note IV. p. 54.) 



RULE 



( ^1 ) 

RULE II. If the divifor be afraaion, mulfiffy its de- 
Mmihator into all the parts of the dividend j and then di^ 
vide the produS by the numerator of the fame f ration ac^ 
cording to the foregoing Rule. 



• « •» 



Example* 

What is the price of a yard of velvet, 4 of which 
are valued at 2/^ 5 j. 6rf. 2/4 ? 

Divifon Dividetid. Quotient. 
/• J. d* f. U s. dm 

t)256 2^(384 

6 16 8 o product by denoni*^* 



384 o quotient by num. 2¥ 

RULE III. If the divifor conjifts of integers andparts^ 
reduce both divifor and dividend tn the fame denomination^ 
and then proceed as in Divifon of Integer u 

Example L 

A nobleman diftrlbutes among fome poor people 
20/. s^* ^^^^ perfon got 7/. td. what vras the number 
of the poor ? ' 

s. d. L s. Divifor. Dividend* Quotient. 

76 20 5 9b ) 48^0 ( 54 perfons. 

12 20 45 

90 pence* * 405 fiull. .36 

12 36 

4860 pence. o 



K 2 Ex. 



( 68 ) 

• • • 

Example U. 

The content of a reftangular floor or |>aTement is 
452 fquare feet and 107 fquare inches ; the breadth is 
18 feet and 5 inches; what is the length? 

Lineal Dififon Square Dividend. Qnotieht. 
/• in. f. in. f. in. 

18 5 ) 45* 107 ( 24 7 
>^-^xia — — X12 "^ 

216 5424 

. — + 65088 
221 107 

V— — X12 ■ ■■■ + 
2652 ) 65195 ( 24 lineal feet. 

5304 



X0608 



rem. ^547 lineal fei^t. 
— — -X 12 
2652 ) 18564 ( 7 Imeal inches. 
18564 



• L 



Notes. I. This laft example may be mote eafilf 
performed by reducing the dividend to fquare inches, 
and the divifor to lineal inches^ and then dividing, the 
quotient will be lineal inches. Thus^ 



18 



9 



iff 5 



( 6^ ) 

Divifor. Dividend. Quotienu 
/. At. iin.4n, /q*in. Hn.in. 
454 107 2ZI ) 65195 ( 195 
144 44i -^— MX 



65195 



2099 
^989 



•r* 



I 105 

«io5 



II. Biit ift. general ym may reduce the dimfer to the 
loweji denomination^ then divide according id Rule IL 
Thusy becaufe 75. 6d» make god. or ^^^ of iL that it 
•3- of !/• and i8/. 519. make 221 inches, or Vr of if. it 

will be 

» • » 

In the ift Example. lo the 2d Example* 
/• /.-- /• in. 
imf.4) £0 5 Drrid; Divif. W)45i 107 DWid* 
x8 — X12 



162 o 



^3 



54 o quotient* 



54S2 1 1 



-r-22I 
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SECTION V. 



THE PROOFS OF THESE OPERATIONS. 

1 Thi Prdof of Addition. 

. • 

RULE L^ J9)r Addition: add each cohmn Jirjt up^ 
wards and then dawweoatds^ and ifytmjind the fum to be 
the fame both ways, conclude the work to be right. 

Ex- 
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836 

474 

90s 

+ 

2215 



Addition upwards. Addition downwards* 

6 + 4+5^'-»5 5+4+6 = . .15 

3-|-7+o=:. 10. o4-74-3=. 10. 

+ — ^- 

azis Total. 2215 



RULE IL By Subtraaion: fubtraB one of the num-- 
hers added from the fum^ the remainder will be equal to 
alt the others tcgciber. 



Example L 

8g6 I (I number. 
474 2d number. 



13:0 totaL 
474 zd number. 

S36 ift number. 



Example IL 

836 I ft number. 
474 2d number. 
905 3d number. 



2215 total. 
905 3d number* 

1310 fum of ift and ad. 



II. The Proof of Subtraeiion. 

RULE L By Addition : add the remainder to the ml^ 
nory the fum will be equal to the major. See Princ. VI1I# 



Example I. 

5847 TCiApV^ 

2569 minor. 

3278 remainder. 
2569 minor. 

h 

5847 major. 



Example II. 

/. s. d* 

73 15 10 major. 

48 12 6 minor. 



25 3 4 remainder. 
48 12 6 minor. 

+ 



73 15 10 iuajor. 



RULE 
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RULE IL By Subtraffm: fubtraS the remiunder 
from the, fMJor^ ihe difference wilt be equal $o the minor. 
See Friflcipic VIIL 



£x.L 

58^7 major# 
2509 nunor. 



5278 remainder* 
5847 majon 

2569 minor. 



Ex. II. 

A /• d. 

7) 15 xo major. 

48 12 6 minor. 

25 3 4 remainder 

73 15 10 major. 

48 I A 6 minor. 



III. The Proof of Mutiiflieaiion. . 

RULES I. By Multiplication: change tb^ placa of 
the fadors^ and make that the multiplier which before 
was the multiplicand i and, if the work be rights you. 
will have the fame produH as before. 

II. By Divifion : When the work is right, the produS 
divided by the multiplier quotes the multiplicand, of di* 
vided by the multiplicand quotes the multiplier. 



TV. The Proof of Divi/ion. 

RULES. I. By MuttipUcation : mdtiply ihe quotient 
by the divifor, or the divifor by. the quotient ^ and the pro^ 
du8 with the remainder (if any) added to it, will be equal 
to the dividend. 

l\. By Divi/ion : divide the difference cf the dividend 
and remainder by the quotient^ and your next quotient will 
he iqual to your firfl divifor, without any remainder. 

s p c. 
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SECTION VI. 



• ■ 



COMPOUI^n OPERATIONS. 

DEFINITIONS. I. An operation it faid to be com* 
pound when it is performed upon the numbers conoeded 
by the figns 4* or - • See the Lntrodudbn. 

IL Simple nnmberS) or the terms of compound num-* 
berSj are laid to be 4i6i when they (land togethep- or in 
the fame place^ that is, one under another ; but they 
are unlike if they (land alone. Thus the numbers — & 
and*i2| which ftand together, or one under 
another, as in the inargin, are lilce niidv 8-2 
bers, but 8 and - 3, which fiand alone, are 12-3 

unlike. . . 



I*. CoMfouM Judditwi% 

RULES. L Add togtfiir terms that ate Rke andiave 
Ukejignsy .then to their Jam ^r^ the ammonjSgn. . 

IL To add terms that are like hit have unlike Jigns^ 
fibtraS the lefs from the greater^ and prefo; the Jign af 
the greater to the remazikmr. ^ 

III. ?(? aid terms that are unlike^ Jet them all down 
with their J^ns in their pripir place. . ' 

IV. Compound numbers are , added ^together by Uniting 
the feverd ttmu of which thej con/ijly b^ the precedtMg 
Itulesm 



• • 



Examples^ 
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Examples* . . 

I. 3+ 6-44-5-f. 7 

5-2-3-12+4 . 

' — — — -~ + 

Som 3 + 11- 6-|-2 — 5-|-4 

II. Id— 4-f-8 — 9 

- 6-34-4+a 

i4-5-6-8 

Sum 10-104-6-I-0-4-8 



IL Con^omnd Subraffidn. 

m 

. RULE. Change tbefigns of the terms to befubtraSed 
into the contrary fignSy and then add them, fo changed^ i$ 
the compound number from which tbeif were to be fubtroR* 
idi by Compound Addition ; the Jim hence arifsng is the re* 
tiaifider. 

Or, 5-74-4-5+2+2 

- 2-I-44.3 :" 5 - 2+6 
\ : [- 

Sum 5 - 9+8 - 2 - 3+0+6 

Note. The truth of the Rule may by prored thus: 
6-4=2, but 4=6-2; then 6-4=6-(6-2)=6 
^6+2=2, as before; otherwife the remainder would 
not be right 41 

L IIL 
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III. Compound Muhiplicathnm 

RULES, L When iheftgns of the two terms to te 
multiplied are like, tbejtgn of the produff is -}-> ^^ when 
tbejigns are unlike, tbeJigH of the produ£l is — . 

II. To multiply two terms, find the Jign. of the produff 
by Rule L and after it place the produ3 of the^ numbers. 

HI. To multiply compound numben, beginning at the 
right y in order to write more eaftly^ multiply every term of 
the multiplier by all the terms nf the multiplicand, one after 
anotb r, according to the preceding rules ; place the firfk 
term of each particular compound produEt under the multi^ 
plying term, and then colkil all tbefe produEls into one 
fum, that fum is the produd required. 

Note^ The reafon of the firft Rule may be (hfcwn thns ; 
becaufe 6x4=24, and 4 = 6-2, it will be 6 x 4 

= 6 X 6 — 2 =6 X 6 — 2 X 6=36 — 12 = 24. Again, 6 

= 7 — I ; and therefore, 6x4 = 7 — 1 x6-2 = 7 — 1 x6 

+ 7-ix-2 = 7x6-ix6 + 7x -2-1 x -2 
=42 - 6 - 14 + 2s=44 -r 20=24. 

Example. 

4- 3 + » 
3- »-6 



- X 



12- 9+ 6 
- 4+ 3- a 
— 24+18 - 12 

: + 

Produft la -13- 15 + 16- li 



lY. 



is ) 



. , ; . • - : iV; Q)mp9und Divifiatu 

RULES. L Ifthejigns df the two terms to he divided 
are like^ thefign ofthe'q'Uolhnf is ^, if they are unlike, 
theftgn of the quotient is —. '^^ 

II. ^hefirji term oflhe^dividendis to' he divided by the 
jirfi term of the divifo'ry ohferving the preceding Rule for 

thejigns } and this quotient being fei down as a part of the 
quottent wanted^ /> to be multiplied by the whole divifor^ 
and the produlifubtraded from the dividend ^ if nothing- 
remain^ the divtjion isjinijhed \ the remainder , when there 
is anjfi is a new dividfnd. ' 

III. Divide the jirfi term^ of this new dividend by the 
Jirfi terf$ of the d^ifar as before j ajfdjoin the quotient, to 

the part already found, with its proper fign ; then multiply 
the divifor by this part of the quotient^ and fub trail the 
product front the new dividend ; and thus the operation is 
to be continued till no remainder is Uft^ or till it appear 
that there will always be a remainder., 

• 

Note. The firft Rule is e^fily deduced from Rule I. 
of Compoand Multiplication ; for being, for inftance 

— 4x3= -12, it will alfo be - 4 = — , and 

' * 3 

3 = . Sec Rule H. of the Proof of Muldplica- 

— 4 

tion. 



\ 2 Ex- 
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Example L 

4- 3 +i)i^ -* 13 - 15 + 1$ - i^is - 1 -6, Qaotient* 
i»- 9+ 6 

fc j — 

. - 4+ 3- * 

-24+18-12 
-24+18-12 



(o) 

Exunple 11. 

x-2)i (<+£+4+S + i<S>f &c Quotient. 
I— a 



2 
2-4 



4 
4-8 



8 
8-16 



x6 
16-32 



3»» &c 



Ex. 
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Example IIL 
1-2+ i)i (i+a+3+4+5+ &c# Qaodent; 

1-2 + 1 



2 — 1 

a-4+2 



3«a 
3-6+J 



4-S 
4-»+4 

5-4 1 

NOti It oftea happens, as m the two laft example; 
that there is ftill a remaioder from which the operaticpa 
may be continued without end# This expreffion of a 

aaotient is called an infiniU feries i the nature of which 
lall be confidered afterwards. Bf comparing a few of 
the firft terms the law of the feries may be difcovered^ 
by whichy without any more divifion, it may be conti- 
nued to s(uy Dumber of terms^ wanted. Thus, becaufe 
the terms qf the quotient in Ex, II« increafe by the 
fame njaliiplier ^ they form a geometrical feries ; but 
the terms of the quotient m Ex. III. increafing by the 
common difference i, ihey form an arithmetical feries^ 
which is the natural fcale of numbers, as is obvious. 



S EC 
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SECTION VII. 
RESOLUTION, 

WHEREIN OF THE DIVISORS .OJfL NUMBERS* 



L Refolution. 

DEFINITION. Refolutidn is the findinj? of the com- 
ponent parts of a compolhe number, for inftance, of 30, 
whofe component pants "are i, '2, 3,. and 5, becaufe 
1x2x3x5=30. 

RULE. Divide the given fum by its lefs divi/or^ then 

the quotient hy its lefs divifotj andfi continually divide the 

new quotient bylts Irfs divijor till the laji quotient be 1% 

. ffi tb^fltJlin^le jdin^i/brs '^iU.be the compomnt parU ef the 

* given humbin • 



• I 



. I 



. Example. 



Compofirc riujnber * 360 
ifH qublientv 180 

id quotient ' . • 90 
3d quotient* 45 

4th queiient , . . X.5 
5th quoiient ' . *."; 5 
6th ind, la(t quotient i 



I 
2 
2 
2 

3 
3 
5 



Simple 
ditilbrs 
> or 
component 
parts. 



Dc- 
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DemoDftration* 

1 I ft diTifon 

2 /^ddivifor. 



2 

2 gddhifor* 

— X 

4 

a 4th diTifor. 

— X 

8 .... 

3 5th diiri(br« 

.— .X .' 

- 

3 6th diyifor.' 

5 7th diTifon 

3^ the given number« . 

Note. Unity is fee down among the dirifors as a 
component part of every number* 



II. Of the Divifors Qf Numbers. 

RULE I. To find all the ^ivifors of a given number^ 

begin with finding itsjimple diviforsj then multiply the ji 

fimfle divifor by the id, the. fir fi being unity ^ and write 

down the produ^, which will be a cempofite divifor of 

the given number % again, multiply the ^thfimple divifor 

feparately by the zd and 3^, and alfo by the umpojite 

divifor, in order to get three new compofite divifor £^ and 

fo continually multiply thi next following fimple divifor by 

every foregoing either fimple or compofite divifor^ till you 

have a produ^ equal to the given number. 

Note. 





I 


360 


22 


i8o 


aiS 


90 


^1 


45 


3« 


15 
5 


5«a 


I 
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JNItf/* If in the conrfe of the operation you obtain a 
produA equal to any of the preceding compofice divifors^ 
there is no occalion to write it down. 

ExaBdpfe. • 

To find all the dififors of 560.' 

Compd&te Divifors* 

4 
8 

9, 18, 36, 72 

10, 15, 20, .30, 40, 45, 60, 90, lao, 
rSo, ^6cr. 

Anfwer i, 2, 3, 4, 5, 6, 8, 9, id, 12, 15, i8, 20, 24^ 
30, 36, 40, 45, 60, 72, 90, 126, i8o, 360. 

RULE II • Tofnd the greateft common dhifor of 
two given numbers, divide the greater by the lefs, and 
again divide the dimfsr by the reminder, and fo on 
continually, till o remains. The lajt divi/or is their great'- 
efi common divifir. 

Example. 

To find the greatefl: oommon diviibr of the numberar 
784 and 952. 

784)952(1 

784 

1^8)784(4 

112)168(1 

Greateft conuBon dirifof 56)1x2(2 

ri2 



Notes^ 



( ^h ) 

, i^tes^ L . The rcafon of the [Rule is^ becaufc;the kft 
^em^inder dividing exaQly the next precedingi, it will 
iilfo divide its multiple^, and therefore the dtvL^lcnd .h« 
felf. This will dill farthor appear by refolviog the 
given- oumbers, as follows : rj 

112=2 X C6. ' ... ... 

168=112+563:2 X 56 + 56-1^:3 X $6i 

784=4 X i68-f-ii2==:u X 56 + 2.x 56=^14 X 56. 

952t=:t84 + i68=s:i4x56 + ^ x 56=^17 x56, 

; IL'it you. find. 9^) the .4*yifprB of the tvp given r\%rt\* 
faers, you will find likewife among thefe the greateft 
cprnmon- di\'iror. . Thuj^ the diyilors of 952 being i, 2, 
4> 7f 8, 14, 17, 28, 34, 56, 68, 1 19/136, 23S, 476, 952; 
and.thofe of 7S4 being i, 2, 4, 7, 8/14, 16, 28, 49, 56, 
98, 112, 196,392, 7S4, it is obvious, that 56 is the 
grcateft cdmmda divifor. 



SECTION VIIL 
REDUCTION* 

Definitions. L Redumon teacheth how to bring 
a number of one name or denomination to another of 
the fame value, and is either Defcending^ or /ifcending^ 
or ACxed. 

II. ReduShn De/cending brings d number of a higher 
denomination to a lower, when the lower is fome ali- 
quot part of the higher, as pounds to (hilling?, pence, 
or farthings, and is performed by Multiplicacicn. 

III. ReJuilion Jfcending brings a number of a lower 
denomination to a higher, when the lower is fome ali- 
quot part of the higher, as (hillings^ pcnOe, or far- 
thingSi to pound*), and is performed by Divifion. 

M iV. Mixed 



C 9^ ) 

IV. Mxid AeduSm britigs a number of on< debo- 
^nation to another, when the one is no aliquot part of 
fhe other, as pounds to guineas, and reqairen the ufe of 
both Multiplkarit)^ and Divifiotr. 

RULE. Multiffy orSpide as the fahks ef coin^ 
weights^ andmeafwres^ direll. 

I. kedtiSion Defiending, or JJiending. 

^ft. \. Hl 472L how many fhiilings, pence, tnd 
nurtfaing^ ? 



Anfwer by Redudion Proof by ReduAIon Af> 

Defcending. cending. 

472 pounds. 4 ) 453120 farthings* 

20 Ihill. In I pound. ■ ^ 

w_ X 12 ) 113280 pence. 

9440 {hillings. " 

1 2 pence in i ihilK 2{o ) 9^0 (hillings. 



X 13280 pence. ' 472 pounds. 

4 fartb. in i penny. 

453120 farthings. 

^f^. II. In 458/. 16/. jd^i how many fttUings 
pence, and farthings I 

Anfwer by Reduftion Defending, 

458/. i6j» yd. 3/. 

20 I take in the 16 fliilf. 

■■ X 
Ihillings 9176 

1 2 I take in the 7 pence. 

■ X 

pence 110119 

4 I take in the 3 farthings. 

> X 

' farthings 44^479 

Proof 
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Proof by ReduAiop Afcending* 

Remainders* 
4 ) 44«479/- af- 

12 ) IIOII9^. jd. 

2|o ) 91716^. i6s. 
458/. 16/. id. if. 



|L MSxed ReduSion^ 

» 

RULE. i[y ReduRion Defctndhg Mng the ghen 
name tojomefuch third name as is an aliquot fart both of 
the name given and of the name fought^ and then by Re* 
dsUtion y^cending bring the third name to the namejbiight. 

^ft. x. In 764/. how oiapy guineas ? 

Operation* 

764 pounds* 
20 

■ X 



%i") 15280/. ( 727'guineas. 

• .58 
4^ 

z6o 
147 

remsunder rj ftilltogs. 



M a FroaP. 
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Proof. 
Id 737 guineas 13 (hillings, ho<v manjr pouncU ? 

Goiqeas. Shillings 

■ m 13 

■ • "X 

727 

1454 

%\o ) 1528I0 {killings. 

764 pounds. 

^efi. IL la 478^/, i3^f how many pieces of ii\d% 

per piece I 

Opcraiiop. 

i3i 4785 13 

2 20 

27 half-pence. 957I3 Ifiillings.* ^ 

. i4^1i^lf>pence 10 x flull^' 

382852 . 
191426. 

^7 ) 2297112 halfpence. ( 95<^7* P'^^^ 
216 - . , foughtt 



137 

«35 



211 

189 

222 
216 

tf maindcf 6- half-pence or 3d. 

Proofi 
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Proof. 



In 85078 pieces of 131^. eacb^ and s^ ^^^ n^sny 
pounds? 



Pieces. Pence. 

95078 3 = i 

27 half-peu^e in i piece* 

—— — X 



595 552 I take in the 6 half-pence« 
170150 

94 ) 229711^ half-pence« ( 9571I3 AiU« 
aid -^2|o 

. 4785^- 13'^ 

127 

120 



171 

x68 



31 

7* 
7» 



^0/^. The 22971 iz half-pence are divided by 27 
in the operation, and by 24 in the proof, becaufe 2 7 
half-pence make a piece of i^id* an^ 24 half-pepce 
make a (hilling. 



99fJi 



i « ) 

^efi. 1)1. In 872A how tiaoy pieces of 6d^ of S^ 
lod of ^d. of each an e<}ual Qumber i 

Operation. 

d. I 

6 %jz 

5 940 pence is 1 pound, 

4 X 

— + 34889 

15 pence. 1744 



• • f • 



15 )' 2091801/. < *395^ pieces of Si. of 
15 5</. and 41^ 



59 

45 



% 



142 
135 



78 
75 



30 
30 



Noti. The sopftSo pence are divided bjr i'5> becaufe 
15 pence make up the ?aluc of a piece of hd. another 
fA^d. and a third of 4^. 



Li 



( »r J 



Proof* 



In 13951 pioees of dc& of 5^ of 41/. of eack ao equl 
nmnber^ how maoy pounds i 

'355* pieces* 

15 pence 10 i piece* 

69760 

»395* 

+ 

24|o ) zogiSiod. ( 872/* 

192 • * . 



17a 
168 



48 



III. ReiulHon cf Fra^icns. 

WE fubjoin here this operation as depending upoft 
the fame principles. 

Probl. I. To reduce an improper frafiion, ^^, ^^, 
&c« to an integeri or mixed number. 

Worlc by Divifion^ and you will find ^^ s 85 and 



r w 7 

loM n. To reduce a whole number t6 k fradloil 
of a given denominator. 

' Let ^ be the niimber and 5 the denomloatori it will 
be 9 = 2 — ? = 3I, the fra£iion required. 

Pr^J/. III. To reduce a mixed numbct to an imprd* 
per fra£lioa. 

Suppofe 54t the mixed number, then 54|.=2z- — 

o 

;+ 5 — 4|2 +i.=4|7 ^jji |,g an impropef frafiion. 
8 8 8 8 

Pr^W. IV. To reduce a compound fraftion, as ^ of 
T> or i of 4 of J, to a firaple one. 

Work by MuUiplication ;' thu5, ^ of ^ss J x -JktVi 
and iof^-ofl^Jx^-x 1=:$. 

Pr(?W. V. To reduce a fraftion of a greater dcno* 
mination to a fraf^ion of a lefs denomiDation. 

What fraction of a (hilling is | of a pound ? 

Here, as in Redu^on Defcending^ ^/. =: | x 20/« 

ProiL VI. To find the value of a fraftion* 

. "What is the value of | of a pound ? 
|/.=:| X 20J-. = V'^'^^S'^'—^I* 
What is the value of r^^^ of a pound ? 



Pfobl. 



1 
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ProH. ySX* To Heduce a fraftionlo its loweft terms. 
KfCdttoe -^14 to Jisiaweft cernss. 

^ 78k_7.84-^*^39i-5-^_i96-^2?; 08-4-7 ^14 
• 954 9347-2 47^-r-a iJ8-?i U?-:-? i? 

fra^jdn required. 

Qr, 2lf=Z!i±if=!fasb<rfore.. 

J^/^. ' The number 56 is the greateft common divifor 
of the numerator and denominator of the gfven fra&ion. 
See SeAion V|L Rule II. where of the divifors of num« 
l>ers. 

P00bL yilj. fr<o =Tj!duce fraftions of difterent deno- 
miiiaiors to a C09i9xon .denominator. 

Sec. tbc Lcfpma }n the Addition of JFrafiioro, Sc^ I. 
of ibis Chapter. 

LEMMA. To fed the teaft multiple of two or more 
numbei^. 



I^U j[^^. .Place tbe^ffvfn nwniers in 4 \ line; , ii&H 
vide tv^o /f tbetn^ ^A^mAiy rfthm m you can^ .hy.z jer 

S^.fi^'A^ f^^i4j^^M ik(fS M<wes 90 remainder y fridce 
the qudiients and the numbers not dijjdded in a line behwj^ 
again f divide ^ibe, numbers in this line either by the former 
inrlff^m ether divifor, p toeing the quotients and the num^ 
hers not divided in a line below ; proceed by dividing ih 
the fame manner till the hj quoti^t ff every number be 
unity I then multiply the Miififirs MUo one another conti^ 
nually, and their produft is, tie le^ft multiple required. 



H , 'Ex- 
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Example I. 

Required the leaft 
multiple of 24 and 36 ? 

•Bivifors 6-^24, 36 



Example IL 

Required the leaft sml- 
tipleof 24, 36,.54. 



• • < 



Diytfors 6 



» » 



a; 5 



3 



2- 



The leaft multiple is 

6X2X2 X3=72. 



24 • 36 , 54 



4. 


6, 


9 


4r 


1. 


3 


»» 


I, 


3 


i> 




3 



Tbt lead multiple is 
6x^3x2x2x33216. ' 



* 
• Pt^hL IX. To reduce fraftions to the loweft or leaft 

common denominator podible. 

RULE. Find the Uaft mulHfk ^^ tie given dmo^ 
minatcTs by the preceding Lemma^ and it wiU he the 
leaft common denominator; then divide this common deno^ 
fiinator feverallf by the denominators of the given frac-^ 
tiom^ and multiply each numerator rej^aivelj by the euo' 
tient arifing from its own dinonnnator^ and the proauSt 
nx)iU be the numerators^ 

Ex. L Reduce A and -rV to their leaft common de- 

.nominator. . ' 

-• . ' * " 

Divifors 6 t ■ 2 , 1 8 

«•,• 3 



. J 



6x2 



^ 
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6 X 2 X 3 =36 th^-^aft common deoonanator. 

5X36-7-i2 = 5x 3=^15 tbe Brft numerator. . 
7X36^i8=:7x 2=14 ihe iccond numerator. 

The new frafiions are 44. and it 



Ex. IL Reduce t> t-t> t> t* h I to their^eaft com- 
mon denominator. 



Divifors 2 



3 

3 



.8» »2» 9» 3» ^» 4 
4, 6, 9, 3, 3, 2 



^^< 



2 



3 » 9 » 3 > 3 > * 



'^ 



3> 9» 3» 3 



1 * 3 » I » ^ 



2x2x2X3x3=:72the lead common denominator. 



5x72^ 
7 x 72-r 
4x72-5- 

2X 72-T- 
5X72-r 
I X 72-r 

New 



8 == 5 X 9=45, firft numerator. 
1 2 =: 7 X 6 =: 42, fecond numerator. 
9=14 X 8=32« third numerator. 
3 = 2 X 24:^48, fourth numerator 
6 = 5 X I2=60y fifth numerator. 
4=: I X i8=i8y fixtb numerator. 

iraciionb T^j tttj tt> tti tt» t^* 



ProW. X. To reduce a vulgar ffaSion to a dedmal. 
Reduce i. 



i»^ 



*» • sJ 



I 4 
TT»TJ "TT1TT> 



to decimals. 



1 



Na 



1.1 



4 4 IQO ICX> 100 

III. — = -^x ^=3 = 3Lr=.o6a5 

10 16 lOOOO lOOOO ICQOO 

IV. i=JLxi£°=l°^=33i^.33, ^. 

3 3 100 loo ipo 



#1 
1. • 



15 15 looo 1099 lOCO 

•J J I _ I ICOOO 1 6006 -91-1 1 OOQtV 
11 II ICOOO lOCOO lOOOO 

iSTtf/^x. L In reducing a valgat fradion to a decimaU 
if Q at laft remains, as m tfiie thrde firft Examples, the 
decimal is precirely equal to the vUlgar fraction, and is 
called z finite or terminate decjmal ': but, if there is any 
remainder; as iri fhc^ three fall fixampl^s, the decimal 
thence refulting cannot be precifely equal to the vulgar 
frjiftion, and is caHid infinite or infermindfe i of i^hich 
there arfe two forts ; for fomc conftantly i*cpea^ thi fame 
figure, as in Ex. IV. and V. antl art called repeating Je* 
cim^ls^ 'repeaters^ or finale refePends j others repeat a cir- 
cle of figtifes, is ra Example- VI. and dn that account 
are calted d)rcninttn^ defintafs, circulates ^ or coiHpoUnd re^ 
fftends^ ^ ^' ' , \ 

II. TRis problein fcrves to reduce the parts of coin, 
weighty, n^^iaz^ time, &c. ^d^cioi^U, Thus pdf.ssVr^* 
'PiTX-||^;?/^V?r.75of.alhjlliqg; or, 9^.==-^;^^ of 

a pouna^^-rx-s-x f.7a-Q^;= . ^-' ^-^ 

♦ 10000 lOOCQ 

•^i75'^f ^ pound* 

FroM. 






Frohl XI. Tq rediKc a decimal ta value* 
Reduce .875/. to v^liio;. 

:i: tys. 6rf. 

Pr&bL XIL To reduce 9. dtfdmat to its ^Imkite ful? 
gar fra^Tidn'; 

RULE L ffTlfen tke^en decimal h finite, dimie Baib 
the numerator ahd the denominator by: theit ffrtauft common 
meafure^ tbc quotient is the vulgar fraSion teq^ed. Thus 

1000 1000-7-125 ti lOOOO 

_ 625-7-625 ^ I 

1 0000-^625*^ 16 

RULE IL W^^n /A^ ^iv^« decimal is a pure repeater 
or a pure ciroflate^ thaf- iSy ^itl^ut any Jft^i^ /^^^> ^f^ie 
the repeatirig figure^ or the figures of tbe\ circle^ the nu-^ 
merator of the vulgar fraiiion ; the denominator is 9 for 
the repeating ^uri, oirgfir e^^ykjlgure cf th^ circle i 
and the^^ if occoflon requires^ reduce this fr'a&ion to its 
lowefi terms. 

Thus, .333, &c. r:-^ —^ \^ zi—. Again, •27,27, 

RULE in. PTj^^/f the given decimal is a mixed re^ 
peater or a misf/^^eirculat^y tbaf 14, yiitb auj finite part^ 
from the mixed repeater or uffKed, drcuhte, fuktraS tbg 
finite party and the remainder is the numerator of the vuU 
gar fraSion ; the denominatof v ^f^r ^he repeating figure ^ 
or gfor every figure of the circle^ with as marr^ cyphers 
annexed as there are fiffsus tn-tbe finite fart. 

Tbus> 



! ' 
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Thus, .03=^^^=—= ^ ' =^— ; and .083 

90 90 904-3 30 ^ 

^83-08 '•75 75^75^^ A • 

900 900 900-7-75 iZ "^ 

-15115=45 ^i534l^_L . and .3.i8,=ii?:il 

990 990 990 -r 45 22 990 

'ss:^s=iLLl-^ss2- ; and .03,571428, 
990' 99o*r45 22 

^ 3<;7t4^8r-o^ _ 357H25 _, 35714^5^3 57^4^5 

99999900 '~9S>939900 9999^900-^357*4*5 



28 



i E C T I O N IX. 



INVOLUTION. 

DEFINITION. Involution is the finding of powen« 

RULE, Multiply the given^ or firjl power^ continual^ 
Jy by it/elf J till the number of ntultiplications be i lefi than 
the index of the power to be jound^ and the lafi produS 
will be the power required. 

Note. This Rule evidently comes from the definition 
of powers. See IntrodoAion. 

Examples. 

^I. What is the fccond power 0^45 ? 

Anf, 45x45=202 5* 

II 



f 
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IL What is the fquare of 4. 1 6 ? 

AQr.4.i6x4.i6ssi7.3056. 

III. What is the third power of 4 ? 

. • .•'•»■ ,•«.' 

IV. What 18 the third power of i 7 ? ... 

Anf, I X j. X 4s Vy J for 4= J. 






S E C T-I O N 



» ^ A ^ 



E V O L U T \I .X5 % .\ 



n 



DEFINHTON. £wiitfw« is .the finding the root^ of 
nuiAbers ekher accurately or in decimals till the err6r be 
lefs than any propofed number. • ' • ' - v! '. • 

If^te. A number- is called z^^am^kte pou^ ofVany 
kind when its root of the fame kind can be. tccufstfdgr 
extracted ; but if nor, the number is called an mperfed 
frnjoevy and its root ayirr^/ or irrationai, quantify \, fo^ is 
a complete power of the fecond kind, its root being i; 
but an imperfeft power of the third kind, its %lra 

root being a furd quantity ss%/4. 

RULE. Refolve the given complete power into its Jingle 
divifors or component parts ; then take one from every two 
like divifors, if the root is of the fecond kind; from every 
three, if the root is of the third Hnd ; from every four^ 
if the root is of the fourth kind; andfo en. The divifors 
Jo taken and multiplied together will give the root re^uiredp 



Examples. 
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Examples* 

1 ^zotiTs^sxix 3 X3 xs x5=3 X3 X5=9 x5 

-45. * . ' 

II. i/i7'3o^6 = <«/2X2x^x2xsx2xaxax2 

XZX 13 X 13=ZX2 XZX2 X2X 13=4.16. 

27 i^S^i 3 

IV. 4/i*^=:^iXi.^=i«1 ±; 

27 3>«3^3 3 3 



V « 



• f. S^*657549^5,76=N^A.2.2.8.3ij9,g59.3<9 
•3S9 = st-359 = 7»8. 

t » • • » . . 

'liotf. We will ^give f^. another place the inethod qf 
cxtntfliiig the foeta froxn the iropertoft'siawers. 



I « 



CHAP- 
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CHAPTER VI. 



THE RULE OF E Q^U A T I O N S, 

"WHERStN OF RATIOS^ PROPORTIONS^ PROORESSIOKS^ 

AND INFINITE SERIES. 

THE Ruk ofEquatims is a method of finding theo^ 
renas by the nature and properties of equations. 

Principles. L If yon add equal quantities to both 
fides of an equation, pr iF you fubtra^ equal quantities 
. from both fides, the fums or differences will A ill conti- 
nue equal to each other* As for inftance, in thi$ equa* 
tion 12—431:89 adding 4 to both fides, it will be 
12— 4+4=8 + 4> that is, 12= 12. Again, fubtraft- 
tng4from both fides of the equation 12 + 4=^16, it 
will remain 12+4—4=16 — 4, or 12= 12. Hence, 

IK If a quantity be taken from either fide of an 
eqnation, and placed on the other with a contrary fign, 
which is comnionly called tranjpo/ition, the two fides will 
be equal to each other. Thus, if 12 +4 ==16, tranf- 
pofe +4, and you will have 12=: 16-4, or 12 = 12;, 
again^ if 12-4=8, tranfpofe —4, and you will have 
j2 = 8+4, or 12 = 12. 

III. If the two fides of an equation be multiplied or 
divided by the fame number, the two prociudts or quo- 
tients will ftill be equal to each other. Thus, if both 
fides of the equation 12-7-3 = 4 be multiplied into 3, 
weftiallhave 12 x 3-^3=4x3^ or 12=4x3, that is, 
1^=12; and again, if both fides of the equation 4 x ^ 

O =12 
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= 12 be divided by 3, it will be 4x3-^3 = 12-^3, 
that \sy 4=4. Hence, 

IV. Any quantity by which the firft fide of an equa- 
tion is neither multiplied or divided may be taken away 
by dividing or multiplying the other fide by it. Thus, 
if 3 X4=i2, we Ihall have 4=12-5-3, or '4=4; and 
again, if i2-r3=4, we (hall have 12=4x3, or 

12=I2. 

V, Every power or root of any given equation will 
ftill give an equation. Thus, if 2 x 3 = 6, it. will be 
2* X 3* = 6* or 4 X 9 = 36 ; and if 4 x 9 = 36, it will be 
V4 X 9 = \/36, or 2 X 3 = 6. 

Rule of Equations. Endeavour to expre/s the nature 
or relations if magnitude fvbicb is treated of by ejua* 
tions ; tben change thefe equations according to the prirh^ 
ciples now explained^ and lajifyj reading the new equations 
you will find new verities or theorems. 



SECTION T- 



O F R A T I O S. 

DEFFNFnONS. 1. The relation arifing from the 
comparifon of quantities of the fame kind is called ratio^ 
and is of two kinds. 

II. If we confider the difference of the two quand- 
lies, it is called arithmetical ratio i but, 

Hi. If we confider their quotient^ it is called geome* 
trical ratio. 

IV. The difference in the firft cafe, or the quotient 
in the fecond, is called the exponent. 

V. The firft quantity, or that which bears propor- 
tion, is called the antecedent ; andj, 

VL 



I 
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VI. The other to which it bears proportion is called 
the confequenU 

COROLLARIES. I. The arithmetical ratio betwixt 
12 and 4 may be exprefled by the equation 12-4 = 8, 
becaufe it (hews the difference between i z and 4. 

11. The geometricai ratio betwixt 12 and 4 may be 
exprefied by the equation 12-1-4 = 3, ^^^ " Ihcws the 
quotient of 12 divided by 4. 

Note. Geometrical ratio being moft generally ufeful^ 
is commonly called fimply ratio. 



I. Of Ariibmtlcat Ratio. 

•» 

PROBLEM. To find the common properties of 
an arithmetical ratio. 

Solution. Let 12-4=8 (Corollary I.) it will be 
12 = 8+4, and 12-8=4 (Princ. 11.) Therefore in 
arithmetical ratio 

1* The difference between the antecedent and the 
confcquent is equal to the exponent. 

2. The fum of the exponent and confequent is equal 
to the antecedent. 

3. The difference between the antecedent and expo- 
nent is equal to the confequent. 



O 2 II. Of 
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IL Cf Geometrical Ratio. 

DEFINirrONS. L Two quantities are fetd to be 
in a direii raiio, when one increafing or decreafing, the 
other increafes or decreafes too. Thus« the work and 
the workmen are in a direA ratio. 

II. Two quantities are faid to be in an ifiverfe, reci* 
procal^ or contrary ratio^ when one increafing or de- 
creafing, the other on the contrary decreafes or increafes. 
ThuS| the time afid the workmen are in an inverfe, re* 
ciprocal, or contrary ratio. 

III. if the increafe or decreafe of a quantity depends 
cithcr^direftly or inverfely upon the increafe or decreafe 
of fome others the firft is faid to be in a compound ra^ 
tio either direS or inverji of the laft quantities. Thus, 
the work is in a compound direA ratio of the time and 
workmen ; but the time is in a compound ratio, dtre£t 
of the work, and inverfe of the workmen. 

IV. Two ratios are called Mreff when their exponents 
are equal ; fo the two ratios 12-4-4 ^^^ i8-r6 are di« 
rc6t^ for their exponent is 3. 

V. Two ratios are called inverfe^ reciprocal^ or com* 
trarjff when their exponents are unequal, and on the 
contrary ratio to the other: fo the 1 2-7-4 ^^^ 6 -=-18 
are inverie, reciprocal^ or contrary, becaufe their ex- 
ponents 3-ri and i*r3 are unequal, and one die con* 
trary ratio to the other. 

VL If a ratio refults from the produft of fome others, 
it is called compound^ and the others Jtmple and compo^ 
neni. Thus, the ratio 6-r-i is compounded of the 
fimple components 2-ri and 3-ri, tor 2-^1x3-5-1 
n6-ri; and again, the fame ratio is compounded of 
the fimple components^ 10^4 and 12-1-5, for 10-7-4 
X J2-r j=:io X 12-7-5 ^4 = * X3-rlxi=6-rI. 

VIL 
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VIL If two, thrcct four, or more component nifiot 
are equal to one another, the compound of them is faid 
^ to be as the fquare^ the ' cube^ the biqmdraU^ or other 
power of one of them. So the ratio 9 -f- 1 being com* 
pounded of the two fimple equal ratios 3 -^ i and 3 •?- 1» 
is faid to be as the fquare of 3 ; and the ratio 27^1 
conCfting of the three limple equal ratios 3-r i, 3-f-i:^ 
and 3 -r I, is faid to be as the cube of 3. 

Problem. To find the common properties of geome^ 
trical ratio. 

Soktim. Let 12^4^3 (Corollary 11.) it wUl be 
12 = ^x4, and4 = iz-r3 (Priac. IV,) 

Therefore in geometrical ratb^ 

1. The antecedent divided by the confequent qaottt 
the exponent. 

2. The produfk of the expOBeoc into the coniequent 
.gives the antecedent. 

3. The amc^edeat divided by the qcppjient quotes 
the confequent. 



SECTION IL 



OF PROPORTIONS. 

DEFINPnONS. I. Proportion is the equality of 
two ratios, and is of two kinds. 

U. If the two ratios are arithmetical^ the pro portion 
is arithmetical: but, 

III. If they are geometrical^ the proportion is geome^ 
trieal. 

IV. 



( lot ) 

IV. Four numbers are laid to be pnportional^ when 
the ratio of the firft to the fecond is the fame as that 
of the third to the fourth* 

V. Proportional numberSi or numbers in proportion, 
are ufually denominated terms ; of which the fir ft and 
laft are called extremes^ and the intermediate ones means^ 
cr nddik terms. 

VL If the mean terms are equal to one another^ the 
proportion is called contimtal. 

Corellaries. L Let i2-*4=:8, and 15-7 = 8^ the 
equation i2-4=:i5-*7 will exprefs an arithmetical 
proportion. (Def. IL) 

IL And, becaufe four nambers arithmetically pro- 
portional are ufually diftinguifhed from one another, 
by writing them thus, .12-4:: 1 5 .. 7, that is> 1 2 is 
to 4 as 15 to 7i this expreflion means the fame thing as 
the foregoing equation 12-4=15-7. 

IIT. Again, let i2-r4=3 ^d i8-r6 = 3, the equa* 
tion 12 -7-4= 18 -r 6 will reprefent a geometrical pro- 
portion. (Dcf. III.^ 

IV. And, becaufe a geometrical proportion is ufually 
exprefled thus, 1 2 : 4 : : 1 8 : 6, this expreflion and the 
preceding equation i2-r4=: i8*n-6 are one and the fame 
thing. 

V. The arithmetical proportion 12 .. 9 : : 9 .. 6, and 
the geometrical 18 : 6 : : 6 : 2, are continual (Def. VI.) 

Note. Geometrical proportion being mod generally 
ufefuly is commonly called fimply proportioM or prepor^ 
fionality, and its terms are alio called only frofor^ 
tionaJs* 



I. Of 
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I 

I. Of ArHhmeHcal Proptnrtion. , 

PROBLEM. To find the common properties of 
arithmetical proportion* 

Solution. Let 1 2 .. 4 : : 1 5 •• 7 (Con IL) we fliall 

find the following theorems, 

L 12-4=15-7 (Cor. L and II.) viz. of four 
quantities arithmetically proportional the difference of 
the firft and fecond is equal to the difference of the 
third and fourth. 

II. 12+7 = 15+4 (Princ. II.) viz. in four quanti- 
ties arithmetically proportional, the fum of the extremes 
is equal to the fam of the means. 

HI. 7=15+4-12 (Princ. II.) viz. when four quan* 
tities are arithmetically proportional, from the fum of 
the means fubtraft the firft, the remainder will be the 
foonh. 

Again, let 12 .• 9 :: 9 •• 6 (Cor. V.) or 12-9=9-6 
(Cor. I.) it will be, 

IV. 12+6=9+9 = 2x9, viz. if three quantities be 
arithmetically proportional, the fum of the extremes is 
double of the middle term. 

V. 6 = 2x9-12 (Princ. II.) viz. the third of three 
arithmetical proportionals is the difference betwiscc dou* 
ble the fecond and the firft. 

Cwollaries. I. Of four arithmetical proportionals, 
any three being given, the fourth may be found by 
Theorem II. 

II. Of three arithmetical proportionals, any two be* 
ing given, the third may be found by Theorem IV. 



II. Of 
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n. 0/ Geometrical P report ha, 

PROBLEM. 1*0 find the common properties of 
geometrical proportion. 

Solution. Let i£:4::i8:6 (Cbr. tV.) we (haH 
find the following theorems, 

L i2-r4=i8-r-6 (Cor. IIL) fiz. of four quantities 
geometrically proportional, the quotient of the firft and 
fecond is equal to the qnotient of the third and fourth* 

IL 12x62=18x4 (Princ. IV.) tiz. the proda6k of 
the extremes of four quantities geometrically propor- 
tional is equal to the produft of the means ; and con<^ 
vcrfcly. 

III.6=:i8x4^ii (Princ IV,) tIz. If the produd 
of the mean proportionals be divided by the firft term^ 
the quotient will give the fourth. 

IV. Being iax4=i8x4> it is alfo 2x12x6x3 
= 2x18x4x3 (Princ. III.) and then 2 x1a : 4 x j 
: : a X 18 : 6 X 1 (Gor^ IV.) or 24 : 12 : : 36 : i8» viz. 
any equimultiples whatever of the firfl and third pro* 
portionals have the fame ratio, as any equimultiple^ 
whatever df the fecond and fourth. 

V. Forthefamerearoni2 x6-r3 xaztiS x 4-7-3 xa 
(Pr. III.) and therefore 12-5-3 14-^2 :: 18-5-3: 6-^2 
(Cor. IV.) or 4 : 2 : : 6 : 3, viz. any parts whatever of 
the firft and third proportionals have the fame ratio> as 
any parts whatever of the fecond and fourth. 

VI. Becaufe 12 x 6 = 18 x 4, it h likewife 11* x 6* 
=:i8*x4% 12* X 6'= 18* X 4% &c* and Vi2x6 

=:\/i8 X 4, v^i2 X 6 = v^i8 X 4, &c. (Princ. V.) and 
then 12*: 4* : : 18*: 6% 12' : 4' : : 18' : 6', &c. and 

Via : A • • ^/i8 : V6, v^i2 :v^4 : : v^i8 : v^ 6, 

&c. 
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i. (Cor. tV,) VIZ. if four quantities be prbpoitioflal, 
their alike powers and roots are alfo proportional. 

VIL I2x(?=i8x4, then ^^5:4 (Prina iV.) or 
12:18:: 4:6 (Cor. IV.) which is called alternation. 

Vlir. t\=A (Princ. IV.) that is, 4: 12 ::6: 18 
(Cor. IV.) inverfe proportion. 

IX. 12x6 + 4x6=^18x4+4x6 (Principle h) or 

ll±+=li+^ (Pr. IV.) i.e. 11+4:4:: i8 + 6:6 
40 ... 

(Cor. IV.) proportion by cotHpofition. 

X. 12x6-4x6^:18^x4 — 4x6 (Principle I.) ot 

llZl=^ir^(Pr, IV.) i. e. 12-4:4:: 18-6:6 

(Cor. IV.) proportion by divifwn. 

XI. 12 X 18^12 X 6 = 12 X 18— 4 X 18 (Princ. I.) 

or 12 X 18-6 = 18 X 12—4, then-*lL-.=r -it— (Pr. 

12 —4 18 —6 

IV.) that 18, 12 : 12.-4 : : 18 : 18-6 (Cor. IV.) pro* 

portion by converjon. 

Again, let 18 : 6 :: 6 : 2, we ihall have 

Xil. iSxaitf x6 (by the foregoing Theorem II.) 

= 6^, viz. in continual proportion, the produd of the 

extremes is equal to the fqnare of the middle term. 

XIII. 2:;:6* + i8,, vii. the third of three proportio- 
nals is equal to the fquare of the fecond divided by the 

firft* / ' / ' " 

XIV. 12+4^:18 + 6, i8+6=:6**-2, then X2+4 
=:6+2, or 12 : 4 : : 6 : 2, viz.. tWQ ratios equal to a 

'third muft be equal to one another and make a propor-^ 
tion. 

L^ftly, let 12 : 4 :: 18 : 6, and 5:8;: lo': 26, 
then, 

, XV. lirrl! and i-rrif. therefore JiJli:tJl!LL2 
46. 8 16 4x8 6xi6 

(Principle III ) or 12 x 5 : 4 x 8 : : 18 x 10 : 6 x 16 
(Cor. IV.) viz. two proportions multiplied one by ano- 
ther give a new proportion. 

P XVI. 



H 
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XVI. By tic fame rcalba V-5*t= v-t*Tv (Prmc# 

IIL) or— X — =_x— , or _x— =_x _, cy 
4 5 6 lo 5 4 lo 6 

— X — = _ X -L rPr. Iy.> i.e. — : -^ : : — : — 
5 10 i6 8 ^ 5 ^ lo i6 

(Cor. IV») ?iz« two proportbos divided one by ano- 
ther give a Qcw proportion. 

Corollaries. L A proportion gives always a» equa* 
tion> whereof either fide will be the product of the ex- 
tremes and the Other fide the prodoA of the middle 
tfiitm (Theor. II-), 

II. Whenever we have an eqaation wherein the pro* 
duA of two quantities on one fide is found eqoal to the 
pfodttdl of two quantities on the other, fuch an equa- 
tion may be refolved into four proportiooalsi by making 
the two quantities on either fide the extremes, and thofe 
«B tb^ Other fide the middle temts* 
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OF PROGRESSIONS. 

DEFINITIONS. I. Any number of quantities €o»* 
tinually proportional is called Progre/^on. 

lU If the quantities increafe or dccreafc by the fame 
common difference, the progrefEon is arithmetical, as- 
ii 2, 3, 4, 5, &c. and 8, 6, 4, 2, &c. 

jn. if the quantities increafe by the fame multiplieF 
or decreafe by the fame divifor, the prog^eifion is gjeth 
metrical^ as i, 2^4, 8, 16, &c. and 1 6, 8, 4, 2^ &c. 
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IV. This common uuldplier or divifor is called the 



e^mmon ratio. 



h Of Jntbmetuaf Pr^gnefiM, 

PROBLEM. To fitid the fundamental property of 
•mbmetkal pxogce£oB« 

Solution* I take the natural progrellion 1^213,4^^5, 
6> 7> ^9 9$ 10, li, j2^ &c. 

Secaiiie l..^r.l^..t2^ ic will be i + i2=:2 + ir,thatis9 
i«.g:;iQ..X2 J + 12 = 3 + 10 

i,.4:: 9..I2 1 + 1%:=:^+ 9 

I..5:: 8..I2 1+12 = 5+ ^ 

1-6:: 7mX2 1 + 12 = 6+ 7 

In an arithmetical progreifion, the fiim of the firit 
and laft terms is equal to the fum of any two interme- 
diate terms^ equally dittwt from the e;scireme3« 

CoroBary. Hence 1 + 12 = 13*^ th^tis: 

2 + 11 = 13 

3 + 10=13^^ g 
4+ 9 = 13 f ^ 




The fnm of all the terms of an arithmetical prpgrefli- 
on, is equal to the fum of the extremes taken half as 
often 3s there are tenns^ 

Example. Risquired the fum of 50 terms of the fe- 
ries ^, 4, 6, 8, &c. The firft term being 2 and the 

laft 100, the fum required will be :;;:2 + ioox|o-r2 

Pf02 X25 = 2C50, 

P * II. Of 
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IL Of Geometrical ProgreJ/ion. 

PROBLEM. I. To find the fdndamental property 
of gepmetrical progreilion, 

* - . » 

Solution. Take the progrcfilon i, 2^4,. 8^ 16, 3:1, 
64, 128. 

Being i:2::64:i28| it will be i x 128=2 x 64^ that^s 
i:4::32:i28 ixi28=:4X32 ' 

i:8:;i6:i28 i )< I28i;;8 x 16 

The produft of the extremes in a geometrical pror 
greffion, is ecjual to the produiElt of any two terms 
e(}uaUy dift^nt from the extremes* 

Prablem IL The extremes and commot) ratio bpiog 
^ireh^ to iincl the lum of thp progreiTibnt 

Solution. By the compound divifion, 

^-i^ =1+2+4+8-1-16 + -^j and therefor*— 

1-2 1-2 1-2 

• 

--^ = 1+2+4 + 8 + 16. Now-;ii3=_Jl3i_=: 
' I'-a I -i -2 + 1 

i6~-r-i — = i6--i£. J then 1 4-2+4 + 8 + 16=: 
-2 + 1 1-2* ■ ^ ^ 

- * - - +16 = -, — ^+1'^=^ 



1-2 1-2 1-21-4 i-2 

■^^^r^ + l6 = ii + 16 = 3?, Hcnpp divide the 

I 'T' 2 I 

difference of the extremes by the difference of the com- 
mon ratio and unity, anct the quoiient adde4 to tjie 
grcat'cfl term gives ihc fum required^ 



^n^^^mm''''!^^'^ 



( «09 ) 

■ 

' ' Example. A geotleman who bad a daughter qonyd 
on aew year's day, gave the hafb^nd towards her por- 
tion 4 millings, promi(in|; to. triple tbat^.^m the firft 
day of every month, for nine mon^s after the marriage ; 
the fum paid on the firft day of the moth month was 
96244 ihillings : what waj the lady's portion ? 

Anf. 2^1ilZi+26a44 = ?^+a624+=;i3UO 
r|- 262^= 39364/. or 1 9687. 4^* 



SECTION IV. 



OF SERIES. 



DEFINITIONS. L Series is a rank of numbers in- 
creating, or dieqreafing^ without interruptioDi accor<ling 
to a certain law. 

JI. A f ration contaioing this law, may be called the 
/cale of a feries. 

Prolyl. I. The fcale of a fcries being given, to find 
this feries. 

Solution. Perforqa the divifion, and the quotient' will 
* be the feries. 

Example. What is the feries, the fc^le of which is 

1-4+4 



( no ) 

1-4+ 4 «-4+<| 




t»^484- 4^ 



32- 48 
52-128 + 128 

80-128 
.^o-r- 320+3.20 
^^ ' - 

192-320= -J28 

Ike. &c. 

ProbL II: The fcale of a feries b^og giveo, to 0n4 
the fom of any number of its %ema. 

S«h0m. Becaufe — r = i +4 + 1 2 + 34 +80 

1-4+4 

jf '^""^*^ , k follows that 1+4+12+32+803 
I —4''"4 

I i9*+3*o_3*»-»9*_i^9_.«^ 

I » — -"■■. — ' .. '■ ■ I — — TT — 129' 

1^4+4 1-4+4 1-4+4 t 

Hoeorem. Subtract the remainder of the divifion from 
the diYideDd ; then divide this n^w remainder by the 
^ivifor} and the quotient will be the Aim requiredy 

Thus^ in the fame example^ we find -— ^ = 1 29^ 

Another Example. What is the fum of fevea tcrm$ 
pf the feries 2, 4, 2, -p, -^2, -20, 26, ksfcalebe- 

«*«7;:i+3' 



r 

■ 

I 



t III ^ 

Anf. Becaufe the f emamder after feven terms or df^ 
tifionis is 1X2 - 78 =^4 the fum Acquired is = ^"^^^ 

f-2 + J 

l^ote. I do not purfue tie diflfercnt problems bc- 
Iongin|r to feries confidcred ia this pwnt of view, be- 
caufe It would be fiifficient matter for an aridimetical 
Trcatife, and therefore does not fuit my prefent parpofe« 
In relation to the arithmetical and geometrical feries or 
progreflSons, I will take their properties again into con* 
fideration when I treat of the general theorems in the 
algebraical Language* 



CHAPTER VIL 

THE RULE OF THREE. 

THE Kuhrf^hru^ called alfo on acoomit of ifti 
etcellence the Golden Ruk^ from certain numbers given, 
Jinds another; and is divided ioiojimple and iompaundj or 
li^to Jingle and daukU. 

The>/K^Z^or^/if Rvileof Three, from three nunj- 
biery given, finds a fourth, to whidi the third bears the 
fame ratio as the firft does to the feeond. 

The compound or double Rule of Three, from five 
gWea numbers, finds a fixth, or fron) feten giveft num- 
bers finds an eighth, er from nine given numbers, finds 
i tenth, &e. 

The Rule of Three is alio diflinguiihed rattf direa 
and inverfe or reciprocal. 

The feilc of Three is f»d to be direS when the fir ft 
bears the fame ratio to the feeond as the third does to 
^ fourtbj in which cafe the greater the feconcT term x% 






t *" ) 

iri refpeft to the firft^ the greater will the fourth tirni 
be in refpcft to the third, and the contrary. ThtM> 
4:io::i6;40 and 4o:i6::io:4 aretwodireAproportions, 
becaufe in the firft lo being greater than 4, 40 is pro- 
portiouably greater than 16, and in the fecJond 16 being 
lefs than 40, 4 is of confequence lefs than 10 in the 
fame ratio. 

Hence in direft proportion the produft of the ex- 
tremes will always be equal to that of the means. Thus, 
^x 40 = 10x16, and 40X 4r:t($ X 10. 

The Role of Three is faid to be inverfe or reciprocal^ 
\7hen* the third bears the fame ratio to the firft as the 
fecond docs to the fourth, in which cafe the lefs the 
third term is in refpcA to the firft, the greater will the 
fourth term be in refpeft to the fecond, and vice ver/a. 
For inflance, fuppoie S men could do a certain piece of 

work in 4 days, and it were required to know in what 
time 16 men could do it; upon the lesdl confideration 

it would occur, that 16 hands would do more work 

than 8, and confequently require lefs.time to do th^ fame 

work, wherefore, as 8;4::i6rz, does fignify that 16 bear 

the fame ratio to 8, that 4 does %o 2. 

Hetice in inverfe proportion the prbduft of the two 

fird terms will always be equal to the produA of the 

two 1 aft j for 8 X 4= 1 6 X 2. 

Every qucftion in the Rule of Three may be divided 
'into' two pans, viz, zfvppo/iiion and a demand; and of 

the three given numbers two are always found iti th^ 

fuppofition and only one in the demand. 

• RULES. L Place that term of the fuppofition^ which 
is of the J ante kind with the number fought j in the middle. 
The two remaining terms are extremes and always of the 
fom^ kind •, but make that number the third term upon 
xvbich the demand lies» * 

• II. Confider\ from the nature of the que^ion, whether 
the proportion mufl be air til or inverfe. 

. : . V Ili. 



I 

^mr^ K^qnirt mj9re. or kp r^uire Ufi, the produR of 
tynoo^lqfit (iivi4f4 ^ tkifirfi will fi^oU tie anfmr mt 

[fourth p'^oportional* 

ly.. fy)h€ term wuj^ke in inverfi fr^rfmt that fs^ 

\ ^mpre rewire Ufi% at kfs require m^nf, tbe procfuS ef 
^ke'twp ^ dividid iy tbe ln/i will quote the mfuter. 

Notes We tre«t here pnly of the fimple Rule pf 
Threci reflbrVing the compound, fbr facility's fake^ to 
$eie&^s^ ^Il of t3m Cbapcet. 



dectioNt. 



tHE SIMPLE RULE OF THREE IMRKeT. 

l^^.l. If 4 yards coft 12 ihflUfigs, What will 6 
yards coft at that rate ? 

In this qaeftion the foppofition i$, if 4 yards 00ft la 
ihiUtngs ; add tbe two terms 

contained in it are 4 yardi j^. s. yds. 
and xa fliiUiag^} the de* If 4 ; xa : : 6 : ^ 

nand lies in tbefe words^ 6 

what will 6 yards coll ? and ^^ x 

the only term found in it is • 

4^ yards. Next the number 4 ) 72 ( it 

fought is the price of 6 4 

yardi^ and the term in tbe — ^ 

fuppofition of tbe fame kind 3a 

is the price of 4 yards, via* 3a 

12 (hiUings, which I place «—» -^ 

in the middle, as direAed \% o 
Role L and tbe two remain- 

9. i»8 



( tH) 

/ ing terms are extremes^ atad of tke fame kind, vi2. both 
length ; hot term 6 yards beine that upon whidi the 
demand lie% it (lands, by the fame ruley in the' third 
place^ asin laft page* Laftly^ the third term^ 6yards9 

.: contains a greater quant;ity than the firft term, 4 yards, 
and confequently requires a greater price, therefore, I 
conclude the ternis to be in a direft proportion, and*find 

, the anfwer by diTiding the produd of the two lad terms 
by the firft. Rule IIL as In the preceding page. 

^efi. n. If 7 ctvt. of pepper coft it/, how much 
will 5 cwt. coft at that rate ? 

civt. I. ctvt. 
T • \i ::.5 : 5 xaI-^7=:5X3 = I5 pounds. 

^^•IIL Mil yds* of velvet coft %il. what wtlf 
XI yds. coft at that rate I 

yds. L yds. 

13 : 21 j: 27 : 21 x 27-A-l3=:567-ri3=:43TT — 

43^ I2i. 3^.2/ XT' 

/. 
8 

26 

X 

i% ) 160 ( 124. 

rem. 4 u 



rem. 8 /. 



yds* J, yds. 


13 : '21 : : 27 


f 7 ., 




\ : ' ^ 


147 


■42. 


+ 


13 ) 567 ( 43 


5*.. 


47 


39 



r ^ 



< 


lis 


) 


-^-v 


u 




d. 


t 


4 




9 




12 


. 


4 




— X . 




. .— X 




13)48 (id. 




"3 ) 3^ ( */. 


• 


39^ 




26 




— X 




— — 




rem. ^df 




rem. to/. 





^ircy?- IV. If 14/^. of 
^jfilb. coft at that rate? 



tobaccQ. coft 271. what will 



14 : 27 :: 478 : 478 x 27 -r 14= 1290^-7*14 
= 6453-5-7=: 921^. =Z46A li. lod.if.^. 

^Jl. V. If 18 cwf. of fugar coft 54/. what wU 
7 ^* 3 V^^ ^4 '*• coft at that rate ? 
^Tc;/. /• cwt^. W. 882 

18 : 54 j: 7 3 14 :J . 54 

112 112 — r^-X 

X X 3528 

36 14 4410 

i8. 77. — ^-+ 

^8.. h 2016 ) 47628 ( 21L 

+ 784/^. 403a 



l20i6/^ Z^lb.-^z^qrs. 



T 



14 7308 

r-^+ 6048 

8§2 

rem. 1260 



0^2 1260 



1260 
20 



%oi6 ) 25200 ( I2/« 
2616 



5040 
4632 



tfcm. x6o8 s. ' 

12 

' ■ ' X 

aoi6 ) 12096 ( 6A 
12096 

o 

Sfgejt. Yl. ijf 3 oe^/. I ;r. u ii^« of raifms coft loA 
li. 6^» what wtit ^ rw/J 3 ^r/. * coft at that ntc > 

rn^/. ^. Ik* L s. d. cwL qrs. 
3 1 ' 14 : xp 2 6 :: 6 3 : ^ cFi 

i». i/. /*^ rf. lb. tb. 1. I. 

• • • 

378 : a430 :: 756 : 2430x756-^378 = 80 5 

• - 

^eft. VIL tf A can &nith ft work in 20 dajs, ao4 
B in 36 days; in what time will the ijork be nnUhe^ 
by A and B Working together ? 

Ja. work, idu Work. 

so : I : : 30 : tv^t^''5 




«-5 
work* da. work. da. 

30 30.0 
%.$ : 30 ^ : I ; i-=;2^ — =:i» 

2»5 ^'j 



i >9 30. 

[ dajs. 
n4 B J 



^A 



¥ • 

||k^.1^|. A dftetn ill * cUt^ ^ondok it fii]H 
jAied with water by one pipe of fich bigttefi, that if the 
cock A at tbe eAd of the pipe 1»e ftt open, the ciftem 
Irill be filled in f an hoar ; but 9t the bakRnn of the 
dfteiii two other cocks B aM C are ptoioed, wliofe ca^ 
Itactties are fuch, that by the cock B fet open aloae^ 
all the reft being .ftopped^ the dftern fttppofed to be 
lully will be empted in i-^ or V bour; alfo, by the 
^ook G (JBt open alpne^ the ciftern will be emptied in 
kj^ or f hour. Now^ becaufe lAore water Will be in- 
fofed by the cock A^ than can be expelled by both the 
cocks B and C in ooe and the fame time : the queftion 
is to find in whut time the dftern will be fiiUedj if all 
the faid three cocks be fet open ttt once \ 

ho^ HJlu bo. cift* 
5f lo 10x7 

$ 7 7x10 ^ / 



Mta 



+ 




79^70 

^ : 1 ;: X ^ a s2JL22=:i4o-r-7ofiIledby Ain x h. 
• 70 

<fc - 

6 1 *• 70 gained byA in i h. 
€• bm c. b\ 

A* • ■ • • »T • ^ • 



I • • *I Z TfTf- S! InPT* Anl* 
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Mm 



* When the mark of Subtradion ( — } is before the firaight 
Ijoe, the fuperior nomber oiight to be fubxr3£tcd from the in- 
ferk)r% • * 
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^Ji. DC. Soppofea dogt a wolf/ and a lioiH lierQ 
to devour a flieep^ and that the dog coald eat up thp, 
flieep in an hour^ the wolf in | of . an hour, and the 
lion in i an hour. Now, if the lion begin to eat ^ of 
an hour befpre the other two, and afterwards all three 
eat together^ the queftiqn is, in wliat . t\m t^e flieei^ 
would be. devoured I 

be. Jb. ho. Jb^ 

I : I :: J : 4-ri={-=:l devoured by the lion in 4 

of an hour, and therefore | 
of the (beep only remains* 

I : I :: I : 2 = 6-7-31 devour- f lion 1 
i : I :: X 2 4=4-^3 h c4bjr< wolf >in an hour. 

^ = 3-^3* '^l^c IdogJ 

+ / . 

X3-r3 d$vopredby all three together 

Jh. b. Jh. b. m an hour. 

V : I :: i : J-f- V=:^=:t?-r-xo4,timeof thcco^l- 
' t mpn e^ting> 
i_txi3_ time the lion was 

T "" 8x 13 "■ '^ ■ '^^* eating alone. 

3 1 -r- 104, time required, 
which is not quite 18 minutes. 

^eft. X. A certain footman A fets out from Lon- 
don towards Lincoln, aAd at the f^me time another foot* 
man B departs from Lincoln towards London ; alfo A 
travels every day 2\ miles more than B. Now, fup- 
poling thofe two cities to be 100 mile^ diftant one fram 
the otheri and that thofe two footmen do meet one ano« 
ther at the end of 8 days after the beginning of their 
journies; the queftion is, how many miles each V{iU 
have then travelled, as alfo how many miles each tra-« 
veiled daily ? 



1 



it i} :: 8' : io^ winch A h^ cratelled more than B^ 
• I ••>• in 8 days. 

xooi diftancc between London and Lui« 
^ —— cohu 

8o 

.^ 40» which B had ttatelled* 

— + 

66». which A had trayelled. 
da. mi. da. mi. 

8 :.6o :: I : 6o-r8 = 7f travelled daily by A. 
8 : 40 : : i : 40-4-8 = ]; travelled daily by B. 

$ueji. XL There is an ifland which is 134 miles ia 
compafs; now at the fame cime» and itom the fame 
place, .two travellers A and B begin a journey round 
the faid ifland^ but they travel contrary ways at th» 
rate, viiz. A travels ix miles every .2 days^ and -B 17 
miles every 3 days ; the queftion Is, to find in what 
Ipace of time A and B will meet one another, and hoW ' ^ 

many miles each will then have travelled ? 

ia. mi. da. mi. 

2 : ti :: I :— = ^ = 33-ro, A trav. m i dar* 

22x3^^ •' 

3 : 17 ; : t :— = ' ^^ r: 34-7-6, Btrav« in i day* 

3 3^« 

+ 

67-^6, trav. A&Binid. 

67 I34x6_2x6 • 1 A * 

-/. : I :: 134 : -^ — = = 12, time when A and 

6 "^ 67 I 

B will meet one another. 

II X I2_II X 6 ^^ 1, , ,. * 

2 : II :: 12 : — --^ — = = 66, travelled by A. 

2 I ' 

3 : 17 :: 12 : }JJLllzzl2JL^-6S^ travelled by B. 

'^ I • 

Slgif. 



[ 
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t ho ^ 

ff 

ffjtijl.Xlh Th^ireisaiibtlitirHMiiiiifltiii tVwIet 
jb eomp4fs ( now^ if at the fame time> and from At 
ferae place, two traTellelb A and B fee forwaril to tra- 
vel round the faid iflafad, and foiled one aiother in fuch 
ttianner, that A tra?els every day 9 miles and B 7 miles; 
the queftion is, to find in what time they will nieet again, 
alfo how many miles, and how many times about the 
llland each perfon will then' have travelled i 

9 *- 7 2^ miles gained.by A. 

2 : I :: 36 : iS, time neceflai-y for A to galit over 

B, the whole compais of tne ifland* 

tS d^Sk ^ 18 dajMi 

9 miles. 7 miku 

3« ) x6% ( 4f ^6 ) ltd ( ik 

Therefore they will meet at the end of 1 8 d4ys from 
their firft parting; and then A will have travelled 162 
miles, or 4I times the compafs of the ifland ; and B 
will have travelled ia6 paites^ cmt ji the compsds of the 
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Section ir. 



THE SIMPLE RULE GJf THREE INVERSH. 

^ESTION L If 8 men can do a piece of work in 
i 2 tdays^ in how many days will 1 6 men do the fame } 

In this queftion it is obvious that more requires lefs^ 
for 1 6 men will do the work in fewer days than 8 men^ 
and therefore the proportion being inverfe^ the product 
of the two firft terms divided by th$ laft or third, will 
quote the anfwer as follows : 

JR* dm tn* dm 

o ^12X8 14 X 8 ^ J 

8 : 12 :: 10 : — -—= ;«-=:Ddays# 

i6 »x8 ^ 

Siuefi. 11. If 30 yards of doth that is 5 quartei^ 
broad be required to hang a bed« how many yards of 
3 quarters broad will ferve the fame purpofe t 

Breadth.Length* Breadth. Length. 
J. y. q. y. 

•JO X 5 10 X < ^ J 

5 s 30 1 1 3 : ^ £= > i* * ^ rrjoyds^ 

^uefi. III. If 360 men be in garrifon^ and have pr€^* 
Tilions only for 6 months, how many men muft be turned 
out that the fame ftock of profifions may lafl 9 months \ 

Anf. 240 men are to be retainedi and the reil, viz. 120 
muft be turned out* 

R SEC 
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SECTION III. 

THE COMPOUND OR DOUBLE RULE OF 
THREE, EITHER DIRECT OR INVERSE. 

t 

IN any queftion of this Rule there are always two 
or more numbers in the fuppofltion of the fame Dame^ 
or fignifying the fame thing, with two or more nuni'- 
bcrs in the demand ; and in both the fuppofition and 
the demand there arc fome terms which may be con- 
fidered as caujes^ and fome others which may be con*' 
Cdcred as effe6ls. 

• 

RULES. I. Place the terms of the Juppojition and 
tbofe of the demand in two parallel tines ^ writing the terms 
under each other which are of the fame name^ and putting 
injiead of the unknown term the point of interrogation^-tbus 

IL Multiply togetbe^f in each of thefe linesy all the 
terms which /land for the caufes^ in order to have two 
caufcs ; and aljo all the terms which Jland for the effeOs^ 
to have two effefts. Theri^ 

III. SBcaufe the effeEts are proportional to their caufes, 
thefaid two. caufcs and two effects will fur nifh a propor- 
tion, in which the fir fi caufe will be to the firfi effeS^ 0S 
the fecond caufe is to thefscond effeS* 

IV. Take theproduH of the e9(tremes and that of tie 
means. I^Jllvj 

V. Divide the pnduifj in which no term is wanting^ 
by that in which the unknown term is wanted, or the 
pvnt of interrogation is contained, and the qmtient wiU 
i •\be anfwer. 



^ueft. L To find how many men can compleat a 
trench of 135 yards long in 8 days, it being known' 
that 1 6 men can dig 54 yards in 6 days ? 

TMn. ya. da. Caufes. ESe(ku 

16 54 6 id £6x6 id 54 

f 135 8 2d I xi 2d 135 

Proportion 16 x 6 :. 5-4 : : ? x 8 : 135, 

. r 16 x6 X 125 

Anfwer -^2 = 30 men. 

54x8 

^efi. II. If a footman travel 130 miles. in ^3 days 
when the days are 12 hours long, in how many dayj 
of 10 hours each may he travel 650 miles ? 

mi. da. bo. Caufes. EiTeA^ 

130 3 12 ift 3x12 ift 130 

650 ^ 10 2d ? X 10 ' 2d 630 

Proportion 3x12 {130 : : ? x 10 : 6^0. 

2 X I 2 X O CO 

Anfwer 5 _jL = 1 8 days, 

130 X 10- 

^J* in. If 600 fcamen in i week eat i%cwt. i q* 
16 lb. of beef J how many lb. will ferve 120 feamen 12 

weeks? . . 

•» 

feam.w* lb. Caufes« EfTeds. 

600 I 1500 ift 600 X I ill 1500 

|20 12 ? 2d |20}<I2 2d ? 

Proportion 600 x i ; 1500 : : 120 x 12 : ? 

. - 1500 X 120 X 12 , ,, 
Anfwer -2—- =3600 lb. 

000 X I 



R a ^eft. 
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^ejl. IV. If the price of lo oz. of brcf d, when 
corn is at 4i. ^d. per bu(bel, be ^id. what mud be paid 
for 2/^.302. when the corn is 5/. per.bufliel? 

Qz. p. CO. p.hr* Caufes. Effefis* 

10 51^ ^id. zfl 10x51 ^ft .3I 

27 60^, i ad 27x60 24 ? 

Proportion 10 x 5.1 : 3I ^^. 27 x 60 : ? 

Anfwcr 3t x ^ ^ j i-iV'* 

10x51 

^ejl. V. If 7 02r. 5 iw/i. of bread be bou|bt at 4lrf» 
when coro is at 4/. zd* per buihcl, ^hat weight of it 
may be bought for u. %d. when the price of the buihel 
is 51. 6dm 

dv>U* p. br. p. CO. Caufes. E^e^s. 

145 Aidn sod^ I ft 145^5^ ^ft 4i 

i i^d. 66d. id > x 60 2d 14 
• 

Prop. 145 X 50 : 4} : : ? X 66 I 14. 

Anf. I . . . nA zz%i2dwts. or lib. apz. i^i^dwfs. 
41 X 66 ^ ^ '^ 

^^. VL A wall, which was to be built to the 
height of 27 feet, was raifed to the height of 9 feet by 
12 men in 6 days; how many men mnft be employed 
to finilh the wall in 4 days, at the fame race at work- 
ing ? 



if€h 
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bn» me. da. Caufes. EffeOs* 

g/l 12 6 ift 12 x6 ift 9 

18/. ? 4 2d ?X4 2di8 

Prop. 12 x6 : 9 :: ?x4 : t8. 

--I2x6xi8 .^ 
Anl. =: 20 men. 

9>^4 

^eji. VIT. If 500 men working 14 hours a day can 
^o a wall of 540 feet in length in 25 days> in how many 
days may 1400 men perform 1296 feet of the fame wall 
working only 12 hours a day ? 

we. bo. da. ft. 

500 14 25 540 

1400 12 ? 1296 

Caufes. EjfTeAs. 

jft 500x14X25 ift jijO 

2d 1400 X 12 X ? 2d 1296 

Prop# 500 X 14 X 25 : 540 : : 1400 x 12 x ? : ii^6. 

. - i;oo x 14 X 2C X 1206 , 

AnC -^ ^ ^=25 days. 

^40 X 1^00 X 12 ^ J 
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CHAPTER Vlin 



THE RULE OF EXAMPLES, 

• * 

The Rule $f Examples takes an example or a parties* 
lar cafe of the queftion propofed, in order to find a ge< 
iieral anfwer to it. ' 

■ 

Rule of Examples^ Take any numbers at pleafure^ afuf 
perform the fame operations tpith them^ as in the quefiion 
are defcribed to be performed with the numbers fought ^ en^ 
deavouring to exprefs their given relations by way of equa^ 
tions or proportions^ then work thefe equations according 
to their principles, in order to find a general rule for 
the anfwer required. 

^^. I. Two faAors of the ritimber 768 are to 009 
another as 3 is to 4 ; I demand thefe factors. 

I take two numbers, for inftance, 6 and 8, which arc 
to one another as 3 is to 4, and multiplied together pro- 
duce 48, Becaufe 6 = 3x2, and 8 = 4X2, it is 6x8 
= 3X2x4X2 = 3X4X2* = 1 2x4, and confequently 48 
= 12x4; whence 48-^12=4. Now, it is obvious, 
that 12 is the produft of the given numbers 3 and 4, 
which exprefs the ratio of the factors 6 and 8 of the 
number 48 ; and it appears likewife that the quotient 
4, arifiDg from the divifion of 48 by I2, is the fquarc 
of the number 2, that (hews the ratio in which tHc 
favors 6 and 8 are multiples of the givea numbers 3 
and 4« Hence arifes the following 

RULE. 



« 
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RULE. Divide the given number by the praduS ef 
ibe terms which exprefs the ratio of its faSlors^ and «• 
traEl the fquare root from the quotient *, then multiply Je* 
verally each term of that ratio by this root^ and she tW0 
produiis will give the twofaSors required. 

Example^* 

I* In our queftion 768 -r 12 = 64, and 4/64=8 5 dieii 
3X8 = 24 and 4x8 = 32. The fadlors required are 
therefore 24 and 32^ as muft be, for 24 : 32 : : 3 : 4 
and 24X32 = 768. , 

II. What are the faAors of 80^ if their ratio is as ix 
to 15? 

80 _8o_8_4 • /4«.2 . ,^^, 

=-_ =_ = :l and v^— = — ;. then X2Xt 

12x15 180 18 9 9 3 

= 8 and I5Xt=io. Therefore the fadors required 
«re is and 10 ; really 8x10 = 80, aiid 8 : 10 : : 22: 15* 

III. If the fafiors of the fame number 80 be as j if 

to 8, it will be — ;r = — =^2, whofe fquare root = V2 ; 

5x8 4^ ^ 

confequently the fa&ors required are 5x^/2 = 5V2, aad 
8x^/2 = 8 V2, for 5^^x84/2 = 40V2XV2 = 40V4 — 
40x2 = 80, and 5V2 : 8 V2 : : 5 : 8, becaufe &X5 V2 
=5x8-^2. 

^ej. IL To find fuch a number which increafed by 
20 be to itfelf as 9 to 7. 

Add, for inftance, 6 to 20, and you will find 26 : 6 
r : .1 3 'Si then by divifion 26 — 6 : 6 : : 13 -3 13, thac 
is. Ito : 6 ; : 10 : 3, or 10 : 3 : : 20 : 6, The number 

■ 6 IS 
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6 is therefore the fourth propprtional after lo, 3, and 
Jto. KoW, 10 fliews the diftcrencc between the tctms 
of ratio 1 3-1-3 taken at pleafure, 3 b the confequent of 
the fame ratio, and 20 is the given number* Then we 
have the following general 

RULE. Take the difference betwixt the terms of the 
propofed %fltio^ then make a proportion^ whereof the firfi 
term is this difference^ tbefecond the confequent (f the fame 
ratio, the third the given number, and the fourth tmll be 
the number fought . Tbus^ in our queftion 



J 20x7 XOX7 
9 — 7 =12^ and 2 : 7 ; : 20 : — ^= r =: 



7a 



For 20 + 70 : 70 : : 9 : 7, or 90 : 70 : : 9 : 7, as it is 
required* 

^uejl. IIL The difference betvireen 20 and a ceruin 
number is to this number as 3 is to 2 : what is that 
number ? 

Suppofe the number fought to be 6, and being there- 
fore 20 — 6 = 14 you will have. 14 : 6 : : 7 : 3 ; then by 
compofition^ 14+6 : 6 : : 7 + 3 : 3, that is, 20 : 6 : : 
10 : 3, or 10 : 3 : : 20 : 6. But 10 being the fum of 
the terms of ratio 7-7-3 taken at pleafure, 3 the cort- 
fequent of this ratioj and 20 the given numberj we find 
the following 

RULE. The number fought is the fourth proportional 
after the fum of the terms of the propofed ratio^ the confix 
, quent of the fame ratio, and the given number • Thus 
the number fought in the queftion is 8, becaufe 

20 x2 4x2 o J 
3 + 2 = 5, 5 : 2 : : 20 : z=X-^r;8, and 

20-8 : 8 : : 3 : 2, or 12 : 8 ;; 3 : 2, as required hj 
♦' *• queftion. 



r 
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$Uefi. IV. Achilles follows a tortoife at the intervat 
of a mile; their velocities are sLs loo to i : at what 
diftaoce wUi he overtake the tottoife ? 

It 18 obvious, that, when Achilles overtakes the tor-- 
toife, their h^avels maft have bedh as 1 06 to i, and 
that the travel of Achilles is i mile increafed by the travel 
of the tortoife. Confequently, the travel of the tortoifd 
inaeafed by i mile is to the. fame travel as 100 to i« 
The prefent qucftton therefore is^ What is the number^ 
which, increafed by i, is to itfelf as 100 to x I This 
is the fame as Queftidn Ha Hence, by Its genferal 
Rale> 

xoo- 1^:99, and99 : I 2i I : =— • 

99 99 

Achilles will then overtake the tortoife at a difianae 
of a mile and -^v^^^ .°u^^> where we find i-^ ^ t7 •• 
100 : I, or '-^^ I ^ li 100 : i, as ought to b^ 

^Jl. V* If 1 8eA is to be diftribnted among two 
perfons A and B, in fuch fort, that as often as A take 
5, B ihall take 4 ; what will be the ihafe of each of 
them i 

Becaufe the ihare, for inftance, of A muft be xSlo 
l^otlnds minus the (hard of B by the firft condiuon, it 
is evidenti that 1 80 pounds minus the (hare of B is to 
the fame (hare, as 5 to 4, by the laft condition. The 
qneftion being thetefore of the fame Dature^ as the 
third, the ahfwet will be as follows, 

54.42:9, 9:4:: 180 : ■ ^ ' - ■ *- ■ • ■ ^ = 80, B'i 

Ibare. Hence i8o-8ozrioo^ A's (hare^ 
and xoo 2 80 :: 5 : 4, as oo^ht to bc^ 



CHAP' 
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CHAPTER a. 



THE RULE OF INDUCTION. 

Sr/f£ RuU of hduSlhn coofiders feveral exanples, <a 
order to give a general anfwer to the queftioa pco- 
pofed. 

Role of Induftton. Find any Rule for a particular 
eafe^ and applying itfuitably to fame others which art fi* 
milar^ you toill eajtly perceive^whtther this Rnie may Be 
taken as a general one. 

^ejl. I. TTi'e ratios between two, threCi or more 
faftors being given, to find thefe fadors. 

When the faftors are two, the rule is gifcn in the 
preceding Chapter. 

Sappofe now k is required to find three fa£^ors of 
3000, which areas 2, 3, and 4. Divide the given nuni« 
bcr 3000 by the produft 24 of the terms, which ex- 
prefs the ratios of its faflors, as drreAcd by the fame 
Rule ; extraA the cubic root, becaufe the fa&ops are 
three, from the quotient hence arifmg, viz. from 3000 
-r24, or 125; multiply fevcrally each term 2, 3, 4^ 
by this root, or by 5, and you will find the three pro- 
ducts 10, 15, 20, which are as 2, 3, 4, and multiplied to- 
gether, produce the very aumber 3000, whereof they 
^re con£cquently the three favors required. 

Agaiiv 
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Ag^^'letfout fadord of the fiUmber A 880 be tk 
tf 3, §9,6} the foUowbg caLculacion will aofhrer to the 
]purpofe« 

2880-7-2x3 x5x6 = 288o-m8o= 16; \/i6 = 2, 
£X2=4» 2x3=6, 2x5 = 10, 2x6 = 12, 
4x 6 X xo X 12 = 2880; and 4, 6, 10, 12, as 
2j 3, 5> 6* 

The fame method nviH be found to fucceed in a greater 
number of examples, and therefore we may eftablilh 
this general 

RULE. Divide the given number by theproduH of all 
the terms which exprefs the ratios of its failors^ and ex-- 
iraSl from the quotient the root of that index^ which has 
Jo many units as there are faQors ; then multiply fever ally 
each term of tbofe ratios by this root^ and the produSt 
will give the faQors required. 

Example. 
What are the five faAors of 3240, which are as 2, 3, 

Anf. They are 2^6, 3 v^6, 3>^6, 51^6, ^4^6 ; 
for 3z4p-r2 ^5^^ ^5 X 6=32404-5^0 = 162 -T-a? 
=6. 

t 

^efi. If. The ratios between the parts of a num- 
ber being given, to. find thei« p^rtft. 

Firft, I take thi^ number 60, the parts of which, 36 
ai»d 24, arc as 3 and 2. Now, becaufe 36 = 3 x 12 
a«^ 245^:2 X 12, we have 60 = 36 + 24=3 x 12 + 2 x 

i[2==3 + 2x I2;;;:5 XX2, that is, 60 = 5x12, and con- 

S 2 * y fequeotly 
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iSHjueDtly 6q4-5=ct2. Therefore, if jwx dirlde the 
given namber, 60, by the fum> 5, of tl:^ terms^ 3 and 
2, of the propored ratio, and multiply the quodeat 
hence arlfing by each term, 3 and 2, feveraliy; the 
two produAs, 36 and 24, will give the parts required. 

Secondly, The parts 30, 18, and la, of the fame 
number 60, arc as 5, 3, and 2 j therefore, beiqg 30 
= 5x6, 18 = 3 X 6, and 12 = 2x6, we find 60 = 5 x 

6 + 3 >^ 6 + 2 X 6 = 5+3+2 X 6 = 10 X 6, viz. 60 = 10 
X 6, and confcquenily 60-^10 = 6. Hence, it is ob- 
vious, that the preceding rule will alfp fervc in this 
cafe. And, becaufe confidering a greater number qf 
examples^ we ihall meet with the fame coniequences, 
we may eftabliih the following general 

RULE. Divide the given number by the fum of thf 
termSy which exprefs the ratios of its parts ; then multi^ 
fly fever ally the quotient by edpk of tkofe tfrms ; and tbf 
froduds will give the parts required. 

Example. 

I demj^nd the parts of the^ fame number 60, which 
are as 6, 5, 4, 3, 2. 

Aqf. The parts arc 18, 15, 12, 9, and 6; be* 
caufe 6+5+4+3 + 2 = 20, and 60+20 = 3; hence 
6)^3 = 18,5x3=15, 4x3 = 12, 3x3 = 9,2^x3=6. 

%^. III. To find any number of means arithmeti-* 
cally proportional between two given numbers. 

Let it be the natural progreffion i, 2, 3, 4, 5, 6, 

\ 7, 8, 9, &c. It is evident, fhat the number a is a 

mean arithmetical proportional between 1 and 3, the 

numbers 2 and 3 are two mean arithmetical proportionals 

between i and 4, the numbers 2, 3, and 4, are three 

S Hica^ 
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mean arithmetical proportionals between i and 5, and, 
fo 00^ becaufe the natural numbers increafe by the 
iame common difference =x. Hence it appears that 
all the mean proportionals will be known^ as foon as 
the firft is known by the continual addition of the com- 
mon difference ; and alfo, that the firft mean proportio- 
nal will be known as foon as the common difference be 
known, becaufe addmg it to the firft term of progref^ 
fion, the fum will be the faid mean proportional* 
Now, becaufe the common difference in natural pro- 
grefijon is i, I muft try how unity arifes from two num- 
bers whatfoeverj for inftance, 2 and 4, z and 5, 2 and 
6, 3 and 8, 3 and 9, &c. I therefore obferre, that 

4—2 . 5-2 6-1 

2 = 2^2 = 1,^— .= 3-7-3 = 1,— —=?4-r4= I, 

2 3 4 

— li=5-i-5 = i,5Lli=:6-r6 = i, "Sec. and that the 

numerator of each of thefe fradtons is the difference of 
the given numbers, and the denominator unity increafed 
by the number of mean proportionals between the faid 
rwo numbers. Wherefore I conclude by InduAion, 
that' a like fra£^ion will in every cafe give the common 
difference of the mean arithmetical proportionals^ and 
confequently eftablifli the following general 

RULE. SubiraEl the tefs nf the given humhers from 
tbt greater y and divide the diff^erence by unity increafed 
by the number of -means required ; the quotient will be the 
lommon difference^ which added to- the lefs given number 
mil give the firft mean^ added to the firft mean will give 
tbejecondy added to the feconi will give the third, &c. 

Example. 

. .«t^I demand five means aruhnetically proportional be- 
twecia z and 20, 

Anf. 



( «34 ) 

Anf. =:i8-r6=r4, the common difference: 

iMiBce the means required are 5, 8, 1 1, 14, 17, and the 
arithmetical progreffios is conicqaentlj 2} 5» 8, 1 1, 14, 
17, 20. 

' ^^ft* IV. To find any number of means geometri- 
cally proportional, between two gifcn numbers. 

Taking the geometrical progr,eifioD t> 2, 4, 8, 16, 
3^, 641 128, &c. and reafoning as in the preceding 
queftion, all the mau^r will be to find the common ra- 
iiOy from which the mean proportionals may be made 
by continual tpultiplication. I therefore take for in-^ 
(lancci 4 and i6> 4 and 32, 4 and 64, 4 andiaS, &Cr 
and obferve^ that 16-7-4^:4 and ^^4 = 2, the comnioa 

ratio; 32*4-4 = 8 and V 8 :f2» the common ratio; 64 

.-^4=i(i and \/i6=n2, the comtnQn ratio; 128-5-4 

c=32 andv/32=:2, th^ common ratio» &c« Hence 
lhe index of every root beiog unity increafed by the 
number of means re<}uired| we h^i^ve the following ge? 
iier^l 

RULE. Divide the greater (ftbe two given number $ 
by the lefs^ and exiraSl from the quotient that rdot^ the 
index of which is unity increafed hj the number of nuans 
reqiHredy fofhall the refuU be the common ratio, by which 
multiplying the lefs number^ you will hope the firfl mean 
proportional, multiplying the jirfi mean froportionaly you^ 
will have thefecond, multiplying thejecqnd^ yw will bavtf 
f be third, t^c* 

Example^ 

Let it be required to fif)<i.rtbr$e^ mean proportionals 
t^etween 2 and i6t. 

AnC 
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Attf. i62 4-2r:Si and ^81 = 3, becaufe the mt^m 
being $f the index of the root ought to be 3 + 1 rr4 : 
hence the means required arc 2x3=6, 6 x 3 =: i!8> 
18 X 3=154, and the progreilioQ 2, 6^ 18^ 54^ 162* 



CHAPTER X. 



THE RULE OF RETROGRADATION. 

THE Rule of Retrogradation. teacheth how to find the 
number fought^ afceuding from the refult given in the 
queftioh propofed to the fame number foyght. 

Rule of Retrogradation. Write arithmetically tbe 
queftion propofed^ then take tbe refult and retrmrading, 
do tbe amtrary operations to thofe you find in the way % 
your laft reJiiU will be the number fought^ 

^ueJL 1. What Dumber is that, which multiplied bj 
oo, and difided by 6, gives 140 in the quotient ? 

Queftion. Retrogradation. Vecification. 

Opera- f x 20 Refult 140 ' 42 

tions. L "5" 6 ^ 20 



X X 



Rcfttlt 140 840 340 

20 6 

Aaf« 42 140 



^eft. 
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^ft. IL What number is that from which if you 
ce T of if ^^ ^ ^^ remsunder add iV of -rvj drt 



take 

fam will be lo? 




Queftion. Retrogradation. 

-i- of i.= "'3 Rcfuit ^^ 



7 



8 28 7-5-3^^ 



+ 7. of i.=±2 ^ io-7-5-3aQ 
16 20 320 3-7"a8 



+ 



Rcfalt 10 Anf. io+VT-Trv=io^\ 

Verification. 

I04-TT""TTV 

— * J- ^ 



zo 



^ejl. IIL A ftealing apples was taken by B, and 
to appeafe him^ gives him half what he had, and B 
gifes him back 10 ; and going further met with C, and 
was forced to give him half of what he had left, and he 
returns him back 4 ; and going further meets D, and 
g^ves him half what he then had, and he returns him 
back I ; and getting fafe away, finds he had 1 3 left ; 
what had he at firft ? 



Qaeftioit. 



• ^ 


( 
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i^eftioD 


Retrogradatiod. 


Verification. 


^-r 4 


Refulc 13 


60 


1 +10 




I 


— -T-a 


Opera- j -i- ^ 


• 


— - 


90 


rions. 1 + 4 




12 


10 


-r 4 


* 


■' — xt" ' 


— + 


^+ 1 

* • • 


i 


24 


40 






4 .. 


-. -rl 


Refult 13 


k 


^■^■M ^MB ^ 


20 






20 


4 




) 


— X a 


r- + . 


•* 




40 


»4 


■^ - 


• « . 


10 ' 


— -rft 






1 « 


12 


■ 


• 


^0 


1 



Anf. 60 



X2 



13 



i^^4 IV* A iradefman increafed liis ftock annually 
by ioo/« more than | pare of k, and at the end of 4 
years found that it amounted to 1634^/. 39V 9^* what 

had tic at feiting out ? ' ' 



Opera- 
. tions. 




Hoie. -Dividing any num« 
ber by 4^ then oiultiplying 
the quotient by 5, you will 
have the fame refult that a- 
rifes from adding to the faid 
number its fourth parr4 



Refult/. 10342 3 9 

T 



Retro- 
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Retrogradatioo. Verification. 

Rcfult /. 1034a 39 I. 400b 

100 — 



L 1000 



- -5-4 



/. 10242 3 9 x5 

. • -r5 /. 5000 

f. 2048 8 9 100 

. ^ — X4 ^ 

/. 8193 i5_ /, 5100 

100 » ^4 

r- - /. ii75 

/. 8093 15 x5 

/. 1018 15 100 

X4 {- 

/. 6475 A <547S 

190 J.4 

- /. 1618 15 

^ 6375 X5 

^5 /.'8093 15 

A 1275 100 

X4 -J- 

«• 5^00 /. 8193 '5 

190 ■ -5.4 

■ — L 2048 8 9 

/. 5000 . x5 

■ ^"5 A 10242 3 9 

/. 1000 100 

■ .X4 ^— — — .^— J. 
/. 4000 /. 10342 3 ^ 
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CHAPTER XI. 



THE RULE OF A NEW UNKNOWN 

QUANTITY. 

THE Rule of a new Unknown ^antity finds the nam* 
bers fought by determiniag their fum, dlfierence* pro* 
du£), or any other relation. 

Rule of a new Unknown Quantity, Find fbejum, cf 
any other relation of the numbers required ; then determine 
thofe numbers according to the conditions of the quejlion pro* 
fofed. 

^e/l. I. Three men had each a certain fum of mo- 
ney ; A and B together had i6/, B and C together had 
27/. A and C together had 25/. bow much had each ? 

Let us determine the fum of all the three men. Now 
I obferve, that by the conditions of the queftion i6-|- 
27-1-25, or 68, contains twice this fum, which coqfe- 
quently ought to be 68*r2, that is, 34. Hence, bc- 
caufe A and B together had 16/. C therefore had 34—16, 
viz. 18/. which fubtrafted from 27/. gives the remain- 
der 9/. for the money of B, and fubiraded from ijl. 
gives the remainder 7/. for the money of A. 

This folution written arithmetically is as follows : 



T 2 A and 
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A and 6: 
B and C: 

AandC 



16 
27 

— + 
Twice the fum= 68 

Sum required = 34 



BaadC=27 
C = i8 

B's money =: 9 



_ 1 



A, B, and €=34 
AandB =16 

C's money .= 1 8 



* r 



A and C= 25 
C = i8 

A*s moneys 7 



^efi. II« I xlemand four nuinbersi which anfwcr to 
the lollowing conditions, viz. 

that the fum of the ift,. 2d, and 3d = 120 ' 

I ft, 2d, and 4th =140 
I ft, 3d* and 4ih = 1 60 
2d, 3d, and 4th =180 

+ 

Anf. Three times the fum of the numbers = 600 

"^3 

The fum required = 200 



Hence the ift number = 2oo-i8o: 

the 2d=:20o--i6o 
the 3d = 200 — 140: 
the 4th = 200- 120 



ao, 
140, 
60, 
8o, 



^e/i. III. I require four numbers anfwcring to 
hefe conditions ; Tiz. 



that 
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that the fum of the ift and 26= 60 

ift and 3d=: 80 
iftand^ihzrioo 

ad and 3d= 100 
2d and 4th =120 
3d and 4th =140 

+ 

Anf. Three times the fum of the numbers = 600 

-^3 

The fum required = 2Q0 

Or, ift and 2d= 60 
3d and 4th =14^ 

The fum required = 200 

ift and 2d= 60 
ift and 3d=: 80 
ift and 4th =100 

+ 

Their total = 240 

Sum = 200 
Twice the ift numbers 40 

— .-r2 

The ift number = 20 

ift and 2d = 6o ift and 3d=:8o 

ift =:20 ift =^ 

2d;=40 3^=60 

ift and 4th =100 
ift = ao 

4th = 80 

Note. This queftion oflFers two fuperfluous conditions, 
which being not inconiiftcni with the others, do not op- 
pofc its poffibility. j^^ 



I 
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^eji. IV. T demand three numbers with the follow^ 
iag conditions^ viz. 

that the produd of the ift and 2d = 150 

ift and 3d=:i8o 
2d and 3d = 270 

Anf. The product of their fqQare$:i: 150 x 180 x 270 

= 7290000. 

Hence the proda6t of the numbers =^7 290000 = 2700 ; 

the ift = 27oo-r27o = io; 
the 2dz= 2700-7-180 = 15 i 
the ^ = 2700-^150 = 18. 

^eft* V. To find four numbers anfvering to thefe 
conditions, viz. 

that the product of the ifl:* 2d, and 3d= 27000 

ift, 2d^ and 4th = 30000 
I ft, 3d> and 4th = 90000 
2d, 3d, and 4th = 270000 

X 

Anf. The produ£l of their cubes = 2700000 x 
jt7ooooo X 2700000. 
Hence the product of the numbers = 

V/2700C00 X 2700000 X 2700000 = 2700000. 
The ift = 270Copo-r 270000 = 10; 

the 2d = 2 700000 -r 9CC00 = 30 ; 

the 3d = 2700000 — 30000 = 90; 
the 4th = 2700000-^27000 = loo. 



^tft. 
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^ue/l. VI. I demand four numbers, which anfwer to 
thefe conditions, viz. 

that the produfl of the ift and 2d= 300 

I ft and 3d=: 900 
1 ft and 4th =r 2000 
2d and 3d ==2700 
Ad and 4th = 3000 
3d and 4th = 9000 

Anf. iftx 2d=: 300 
3d X 4th := 9000 

■X 

Produd of all the numbers =2700000. 

Hence being iftx2d=: 300 

iftxgdz: 900 
iftx 4th = 1000 



Produd of all the numbers mult}plied 1 

by the Ift fquared ]^7ooooooo 

It will be 270000000 
2700000 

the ift number fquared = 100 

the ift number == 10; therefore 

The 2d~3oo-rio=:3o; 
the 3d=900-r 10 = 90 ; 
the 4th = 1000-7- 10 = 100. 

Noie. There are two unneccffary conditions, but 
not inconHftcm with the others. 



CHAP- 
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CHAPTER Xn. 



THE RULE OF PARTITION. 

THE Rule ofPartitim is a method of parting a given 
fum among any number of perfons^ according to their 
* different ratios. 

Rule of Partition. Determine every greater part from 

its ratio to the tefs ; take the fum of all the parts fo de-^ 

ter mined; divide by if the given fum^ and the quotient 

will give the lefs party from which the other parts may be 

^ made out by multiplication. 

^efl. I. A man died and left a legacy of 900/. 
to be difpofed of among four of his relations, viz. A, 
B, C, and D^ which legacy is to be difpofed of in this 
order : B is to have twice as much as A^ and C thrice 
as much as B^ and D it to have as much and half as much 
as C ; what muft each perfon have f 

Anf. A moil have i part« 
B 2 pans. 

G 6 parrs; 

D 9 parts. 

All together iSpaits* 



The 



1 
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The legacy = 900 
Thcfum = 18 



A's fliarc 

B's 

Cs 



50 

50 X 2 

50x6 
:50X9 



SO 
100 

300 
45^ 



Total = 900 



^ueji. II. Twenty knights, 30 merchants, 24 law- 
yers, and 24 citizens, fpent at a dinner 64 pounds, 
which fum was divided among them in fuch manner, 
that 4 knights paid as much as 5 merchants, 10 mer-^ 
chants as much as 16 lawyers, and 8 lawyers as much 
as 12 citizens ; the queftion is, to know the fum of mo« 
, ney paid by all the knights, alfo by the merchants^i 
lawyers, and xritizens. 



Anf. 



kn. 


m. 


kflm Htm 


4 


' 5 ' 


: 20 : 25. 


m. 


I. 


m. U 


10 


: 16 


,. r25 : 40. 
•• tjo : 48. 


/. 


f. 


/. c. 




■ 


f40 : 60' 


8 


: 12 


: : ^ 48 : 72 

1 24 : 36 



Add 24^ 



partial (hares, 



Total 192. 

Hence 64-^192=: -J-- 

Therefore the 20 knights paid 60 x 4= 20 pounds. 

30 merchants 72 x -f = 24 
24 lawyers 36x4-^12 
24 citizens 24x4=: 8 

— + 
Sum 64. 
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^efi. III. A perfoQ dying, left his wife with child^ 
and making his will, ordered that if ihe went with a 
fon, 4- ^f ^^^ eftate, which was 6^00/. (hould belong to 
him, and the remainder to his mother; and if (he went 
with a daughter, he appointed the mother ^, and the 
girl the remainder ; but it happened that (he was de- 
livered both of a fon and a daughter : what ought to 
be in this cafe the (hare of each ? 

Anf. It is evident, that by the father's will the fon 

mu(t have twice as much as the mother, and the mother 

twice as much as the daughter. Therefore, their fhares 

muft be as 4, 2, and i . Hence 

X ... a .. ^ r for the daughter's 

6300 ^4 + 2 + 1=6300 -7-7=1900 I ^^^^^ s 

900 X 2 = 1 800 mother's. 
900 X 4 =z 3600 fon*s. 

+ 

Sum = 6300 



CHAPTER Xm. 



THE RULE OF FRACTIONS, 



WHEN only a part of a whole is grrcn in num- 
bers, and the others are cxpreffed by their relations to 
the fame whole, ^ibe Rule of FraStiens (hews bow to find 
them. 

Rule of Fraftions. Reduce all the given Jra£iions t9 
the common denominator^ add them together^ ami ftsbtroB 

the 
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the fum from unity \ the remainder will Jhew what part of 
the whole is the given number ; and bence^ by the Rule of 
Three i all the farts will be found. 

^uejl. L The account of a certain fcbool is as fol- 
lows, viz. tV o^ ^^^ b<>ys learn geometry, | learn 
grammar, -^ learn arithmetic, ^V l^arn to write, and 
1 8 learn to read ; I demand the number of each ? 

then I — -J-S- X ^=4. Hence the i8 readers are ^V of the 
whole, and confequently 



9 : i8^ or I : 




10 geometricians. 
6o grammarians. 
48 arithmeticians. 
24 writers. 



^^. IT. Three perfons purchafc together a fhlp, 
toward the payment of which A advanced ^, and B -f 
of the value» and C 20c/, bow much paid A and B, 
and what part of the veiTel had C ? 

Anf ■-!.* — '♦.L'f — J» - -inA f _ J » — 1*1 
J\UJ. TT^T — -yr + TT— ITT » *"" ^ TT— ffT» 

Hence -§4 's the part of the veffel belonging to C for 
200 pounds. 

Therefore the payments of A and B arc as follows, 

f 14: ^£22 = 90^1 =90/, 6i. 5^. i4|forA. 

i8 : i-22 zz 1 i6/r = I i6/.2j.6i/.34i forB. 
3^ 



31 : 200 :: 




V 2 CHAP. 
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CHAPTER XIV. 

THE RULE OF RELATIONS, WHEREIN Ot 
ARBITRATION OF EXCHANGES. 

WHEN the coins^ weights j or meafures of fcvcral 
countries are compared in the fame que(lion> the Rul^ 
of Relations gives the anfwer required. 

Note. This Rule is alfo called Conjoined Proportion. 

Rule of Relations, i. Dijtinguijb the given rates or 
prices into antecedents and confequents ; place the antece^ 
dents in one column^ and the confequents in another on 
the rights fronting one another by way of equation. 

' 2. The fecond antecedent mufl be of the fame kind 
with the firji confequent, and the third antecedent of the 
fame kind with the fecond confequent^ iic. fo that the lafi 
confiquent fball be of the fame kind as the firjl antece^ 
dent. 

^. If to any of the numbers a f raff ion be annexed, 
loth the antecedent and the confequent mujl be multiplied 
into the denominator. 

4. Multiply the antecedents continually for a produff, 
and the confequents continually for another produSt. 

5. Lajilyy divide the produS arifing from a greater 
number of faQors by the other \ and the quotient wiU be 
the anfwer required. 



^efl. 
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^efi. I. If 3 dozen pair of gloves be equal in va* 
luc to 2 pieces of ribbon ; 3 pieces of ribbon to 7 do-^ 
zen of points; 6 dozen of points to 2 yards of Flan* 
dera lace ; and 3 yards of Flanders lace to 8 1 {hillings ; 
how many dozen pair of gloves may be bought for 28 
(hillings? 

Anf. 3^.^ 2r. 
ur.^ ;;>• 
6p.=, 2/. 
3/. = 8 i/h. 
2SJh=: ig. 

TT 2X2X6X^X28 28 28 « 

Hence ^ — ^ =: = — = 2 dozen pair 

2x7x2x81 2x7 14 

of gloves, 

^ejl. II, If 6lb. of fugar be equal in value to ylB. 
of raifins, 5/^* of raifins to 2tb* of almcrnds, ^It» of aU 
moods to 5/^. of currants, 2/^. of currants to 1S4L how 
ioany pence are the value of 3^^. of fugar ^ 

Anf. 6/ =r jr. 
id.- 3f. • 

TT 7X2XdXl8x2 , 

Hence i— 2 ? = 7x3 = 211/. 

6x5x3x2 

Note. It is obvious, that the Rule of Relations is 
nothing elfe, but a conjunflion of fome proportions ^ 
from whence it is called Conjoined Proportion. 



A R. 
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ARBITRATION OF EXCHANGES. 



THE courfe of exchange betwixt nation and nation 
naturally rifes or falls according as the circumftaaces 
and balance of trade happens to vary. Now to draw 
upon^ and remit to foreign pl^es, in this flu(Auating 
ftate of exchange, in the way that will turn out moft 
profitablci is the defign of arbitration, which is either 
iimple or compound. 



L Simple Arbitration. 

In Simple Arbitration the rates or prices of exchange 
from one place to two others are given; whereby is 
found the correfpondent price between the faid two 
places, called the arbitrated pricey or par of arbitration; 
and hence is derived a method of drawing and remitting 
to the bed advantage. 

^eji. I. If exchange from London to Amfterdam 
be 335. gd. per /• fterling; and if exchange from Lon- 
don to Paris be 32^. per crown ; what muft be the 
rate of exchange from Amfterdam to Paris, in order to 
be on a par with the other two ? 



Anf* 
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Anf. Amft. 33x.9^/.=zi/.=:240(/. Lond* 
Lond. ^id. zt icr. Par. 

Par. icr. =z }d. Amft, 

Hence S3s- 9^- ^ jzd. x i cr ^^ 

2^od^ X icr. 



1^ X iii. + 3 X t?^. X 2 X i6i. X irr, _ 1 1 j, -f ^d. x 2 _^ 
3 X 5 X i6rf. X icr. * J '"" 

22J« 6a* ^ , J - /• 1 

^ = 4^^. oa« = 54^. tnc rate of exchange required* 

^eft. II. If exchange from London to Paris be 32^. 
ftcrling per crown, and to Amfterdara 405^. Flcmifh 
per !/• tterling; and if, by advice from Holland or 
France, the price of exchange between Paris and Am- 
fterdara is fallen to 52^. Flemilh per crown ; what may 
be gained per cent, by drawing on Paris, and remit- 
ting to Amfterdam \ 

Anf. Direft draught to Paris. 

Lond. ^id. =: I en Par. 
Paris : en = 24000^. Lond. 

rr 24000 
Hence ~ — = 75ocr. 

32 
Circular remittance by way of Amfterdam. 

Par. icn =^2d. Amft. 
Amft.405J.= iL Lond. 
Lond. ? /. =75o^r. Par. 

Hence ^111^2 = 51152 ^2600 

405 27 27 ^ ^^ 

DireA draught =Aio<5 
Circular remittance ^967'^=/. g6 5 it^ 

Gain per cent. =/. 3 14 4 
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^eft. in. London is indebted to Petcrfburgli 5000 
rubles, and Peterfburgh can draw for them direftly on 
England at 50 pence fterling per ruble, or on Holland 
at 90 pence Flcmiih per ruble; which of thefe two 
ways will be mod advantageous to London, fuppofing 
the courfc of exchange between London and Holland 
to be 56X. 4^. Yfemilh -per i/. fterling ? 

Anf. The dircft draught to Peterfburgh* 

« 

Lond. ^od. = ir. Pet. 
Pet. 50ccr. =:?^. Lond. 

Hence 5000 x 50 = 250000^. Lond« 

The circular remittance by way of Holland* 

LjDnd. Z4od. = ^^6d. Hoi. 
Hoi. 901/.= ir. Pet. 
Pet. 5aoor.= ?rf. Lond» 

Hence 'J2lS^p^ = 2^yyo6^-^,d. Lond. 
The circular ■) ^ ^^^^< 4« ^ — tr^^^ « -» ♦« 



DC circular, ^^yjo6^^^%d.- 10^2 2 2,^ 

remutancej ^" ^ 



o 



«»93toV'- 9 i« i^Vt 



II. Cont' 
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11. Confound Arbitration* 



1 N Compound Arbitration the rate or price of ex-* 
change between three, four, or more places, is given, 
in order to find how mUch a remittance pafling through 
them all will amount to at the laft place ; or to find the 
arbitrated price, or par of arbitration, between the firft 
place and the la(l« 

^eft. If London remit loooA to Spain, by way of 
Holland, at 35/. Flemifli per i/. fterling» thence to 
France, at 585. Flemifli per crowns ; thence to Venice, at 
100 crowns per 60 ducats; and thence to Spain, at 360 
tnervadies per ducat ; how many piaftres, of 272 mer* 
Tadies each, will the looo/. amount to in Spain } 

Anf* i/. (lerliQg = 420^. Flem. ' 

58^. Flcm. = irr. France- 
loo^n Fr. = 6oji^^tf// Venice. 

iduc. Ven« ^^tomerv. Spain. 
zfimerv. Sp. = ipiaftre. 
i piaftres. = lOoo/. fterling. 

-- 420 X r X 60 X i^6o XIX 1000 
Hence 2 . — — ., or 

I X 58 X 100 XIX 272 

»tpxi5x9dxiq^28j50go ,h,, ; .,0 j. 

29x17 493 '^^^ '""^^ 

aftres. 

^efi. 11. A banker in Amfterdam remits to Lon- 
don 400/. Flemifli ; firft to France, at 56^. Flemilh per 
crown ; from France to Venice, at 100 crowns per 60 du- 
cats i from Venice to Hamburgh, at icod. Flemifli per da- 

X cat; 
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tat ; from Hamburgh to Lifboo, at 50^. Flemifli per 
crufade of 400 rces ; and laftly, from Lilbon to London, 
at 641/. fterling per milrce or 1000 rees : how much 
ilerling money will the remittance amount to ? and how 
much will be gained or faved, fuppofing the direft ex- 
change from Holland to London at 442^. Flemilh per 
1/. fterling? . ' 

The dire£b draught to London^ 

442J.Flcm.z1 iL fterling. 
? /. fterl. =: ^6ooodm Flem. 

96000 X I 4S000 ^ • , ^ 

Hence 2 = 1 = , 1 ^^y, ftg^. 

442 221 ' 

The circular remittance with London. 

S6d. Flcm.zz icr. 
loocr. iz 6odu£» 

I due. •= lood. Flem* 
50^, Flem.=: ^oorees. 
•tooorees. =z 64^^ fterl. 
? d. fterl. =1960004/. Flem. 

Hence ^ ^ ^Q ^ ^QQ ^ 4QQ x 64 x 96000 
56 X 100 X I X 50 X 1000 * 

60x8x8x06 ^68649 ,,<»/, , 
^=^ 2:=r52662|</. fter . 

7 7 

/• J. d. 

Circular remittance 52662^^. fterl. =219 8 64. 
Direel draught 2ij^^^l. fterl. =217 3 loii^ 

Gained by the circular exchange z 4 8/-s^V 



J^Jl. 
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^4ji. IIL A mtrchant at London has credit for 
680 piaftres at Leghorn^ for which be can draw di- 
rectly at 50i/. fterliiig per piaftre ; but cbufing to try 
the circular way, they are by his order remicced, firft 
to Venice, at 94'piaftres per 100 ducats banco ; thence 
to Cadiz, at 320 mervadies per ducat; thence to LiA 
bon, at 630 rees per piaftre of fjz meryadies ; thence 
to Amfterdam, at 501^. Flemifli per crufade of 40Q rees ; 
thence to Paris, at 56^/. Flemifii per crown ; thence to 
London, at ^i\d. fterl. per crown, or at 94^. fterling 
per 3 crowns : what is the arbitrated price between 
London and Leghorn per piaftre ? and how much is the 
circular remittance better than the direft draught, with- 
out reckoning charges i 

The arbitrated price between London and Lcgliom. 

^/^iafi* zziooduc. 

iduc. zz^2omerv. 

27 imerv. = S^orees. 

/^oorees. — 50^. Flem. 

56^. Fl. = icr. 

ocr. = 94//. fterl. 
id. fterl. = I piaftre. 

., 100 X 320 X 6%Q X CO X 1 X 04 X 1 

Hence > ^ ^ >) ■ ■ , . ^T — , or 

94 X 1 X 272 X 400 X 5b X 3 

liliiili = li?L5=:55,?,rf. fterl. 
34 34 

/. s. d. 

Direft draught to Leghorn, 1 _ . . . , ^ . 

680 piaftres. at 50^. fterl. J ^ '^ * 3 4 

Circular remittance, ^^lr:ix6 c o 



537%^* fterh 



Gained 14 11 8 

X 2 Iq 
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In this circular exchadgc the agents or fa^rs at the 
different places through which the money pafTes^ retain 
fo much in name of commiilion ; and the regular accu- 
rate method of computation is, to deduce the commiifi* 
on from the feveral confequents* 

Thus, if we refume the former queftion, and fuppofe 
the commiflion to be i per cent, the antecedents and 
confequents, with commiilion deduced, will ftand as 

under^ 

g^piaftres= gg.^ dufafs, commiflion deduced, 

I due. =1318.4 merv. commiflion deduced, 

272 merv. —626,85 rees, commiflion deduced. 

400 rees =; 49.754/. Flem. commiflion deduced* 

56^. FL z= .995 cr. commiflion deduced. 

3 cr. zz 94^. fterL 

) d.Oi. s= I piajirep 

By working as formerly the arbitrated price or value 
of the piaftre will be found to be 53.78^. fterling nearly, 
which is fometbing lefs than the anfwer found, cxclu- 
five of charges. But flill there will be profit by the 
circular remictaQce ; for, 

/• X. d. 

The circular remittance, 680 piaf-1 _ 4; 

'tres, at 53.78^. fterl. ] - ^5* 7 

The direft draught. 680 piaftres,! ... .^ . 

at5oi.fterK ^ i = ^^' '3 4 

Gain= 10 14 z 

The value of the above piaftre, with commiflion al- 
lowed, may be found eafily, and pretty nearly, by de- 
ducing five commifllions, equal to ai per cent, or -^V 
from the arbitrated price^ exclufive of charges^ thus : 



Tb9 
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The arbitrated price 55yV = 55*^47 
The value of five commiffionsl ^o 

53.769 value nearly. 

Note. A perfon who knows at what rite he can 
draw or remit direAly, and at the fame time has advice 
of the courfe of exchange in foreign places, may chalk 
0Q{ a path for circulating his money, fo as to make 
a benefit of his fkill and credit : and herein lies the 
jgreat art of fuch negociations. 



CHAPTER XV. 



THE RULE OF CORRECTIONS. . 

THE Rule of CorreHions is fo called, becaufe by the 
help oipofttwns or £alfe fuppofed numbers, a cornRion 
IS found, which added to the firft pofition gives the 
true number required. 

Rule of Correftions. i. Take two pefitions and work 
V)Uheacb of them as if it was the true number^ till by 
ibis means jou bring out the refults^ and confequently the 

errors I then, 

2. Multiply tbefrji error by the excefs of the fecond fo- 
Jtiion above the firfi. 

3 . Divide the produSl by the excefs of the firfi error 
above the fecond. 

4. Lafily^ add to the quotient thefirfi poJition\ the re* 
fult will be the number fought. 

S^eJIi 
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^jfeft. \. A, B, and Cy would divide loo/. between 
them fo that B may have 6/. more thaa A^ and G 8/« 
more than B ; ho v much mufl: each man have ? 

lit pofitioQ* 2d'polition« True pofitioo. 

A lo A 12 A 6o 

B i6 B i8 B 66 

C 24 C 26 ' C 74 

Total 50 Total 56 /•200 . 

Lioo /.200 • 



iftcr. =: 1 50 2d error = 144 

Excefs of the 2d pofition above the ift, 12 — 10 z= 2% 
Excefs of the i ft error above the 2dj 1 50 — 144 = 6. 

The number foi^htzz-^ H 10=50 + 10 =60. 

^ep. II. A fchoolmafter being alked how many 
ichohrs he had, faid, if I had as many, half as many, 
and \ as many more, I (hould have 88 ; how many had 
Ike? 

ift pofition. 2d pofitton. True pofition* 

Suppofe be had 40 44. ^± 

Thtnasmany 40 44 ^2 

i ao 22 16 

I %o 11 8 

+ -^+ + 

Total no 121 Scholars 88 

Scholars U £8 

]fterfor=:22 2d error = 33 

Excefs of the 2d pofition above the ift, 44 — 40=4. 
Excefs of the ift error above the ad, no — 121=1 — I !• 

The number fought =—-3" + 40 = ?^ + 40= 

-i +40=32. 

Note. 
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Note. We fuppofcd 40 and 44 for the number 
fought^ in order to avoid fra^ions* It is obvious, that 
the corrcftion — 8 in the fecond queftion is negative or 
to be. fubtraAed, becaufe the firft politioa is greater 
than the number required. 



CHAPTER XVh 



THE RULE OF CONCOURSE. 

WHEN an unknown number is afFcftcd by two 
conditions, it b by the Rule of Cancourfe that if may be 
determined. 

Rule of Concourfe. If an unknown mtmber is affeSed 
iy ttmi conditions^ give to it two different 'values in each 
fojitioni in order tofatisfy both the conditions; then work 
the differences between thofe values in the fame manner^ 
as the errors in the Rule of CorreRions ; the refult brought 
out by the fame operation is the number fought. 

Note. This Rule is called of Concomfe^ bccatffc the 
two different values given to the unknown number in 
e9ch falfe pofition, concur to be one and the fame in the 
true pofition, 

§u€ft. I. One has 6 fons, each whereof is 4 years 
older than his next youngeft brother, the elded is 3 
times as old as his youngefl brother ; what are their fe« 
veral ages ? 

Anf. 





^ 








r 


1: 






• 

( 


160 


) 




■ 1 


Aof. 


ift pofition. 




2d 


pofition. 


True 


: pofitiOfti , 


Age 


of youQgeft fon: 


= 3 




5 




10 




5* 


7 




9 




14 




4th 


II 




13 




18 




%^ 


'5 




17 




22 




ad 


19 




21 




26 




ift 


23 




^5 




30 




ift 


9 




IS 




30 



id difference 14 iddiflf. 10 o 

Excefs of the 2d pofition above the firft =f 5 — 3 r: 2» 
Excels of the x ft difference above the 2d = 14 — 10=4. 

The number fought :=i— — ? +3 =r 7 + 3 =r io# 

4 

^jiefi. IL Three perfons A, B, C, owe a certaia 
fum of money, fo that A and B together owe 210 
crowns, B and C 2 90^ and C and A 400 ; what did 



Excefs of the 2d pofition above the ifl=: 1 10 - 100 z: 10. 
Excefs of the ift diff. above the 2d =: 120- 100=: 20. 

The number foughtzs >+ 100=60 + ioo=:i6o. 

** 20 



each of them owe ? 




• 


AnC tft pofition. 
A 100 
B no 
C 180 
C 300 


2d pofition. 
no 
100 
190 
290 


True pofition. 
160 

50 
240 
240 


X ft difference 120 


2d diff. xoo 






CHAP. 
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CHAPTER XVit 
TH5 RULE OF TRANSFORMATIONS, 

WHERBIN of THS QjJESTIONS WITH MANY 

t/NKNOWN QJJANTITIES. 

WHEN the conditions of the qucftion prapofed dre 
not plain enough to draw the values of the differenc 
unkdown numbers from the arbitrary value given to 
one of them, the Rule of transformations (hews how to 
«bange the qoeftion in order to facilitate the arbitrary 
determination of the unknown numbers. 

No/ei This Rule is very ufeful in every qucftion, 
becaufe by this way the anfwcr will be eafily found, aa 
will appear by examples^ 

Definition* The number which (hews how many 
times an unknovt^n quantity is taken in a condition o£ 
the queftion propofed, is called its coefficient. 

Rule of Transformation. Write arithmetically the con-^ 
ditions of the queftion ; take away the f raft ions from every 
condition^ if need be, multiplying it by the lea ft multiple of 
all the denominators ; then, cbufing any unknown qumiiiy 
you tleafe, multiply each coefficient j which it bath in one 
conaitioHy by all the coefficients it hath in the others y in 
wder to give to the faid quantity the fame coefficient in 
every condition ; and la/ily, either by Addition or Subtract 
^ok change the cmditions to have new ones, all wanting 

Y that 
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that unknown quantity. Performing the fame operations 
upon the new conditions y you may diminifh the number of 
the unknown quantities^ till you get a condition with only 
one^ which will be very eaftly determined. 

Note. The number of tlie new condicioHs muft be 
one lefs than the former. 

^ejl. I. Two men have a mind to purchafc a houfe 
rated at 1200 pounds; fays A to B, if you give me ^ 
of your money, I can purchafe the houfe alone ; but 
fays B to A, if you will give me | of yours, I (hall 
be able to purchafe the houfe; how much money had 
each of them ? 

Anfi I ft condition. A's money+^of B's= 1200/. 
2d condition. B's money + 1 of A's = 1 200L 

Multiplying the firft condition by 3 and the fecond by 
4, we ihall have 

3 times A's money + 2 times B*s money = 3 600/. 
3 times A's money +4 times B's money =4800^ 

^ 2 times B's money = i stooA 

Hence B's money = 1 200 -4- 2 = 600, ^ of which =400; 

A*s money = 1 200 — 400 =z 800. 

^ejl. II. Three merchants met at an inn^ and find 
the fum of their gains 780/. if you add the gain of the 
xft and 2d, and from the fum fubtraA the eaia of the 
3d, there remains the gain of the ift + 82 pounds; 
but if you add the gains of the 2d and 3d, and from 
the Turn fubtraft the gain of the ift, there remains the 
gain of the 3d -43 pounds ; what is the gain of each ? 



Aaf. 
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AnC I ft condition. AH the gains together=:78o pounds. 
zd condition. The gain of the ift and 2d - the gain of 

the gd=the gain of the ift + Si* 
3d condition. The gain of the 2d and 3d — the gain of 

the ift=:the gain of the 3d -43. 

Clearing the 2d and 3d conditions^ they are as fol- 
lows; 

ad conditicMi* The gain of the 2d - the "1 « . 

gain of the 3d J— ^^^* 

3d condition. The gain of the 2d- the \ _ » 

gain of the I ft J— *3'- 

ift cooditisQ. The gain of the ad. 3d.) ^a , 

and 1 ft 1= 780/. 

3 times the gain of the 2d =:; Si^/. ^ 

^ence the gain of the 2d ='4^*=273/. 

Jh€ gain of the 3d=273- 82=191/. by the 2d 

condition. 
Tbcgainof the ift=273+43=3i6/. by the 3d 

condiuQO. 

— ^+ 
780/. 

^efi; III. Three men have each fuch a fum of mo- 
ney» that if the lil and 2d man's money be added to 
i of what the 3d man has, that fum will be 92/. and 
if the 2d and 3d man's money be added to 7 of the lit 
man's money^ that fum will be 92/. laftly^ if | of the 
2d man's money be added to the ift and 3d man's ma* 
ney, thi<t fum will alfo be 92/. what is each man's 
money ? 



Y 2 Anf. 
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Anf. id cond* The ift and 2d man's ''^^^^yl— ^2/ 

A-iof the 3d man's money J "^^ *■ 

2d condition. The ad and 3d man's money T . 

+4 of ^hc ift man's money J ^ * 

3d condition. The ill and 3d man's money! ^_ . 

+ i of the 2d man's money J ^^^ ' 

Multiplying the ift condition by 2, ihc 2d by 3, the 
3d by 4, they will be as follow : 

A* 2 times the ift and 2d man's money 4 1 _jO w 
the 3d man'§ money J ~ ^* 

B. 3 times the 2d and 3d man's ^^^^^7+ 1^-27(5/ 
the ill man's money J ^ * 

C. 4 times the ift and 3d roan's nio^^y + 1—^68/ 
the 2d man's money J ^ 

Ag^i"' multiplying the new condition A by a, an4 
B by 4j it will be, 

D. 4 times the ift and 2d man's money 1 ^jt 

+ 2 times the 3d man's money j ^ 

E- 4 times the ift man's money + 12. times 1 ^^.^ ^ 
the 2d and 3d man's money y*^ ^ * 
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F. 8 times the 2d man's money + 10 times! gr 

the 3d man's money J '^ ' 

SubtraAing the condition C froqi £, It will remain, 

G. 1 1 times the 2d man's nioncy +3 "°*^'"l— 726/ 
the 3d man's money J ~ 

Now, multiply the condition F by ; i and the con- 
dition 6 by 8, and you will find 

88 times the 2d man's money + j 10 1 Qoq6/ 

times the 3d man^s money j ''^ ^ * 

88 limes the 2d man's money +64! ggg. 

times the 3d man's money j*" 

f ^ 46 times the 3d man's money=22o8A 

Hctxco 
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Hence the 3d map's moncy = ?-2-=il8| 

46 

and 10x48=480; 
the2d=:21-Z±-?=^ =32, by condition F* 

o o 

the ift=r9»- 52 ^24=36, by the ift condition^ 



CHAPTER XVIII, 



THE RULE OFD I VISORS^ 

WHEREIN OF THE QUESTIONS OF EVERY 

P £ O R E E« 

WHEN the number fought moft h6 an integer, the 
Rule ofDivifors teacheth how to diffovcr it. 

Note. This Role Is moft ufefol to refolve the quef- 
tions of every degree, viz. when the unknown quantities 
are multiplied together^ or raifed \o any power. 

Rule of Divifors. Find the divtfors of the error an* 
Jing from a falfe fofition ; then add to^ or fuhtraS from^ 
this pojitiony as need requires^ fevtrally each divi/or^ to 
(orreli the error ; and among the refuks or correSiions will 
be the integer number fought. Naw^ to dif cover if, take 
(iny correition joii pleafe and work it as a new falfe pofi^ 
tion^ in order to bring out the error, if the fuffofed cor* 
region does not anfwer to the conditions of the quefiion ; 
then find the divtfors of the new error, and with them, 
either by Addition or by Subtra^ion, correS^ as formerly, 

your 
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your fecond fofttionf U determine fittv e^rreclions^ among 
which will bt alfo ih$ integer number required^ which con- 
fequently mui be the number common to both the new and 
former correSions you bad deteriidned. 

Notes. L If the conditionB of the queftion demand 
the falfe pofitioo to be divided by any number, you 
mud multiply by the fame number the di?ifors of the 
error^ and then corre£t the falfe poiltioQ with the pro* 
duAs hence arifing. 

II. If you take a pofition with decimals, it will be 
enough to determine the number foughc, as may be 
feen m the Ejuunples* 

S^^. L A gentleman being aflced bow many horfes 
he kept^ made anfwer, for want of room in my own 
ftable, I muft put 8 horfes in my neighbour's ; but I 
am now building a fiable twice as large, and then I 
can accommcxlace my own horfes and 8 of my neigh* 
hour's ; hence you may find out the number of horfe$ 
I keep. 

Anf. ift pofition. ad pofition* 

ffprfef zo zz 

8 8 

Stable's capacity i a 14 

X2 — xz 

Its double 24 zS 

AH the horfes 28 30 

Error =4 2 

Its divifors i> 2^ 4. i, 4^ 



Pofition 
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fao+.t — n 
CorredioQs j 2c + 2 = 22 

[20+4=24* 

PoGtion with decimak. 

20.15 
8 


22 + i 

22 + 2 

Tru< 


-*3 

= 24* 

; poficioa< 

H 
8 


12.15 

— — x» 

24.30 

28.15 


16 
— x» 

3» 
3« 



Error 
Poficion 



3.»5 
20.15 



Correfiion 24.00 

^ejl. II. One afked a Ihepherd bow Ihany Oicep 
he bad^ and what was the price of bis hundred (heep ; 
1 have not loo, faid he, but if I bad as many more 
and half as many more, and 7I fteep, then I ihoukt 
have )uft an bondred. 

Anf. ift pofition. 2d pofition. 

33 

i6| 
7l 



90 

I06r 

ro 
.?» 4, 10, 20 ^ -^ 



Sheep 


*3 


As many 


aj 


1 as many 


III 


m 


7i 




— + 


Total 


65 


- 


loo 


Error 


S5 


Its diTifors 


», 5, 7,35 



2, ID, 14, 70 



-"J-xa 



Correflions 25, 33, 37, 93. 



35> 37, 43, 53- 

« 



Polltion 
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Pofition witb decimals. 

"•575 
' 7-5 



) 



Error 

Divifor 
Fofition 



^5-375 
too 

34*625 
13-85 



Trde pdGtiotf* 

37 

37 
i8f 

Jl 

100 



Corrcfiion 37.00 

f^efi. IIL A gentleman having a certain number of 
greyhounds^ faid, if a ihird, a fourth, and a fixth of 
them were added together the fum would be 45 ; how 
many greyhounds had he ? 

Anf* id poGtion. 
Greyhounds 48 



2d pofitioa. 
84 



1-5-3 

l-f-4 
1-5-6 

Total 



16 

12 

8 

45 



Error . ^. 

DiviTors i, 3, 9 



xia 



la, 36, io« 
CorreAioDS 60, 84, 156 



28 
21 

14 

— + 

45 
18*" 

T, 2, 3, 6, 18 

' I ' ■ X 12 

12, 24, 36, 72, 2l6 

y2, 60, 48, 12 

Fofition 
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Bofuton with decimals* 


Trae pofitioiu 


48.15 


60 


KJ.05 


20 


12.0375 


»5 


8.025 

1. 


10 

—+ 

45 


T 

36»ii45 


45 




£rror 8.8875 




Divifor II.85 




rofition 48.1^ 


1 


+ 




Corredion 60.00 





Notes. I. When ihc falfc pofition is to be divided 
by feveral numbers, the dtvifors of the error mud be 
tnuhiplied by the leaft multiple of all the faid num«> 
bcr?. 

IL The pofition with decimals do^s not Want that 
fnulciplication^ and its correAion is alfo eafily deter^ 
oiined by the figures of decimals wanted to* make the 
pofition an integer number* TbOc, our pofition being 
vi\th decimals^ 4^>i5» the divifor muft have neceffarily 
the two lad figures, 85, otherwife the number 4^.15 
<x)uld DOC be made an integer by Addition. If the fame 
Dumber 48.15 (hould be made an integer by Subtrac- 
tion, the two lad figures of the divilbr ihould be 15. 

^e^, IV. [Of the fecond degree.] Let 969 fol* 
^iers be drawn up into an oblong battle, fo that the dif« 
ference of the greater and lefs fides is 40 : required the 
number of the foldiers of each rank iai leuj^th and 
Weadth f 



Anf. 
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AnC i(f pofition. 

The left fide 19 

The greater 59 



X 



The Battte 
The foldiers 

Error 



1121 



Drvifers i, 2, 4, 8, 19 
CorreAioas >8j 1 7, 151 i b. 



Pofoion with decimaW^ 
19-15 
5915 

X 



1132.7225 
969 

163.7225 

5>43> 2^5t 



idpofitbttr 
18 
58 

1044 
969 



75 
». ^ 5. 15 
»7> ^5^ ^3* 3^ 

True poiiuon» 

57 

969 



Divlfor 2 ,15 
Podcion 19- 1 5 



Correjlicxi 17.00 



Notesm X. Akhough we find the number 15 and 17 
eommon to both the corrcdions of the id and 2d por- 
tions, neverthelefs the correftion 17 only mull be taken, 
bccaufe the produd of the two nmnbers fought muft end 
iu9. 

ll. The di?Hbrs of the error 163.7225 are not fo 
eafy to be found, and therefore a table of divifors of 
numbers like that publifhed by M. Henry Aojeoaa ia 
1767, at Leydeny would be very convcnientr 



Kfcfi 
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I 

^nejt. V. [Of the third degree.] To find two num- 
bersy whofe fum is 20, and the produ<fl of the greateft 
multiplied by the fquarepf the leaft is 768. 

Anf. I ft poiition. PoficioQ with decimals. 

The leaft number 7 7.7 

Its fquare 49 59*29 

iThe greateft nomber 13 12.3 

X X 

The prodttd 637 729.267 

768 768 



t>iyifor8 i, 131 i, 3 

Corr^km 7-f 1=8 7-7+*3 = 8,o 

True pofitjom 
8 

12 • 
768 



^ \ 



Z ft CHAP- 
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CHAPTER XIX. 



THE RULE OF SERIES, 

WHERBIN OF TH8 NATURE OF THB QUESTIONS 

OF ALL DSGREES. 

JT.gehratcat Series is a rank of numbers iocreafing, 
or decrealiDg, without interruption'^ according to the 
law, that Jonie differences^ either ifi or arf, 3^, fefc, 
muji be conjiant or the fixme ; and the ieries is called of 
the \Ji order ^ if the I ft differences are conftaiu, of t^ 
^d order J if the 2d diflferences are conftant, and fo 0O9 
as may be feen in the followiog Examples : 

Algebraical feries of the ift 0(dcr« 

s, 2^ 2^ 2, ' 2, 2, 8cc. lil and conllant differeacesw 
{Algebraical feriet of the ad order^ 

3^5. 7> 9»"» J 3«&c. ift differences. 1 

2, z^ z, z% 2, &c« 2d and conlVant diff« 

Algebraical ferie« of the 3d order. 

I, 8, 27, 64, 125, 216, 343, &c. 

7> ^99 37> 61, 91, 1271 &c. ift dtfferences. 
12^ i8y a4» 30, 36, &c. 2d differences. 

6 J 6 J 6« 6, &c. 3d and conffant diSl 

When 
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When the falfc pofitions are in an arithmetical pro- 
greffion, the errors thence arifing form an algebraical 
feries, which may be called the refolvingferi&s^ becaufe 
it gives the refolution of the queftion propofed. 

The centre of the refolving fmes is the error anfwering 
to the pofirion=:o. 

The root of the refolving feries is a number anfweriog. 
to the conditions of the queftion* 

The root of the refolving feries is rational^ when it 
is exa£Uy exprefTed by a number, either integer, or 
fradional ; but, if the root cannot be fo exprcfied^ it 
is irrational. 

If two or more algebraical feries be multiplied con- 
tinually together, that is, the ift term by the ift^ 
the 2d by the 2J, and fo on, they will produce a new 
algebraical feries, which may be called compounded^ and 
the former components^ as appears from the following 
Examples : 

Example L 

'>2f 39 A* Sf ^9 &C.1 Component feries of the zft 
^,4, 6, 8, 10, la, &c./ order. 

^9 8, i8, 32, 50, 72, &c. Compounded feries of the 2d 

order. 

Example 11. 

1, 2, 3y 4, 5. 6» J^-lcomponent feries of 

2, 4, 6, 8. 10, 1^, &<^-f theiftorden 
17, 14, u, 8, 5, 2, &C.J 

X 

^4^x12^198,256,250,144, &c.. Compounded feries 

of the 3d order. 



^Example, 
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Example III* 

^ft> if A 9 Sf ^9 SccI Component feries of the 

i I ft order. 

*f4f 99 ^^9 ^5» 3^> &c. j Component fcrlcs of ihc 

J * 2d order. 



■> ■ 
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1, 8, 27, 64, 125, 2 1 6, &c. CcMcpouaded feries of the 

3d order* 

Vrintiplei. I. If the qneftion propoftfd is of the ift, 
td, 3d, &c. degree, the rcfolving feries will be of the 
tft, 2d, jd^ &c. order. 

II. A refolving feries has as many rational roots as 
component feries of the ift order. 

Hi. If a refolving feries has no component of the ift 
order, its roots are all irrational. 

IV. To determine the refolving feries of a queftioQ 
propofed, two pofitioDs are required if the queftion is 
^f the ift degree, 3 pofitions if it is of the ady 4 if of 
the 3d, &C. 

The Rule of Series is a method to Sod the rcfoWing' 

feries and its roots. 

Rule of Series. Take from the natural progrejion 
^9 ^9 ^9 3f 4> 59 ^^« ^^ many pofitions as are required to 
determine the refolving Jeries (Princ. IV,) ;. fben^ if ibe 
feries is compoundedy refolve i4 into its components of the 
\fi order byfnaing the fa£lors of its terms^; and taJUy, 
divide the centre of each new feries by the conjtant diffe-- 
r^nce, that is^ by the excefs of the fame centre upon the 
next following term^ and every quotient will be a root of 
the refolving feries. 



Note. 



J 
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Note, If the refohmg feries has no components tt 
the ift order^ and therefore its roots are irrational (Pn 
]II.)j they may be found by appraximation, as we fhatt 
fee in the next following Chapter XXi» 

^ejl. L Two perfons, A and B, travellinfj together, 
A with lOOy and B with 48 gnineaar about him^ met a 
company of robbers^ who took twice as much from A 
as from B, and left A thrice as much aa they kft B^; 
I demand bow much they took from each f 

Anf. iftpofiiion. 2dpofition. True politioa*. 

Taken from B, 01 44 



Taken from Aj o 2 88 

Left B» 48 47 4 

Left Ay 144 141 12 

Left Ay 100 98 12 

Error, 44. 43 o 

The refoWing feries of 1 ,, ^^ ,^ ,, ,^ ^^ 9 
the ift order / ^4> *^ 42, 41. 40, 3^ &c. 

The conftant differences x, i, i^ i, i, &c. 

The centre of the feries 44 ; its root 44 -- 1 = 44. 

^efiAl. Let there be a fquare whofe fide is iiq 
inches ; it is required to aflign the length and breadth 
of. a reftangled parallelogram or long fquare, whofe 
perimeter fhall be greater than that of the fquare by 
four inches, but area fliall be lefs than the area of 
the fquare by 4 fquare inches. 

Anf. Since the fide of the fquare is no inches, it^T 
area will be 12100 fquare inches; therefore the area of 
the parallelogiam fought will be 12096 fquare inches : 
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agaiA, the pcfimeter of the given fquarc is 440 inches; 
therefore the perimeter of the parallelogram fought 
tnuft be 444 inches ; and then half its perimeter, or 
its length and breadth added together mult be 222 in* 
ches. 

i(l.porKion. td poiition. 

Breadth o i 

Length 222 221 

X * — X 

Area o 221 

12096 12096 

Error 



12096 


»'875 


3d poficion. 


True pofjti 


% 


• 96 


220 


126 


440 
12096 

A 


I20iy6 



11656 

The refolving fcr'esl , « , ^ 

of the 2d order ] ^^096, 11875, 11656, (I439,&c* 

The I ft differences 221, 219, 2J7,&c. 

The 2d and conftant differences 2, 2,&c. 

Its componencferiesof the") 96, 95, qa, 95, &c. 
ift order J 120, 125, 124, 123, &c. 

The roois required no 6 for tho breadth. 

yo-95 

and — n 126 for the lensthip, 

i2()— 125 ** 

. N(fte. This queftion (hews how grofly they are mll^ 
takcnjivho ihink to eftimate the arca» or magnitudes of 

plain 
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|>laiii IBgdrer by r their perhniters^ as'if^fucli ^figurtt 
Wer^ grcitter or Icfs- in proponioa as their perimeters 
are«£Gg .iihc;reas here we' fee that die pertoieter of one 
figure may be greater than that of another by 4 inches, 
anid that at the fam^ time its ar^a may be lefs than ttie 
area of that other by 4 fquare inches* 

^jfijl. III. There are two numbere -wbofe itum if 
azy and the fum of their cubes 2728. 

Anf. id pofitioii. 2d pofitioni 

Ill number o .1 

2d 22 21 

tl,cir cuhcr{ ,^^^5 ^J^ . 

10648 9262 

2728 2728 

Error 7920 ^434 

5d poficion« True pofition* 

a - 10 

20 12 



8^ 1000 
iooo ^728 
- — + * + 

800B 2728 

2728 * 
5280 

^"^h o^}'9»' ««4. S'". 4>S8. 3 ■«». &C. 

The ift diff. 1386, 1254, 1122, 990, &c. 

The 2d and conftam diff. 132^ 132^ 132, &c. 

A a Its 
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T> <. rdPtheiftorder lo, 9, 8) ^ :6»'&c« 

itseompo- 1^^^ iftordcr i«, ti, 10, 9, 8, &c. " 
nent lerie? ^^^^^^^ 45^ ^6, 66, 66, 66i &«. 

Its ro0ts ;i-> ■■ i s 10 for th^ ift Bun^bcr) 

io — u 

1 2 
And =12 for the 2d. 



%t . » t . it J 



Note. Althotgb this qaeflion appears at firft Ci^t 
to be oFthe 3d degree, it belongs however to the 2d, 
and therefoi^e it is coaipounded of three fei'ies^ two of 
the I ft ordet and one conftant. 

%/r/f . IV. To find a number, whofe i^re tnoiti- 
plied by tj^e excefs of 20 upon the iamc- number fought^ 
gives the pro^udt 76&. 

2ttpofition. 



Anf. I ft 

••• 


pt^tion* 


The number 


• 


* 


AC 


its fquare 


20 


— X 






768 



^ * 



2Q 

I 



yVff 



Error 768 70 



jfliK). 
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jd pofition. ' 4th po&tion. True pofidon. 

a 3 -8 

ao lo 2o * 



• • • 



j8 17 12 

4 9 64 

7^ 153 768 

768 769 : 

696 6ij 

The Indifferences 19, 33, - 81, J03, 8rc. 

The 2d differences -34/- 28, -22, &c. 

The 3d and conft. diff. -6,-6, &c. 

Its compo- fof the iftorder 8, 7> ' 6/ 5, 4, &c. 

iicnt ferics \of the 2d order 96, 107, 1 1 6, 1 23, 128, &c. 

8 
Its rational root •—■ — = 8 for the number reauired. 

8-7 

Notes. I. In taking the differences of the terms of a 
ieries the 2d terrta muft be fubtracced from the id, the 
.3d from the 2d, the 4th from the ^d, and o on. 

JI. The refolving feries may be continued as long as 
you pleafe, by the continual i'qbtra^lujn of the diffe- 
rences. 

III. The refolving feries are of the fame ufe in 
Arithmetic as the equations arc in Algebra, in order to 
difcover the nature of the qucftipn, as well as of the 
numbers fought, as will appear by the fuliuwipg Ex- 
amples, in which the centre is diltin^uiiheU by ;a little 
ftar. 



A a 2 Ex- 
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Example L 
Series of the ift order* (Qaeft. I.) 

44* 43f 4^> 9 if *j ^f o, - 1, - 2, - 3, ^. 

I, If > 1. If 1$ i> If If If ice. 

This feries is compofed of two ranks of numbers, both 
departing from o ; but one towards the right compre- 
hends the numbers — i, — 2, -^3, &c. afFefled with the 
fign - , and therefore called negative ; and the other 
toward the left contains the numbers 1,2, 3^ &c. which 
for the contrary reafon, are pojitive. The errors being 
then but once =3o, the feries has one root only, and 
confequeptly the queftion h^s only one anfwcr. The 
root ronft be pofitivci becaufe the centre and Its excefs 
above the next following term are uqderftood to have 
the fame fign, viz. + 

Ei^ample IL 

Series of the 2d order. (Queft. II.) 

m 
1:096,11875,., 0,-29,., -56>-a9, o, 31, &c. 

22i,., 31, 29,., -25,-27, -29, -r 3 I, &d, 

2, 2, 2,., 2, a, a, 2, &9« 

This feries is compofed of three ranks of numbers, 
one negative in the middle between two cyphers, and 
the other two at the extremities, both pofitive, equal, 
and increafing without end. The errors being then 
twice =0, the feries has two rational and integral roots, 
and confcquently the queftion has two anfwers. The 
roots are both pofuive, becaufe the centre, its excefs 
above the next following term, and the conftant diffe- 
rence, that i?, 12096, 221, and 2, are all pofirrve. 
The ift anfwcr gives the breadth ot the oblong fquarc 
= 96 and length = 126 ; and the 2d apfwer, the breadth 
m26 and the length = 96. 

Ex- 



1 

1 
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Example III. 
Series of the 2d order* (Quell. III.) 

7920, 65^4, ••• 9 198, o, -66, o, 198, &c* 
1 386, . . . , 330, 198, 66, - 66, - 198, &€• 
\ i3^>'32» 13^9 *3*» 132, &€• 

This feries being like the next preceding, heeds no 
explication. 

Example IV. 

Series of the 3d order. (QS^^* ^^0 

* 
-168,. ,768,749, 696,. ,131, 0,-123,., iao>&c. 

-387^ ^9» 53»->i33»i3^> i23,*,-2i9,&c. 

^82, -34j*f-4» ^i 8,., 62,&c« 

— 6, < - • • — 6, — 6, — 6,., — 6,&c^ 

This feries being compofed of four ranks of numbers^ 
two poiitive and two negative, muft have three roots; 
iiqd, becaufe the errors fuffer three mutations, vizt 
being at firft negative, they become pofitive, then again 
negative, and then again pofitive, the three roots are 
all poflible, but only one of them is rational and inte- 
gral, the errors being only once reduced z:o« Of thefe 
roots only one is negative, becaufe the centre, the ift, 
ad, and jd differences fuffer only a mutation, pafling 
pnce from the pofitive date to the negative, as appears 

by difpofiog thofe quantities, as follows, 768, 19, —34, 
- 6. We will teach in the next following Chapter 
how to find the two other roots, which are irrational. 
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CHAPTER XX. 
THE RULE OF ROOTS, 

WH£|t£I|^ OF THE IRRATIQKAL KQOTS pP 

THE SECOND DEGREE. 

THE Rule (jf Roots is a method pf finding the roots 
either ration;ii or irrational, of a feries of the fecond 
degree. 

^ Rale of Roots. Take half the confiant difference of 
ihe feries y add it to the exeefs of the centre above the next 
following terniy and divide the /urn by the fame batfi the 
refult wilt be tke fum af both roots of the feries. Then 
from thefquare cfbalf this fum fubtraS the quotient ari- 
fingfrom dividing the centre by half the confiant difference 
eHid from the remainder extra8 ihe fquare rooty which 
added to, and fubfra^ied from^ the fold half fum^ will 
give the two roots required. 

I 
Note. This Rule is of the fame ufc in Arithmetic^ 

es the rcfolution of qijadratic equations in Algebra. 

^efl. T. What number is that, which being added 
to its li^nare will m^ke 210 ? 



Anf. 
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Anfi ift pofition. 

The number o 
Its fquare o 

— + 
o 


2d pofitioiu 

t 

I 

i 


2IO 


210 


Error aio 


208 - 


3d po&tioiu 


True pofition. 


4 

— + 
6 


14 
196 

+ 

illO 



!210 



^204 

The 1 ft difFerenfces 2, 4, 6, 8, &o 

The 2d and conftant diff. - 2, ^t, - 2, &c. 

Half the conftant difference = - i, 

rr^t r r i_ 2lO — 2o8 — 1^ I 

The fum of the roots = =: - 1. 

The rciol^ B8Jliir<!d fc ^ f =fcV(— -^) 
s-lafcvZ^)=-i=fcVS that 18, Hand -15* 

Note. The ticgative root - 15 rrfoltcs the qtteftten, 
if the number ought to be fubtraAed from its Square, 
becaofe 925 - ij; 35 210* 



^ejl. 
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^efi. IL I demand a number, which being fab« 
tra£^ed 12 times from its fquare leaves 96. 

Anf. ift pofition. 2d poiition* 

The number o i 

— xi» -^xia 

o 12 

Its fquare o i 

o -It 

96 96 

Error 96 107 

3d poEtion. True pofition« 

-^xia X li 

24 72:^12^132 

4 l68:i:l2Vtj2 



■«M 



— 20 96 

9<S 



116 



« 



The ift differences - n* -"9, — 7f — 5» &c. 

The 2d and conftant diff* —2^ —29 ^2^ &c* 

Half the conftant difTerence = — 1» 

the fum of the roots=: ^ "" ^ :ri2» • 

— I 

The roots rcquircd=6=t: V^S^ — ^^ =:65f3Vi32, that 
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jt^ote. This feries is the fame as the copponent of 
the 2d order in Oucftion IV, and therefore the roors 

■ 

6=tVi32 will aofwcr to the. faid qucllion. Hence it 
appears, that if a refolving feries of the higher order 
be compounded of fome of the 2d, its qu^idratic roott 
may be founnd4)y the Rule of Roots, after having; re- 
folved the faid feries in its components of the 2d order. 



CHAPTER XXL 
THE RULE OF LIMITS, 

WHEREIN OF THE ROOTS BY APPROXIMATION'. 

LIMITS of a Root are called two numbers, be- 
tween which the root is contained, and the lefs number 
is the firjl limit, 

T/je Rule of Limits is a method of finding the irra- 
tional roots of a feries by approximaiion, that is, by 
giving an approximate value of them, bu? to any degree 
of cxa^aefs required. 

Rule of Limits. Find the inUgral limits 0/ the toot 
required^ eithet by way of the Falfe Poftticns^ or by the 
Rule of Serifs ; then add to the firjl limit any decimals^ 
and find again the decimal limits of the fame root^ and fo 
^ cNf adding any lower decimals^ find the new limits^ but 
to any degree of exailnefs required. 

Note. By this Rule any root whatfoever of a number 

may be eafily found in decimals, as will appear from the 

fallowing Queftion HI. 

B b ^icjl. 



( i86 ) 

^ejl. I. What two numbers arc thofe, whofe difie* 
refsce is 4^ and the produA 8 ? 

Anf* ifi pofiition. 2d polition* 

The lefs numb. o i 

The greater 4 j 

— X •— x" 

Their produ£l o 5 

8 8 

Error 8 % 

3d pofition* Pofition by Approximation* 

— X — — 

8 8.0006 






— 4 0.0284 

The refolviog feries 1 Q ^ ^ ^^ .^ ^^•^ 
of the 2d trder ]^' 3» "4, - 13. -*4, "Zh &c. 

The I ft differences 5, 7, 9, iif 131 &c* 

The 2d and conftant diflf. - 2, -^2, - 2, - 2, &c* 

It is obvious, that the root is between i and 2, be- 
caufe the error anfwering to the pofition i is pofitive^ 
and the error anfwering to the pofition 2 is negative ; 
Therefore taking the pofitions with decimalsy viz, i.i^ 
i.2| &c« the errors will be as follows : 

PoCtionsl.i ,1.2 ,1-3 ,1.4 . 1-5 » ^c-l^betwlen^ 
Errors 2.39, 1.76, i.ii,a44> -o-25,&c.J j . g^ 1.5. 



Now 
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Now pafiiDg to tbjc pofitions 1.41, ij^i^ tec. the new 
errors will be as follows : 

Poficions 1.41 9 142 9 1*43 9 1*44 > i«45 9 &c» 
Errors 0.3719^ 0.3036^ o.z^^i^ 0.1664^ o.o975> txcm 

And (o adding to thefe pofitions the thoufandths, 
ten-thoufandchs, &c. the value of the root fought may 
be determined to an^ degree of exadnefs required. 

^e/l. II, To find two numbers, whofe fum is 10 
and produd 26. 

Anf. I ft pofition. dd po&ion. 

One number o i 

The other 10 9 

X —X 

m 

9 

26 

»7 
Ne^reft pofitkny 

S 
5 

— X" 

z6 



Their 


prpda^ 




t6 


Error 




t6 




^d pofition« 




a 
8 

— X 

16 

2<J 





)Q 



• 



The ift differences 9, 7, 5, 3, i, - 1, -3, &c. 

The 2d and conftant diflf« 2, 1, 2, 2, 2, 29 &c. 

This feries being ccmpofed of two ranks of numbers, 
both poiitivei and increaGng without end, teaches us 
thjit the errors cannot be deflroyed^ and therefore 

B b 2 that 
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that feries has no real roots and the qnefHori jao anfwer. 
The fmalleft error which can be made Ts rz i, and then 
the pofnion is —5, which candot be redqced to greater 
exa^nefs. 

^ejl. III. To e3ftra£^ any root whatfocver from a 
given number. 

Anf. If the root is rational, it will be found either 
by the Rule of Divifors, or by the Rule of Series. 
But, if it is irrational, the Rule of Limits will give 
i:n approximate value of it. 

Example I. What is the cube root of 337^ ? 

Suppofc il; the cube of 12 is 1728, and therefore 
the eiror 3375 - 1728 IT 1647, whofe divifors being i, * 
3, 9, 27,61, &:c. the correftions arc 13, 15, 21, :{9, 73, 
&c. Now if is evident that 15 only may be the ra- 
tional root, beciuife only its cube can end in 5 ; and 
really 15 is the root required. 

Example II. . What is the cube root of 4296 ? 

Its firft limit is 16, and its root by approximation "in 
hundredths is 16,25, as it appears fiom the following 
calculation : 

Pofitions i6.i ,16.2 , 16.3 , fee. 
Errors 122.719, 44-472, -34.747, &c. 

Pofitions 16.2 1 , .,16.2,5 , 16.26 , &c. 
Errors 36.593939,., 4-9^^4375* —2.94:3;^6, Sec. 

* 4 .. * ■ 
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CHAPTER XXII. 

APROMISCUOUSCOLLECTION 

OF CLUESTIONS. 

1. A was born when B was 21 years of agej 
how old will A be when B is 47, and what will be the 
age of B when A is 60 ? Anf. A 26, B 8i. 

2. A perfon at the time of his out-fetting in trader 
owed 350/. and had in cafh 5307/. loj, in wares 713/* 
7//. and in good debts 210/. 55. lod. Now after having 
traded a year he owed 7 33/. 17/. and had in calh 4874/, 
^s.^. in bills 35c/. in wares 1075/. I4J. gl^. and in 
recoverable debts 613/. 135. loid. What was his real 
gain that year ? Anf. 329/. 4/. id. 

3. A gentleman's daily expence is 4A 8/. t^^d. and 
he faves 500/. in the year j what is his yearly income ? 

Anf, 2107A 12s. 

4. Having a piece of land 11 poles in breadth, I de- 
ma!!id what length of it muft be taken to contain an 
acre, when four poles in breadth require 40 poles in 
length to contain the fame ? Anf. 14 poles, 3 yds, 

5. If a gentleman, whofe annual income is 1000/., 
fpend 20 guineas a week, whether will he fave or run 
in debt, and how much in the year? Anf. giL debt. 

6. In the latitude of London, the diftance round the 
earth, meafuring in the parallel of latitude is about 
15550 miles, now as the earth turns round in 23 hours 
56 minutes, at what rate per hour is the city of London 
carried by this motion from weft to eaft ? 

Anf. 649445- miles an hour. 

7. In 
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7. In order to raife a joint ftock of loooo/. A, B, 
and C, together fubfcribe 7950/. and D the reft ; now 
A and B are known to have fet their hands to 5800/* 
and A has been heard to fsy that he had undertaken 
for 550L n3ore than B ; what did each proprietor ad* 
«nce? Anf. A 3175, B 2625, C 2150, D 2050. 

8, Divide 1000 crowns, give A 120 more, and B 
95 lefs than C. Anf. A 445, B 230, C 325. 

9* Laid out 165A i^s. in v^ine at 4/. 3^. a gallon, 
fome of which receiving damage in carriage, I fold the 
reft at 6s. 4i/. a gallon, which produced only no/. i6i« 
8^.. what quantity was damaged ? Anf. 433 gak 

10. A father divided his fortune among his fons, 
giving A 4 as often as B 3, and C 5 as often as B 6; 
%vhat was the whole legacy, fuppofing A's (hare were 
jood/. Anf. 1 1 875/. 

1 1. A ftationer fold quills at los. 6d» a thoufand, by 
vhich he cleared | of the money ; but growing fsarce, 
raifed them to 12s. a thoufand i what did he clear per 
cent, by the latter price ? Anf. 71/. 8s. 6^^, 

12. If icoD men belieged in a town, with provifions 
for 5 weeks, allowing eacli man 16 ounces a day, were 
reiuiorced with 500 men more; and hearing that they 
cannot be relieved till the end of 8 weeks ; how many 
ounces a day muft each man have, that the provifion 
inay laft that time ? Anf* 6f os. 

' 13. If a quantity of provifions fcrve 1500 men la 
weeks, at the rate of 20 ounces a day for each man ; 
how many men will the fame provifions maintain for 2a 
weeks at the rate of 8 o^« a day for ea^h man ? 

AnC 2259 men. 
14-1 In what time will the interest of 72/. izs. equal 
•that of 15/. 5i. for 64 days, s^t ^ny rate of intereft ? 

A«^« iSTTT^ays. 

15. A perfon poflcflTcd of | of a ihip, fold 4 Q^ Ws 

(hare for 1260/. what ^a^ the reputed value of the 

whule at the lame race ? Anf. 5040/, 

16. A 



I 
J 
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16. A father dying left his fon a fortune, i of which 
he ran through in 8 months, j- of the remainder lafted 
him a twelvemonth longer, after which he had bare 
410/. left; what did his father bequeath him ? 

Anf. 956/. 13^. 4ip 

17. A perfon being afked the hour of the day, faid. 
The time paft noon is equal to ^ths of the time till 
jBidnight ; what was the time ? Anf. 20 min. pad 5, 

i8« A perfon looking on his watch, was afked what 
was the time of the day, who anfwcred. It is between 
4 and 5 ; but a more particular anfwer being required]| 
he faid that the hour and minute hands were then ex* 
aftly together ; what was the time ? 

Anf. ax^V t^in« paft 4. 

19* With 12 gal. of canary at 6s. 4^. a gal. I mixed 

j8 gaK of white wine at 4/. lod. a gal. and 12 gal. of 

cyder at 35. id. a gal. at what rate mud I fell a quafc 

of this compofition fo as to clear 10 per cent. 

Anf. IS. 3|^. 

20. Suppofe that I hate t-t ^^ ^ ^'P worth izco/. 
what part of her have I left after felling f of 4 of n^y 
ihare, and what is it worth ? Anf. t;VV, worth iS^f^ 

21. What length muft be cut off a board 84. inches 
broad to contain a fquare foot, or as much as 1 2 inches 
in length and 12 in breadth ? Anf. lyl^ incheSij 

22. If, by.fellinf: goods at 50^. per cwc. I gain 20 
per cent, what do I gain or lofe per cent, by felling 
.at 45/. per cwt. ? Anf. 8/. gain. 

23* Sold goods for 60 guineas, and by fo doing loft 
27 per cent, whereas i ought in dealing, to have 
cleared 20 per cent, then how much under their juft 
talue were they fold ? Anf. 28/. is. 3tt^« 

24. Jf, by felling goods at lyd. per lb. 1 f^ain cent. 
.|>cr cent, what do I clear per cent, by felling for 9 
giMO»s per cwt. Anf. 50 per cent, 

as- If 
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. 15» If ^^ ^^^ ^^^ perform a piece of work in 1 2 
days, how many will accompli(h another thrice as big 
in one fifth of the time ? Anf. joo* 

26. A pcrfon making his will g^ve to one child 44- 
of his eftate, ane the reft to another, add when thefc 
jegacies came to be paid, the one turned out 600/. more 
than the other; what did the teftator die worth ? 

AnC 2000/. 

27. A father devifed vV of his eftate to one of his 
fons, and -rV of the refidue to another, and the furplus 
t6 his relift for lite ; the children's legacies were found 
to be 257/. 3J. 4^. different; pray what money did he 
leave the widow the ufe of ? Anf. 635/. 10^ °i/. 

28. There is a number which, if multiplied by 4 of 
^of il, will produce i; what is the fquare of thac 

number? Anf. i^^. 

29. A perfon dying left his wife with child, and 
making his will, ordered that if (lie went with a fon, 
4. of his eftate (bould belong to him, and the remainder 
to his mother ; and if (he went with a daughter, he 
appointed the mother ^ and the girl the remainder ; 
but it happened that (he was delivered both of a fon 
and a daughter, by which (he loft in equity 2400/. 
more than if it had been only a girl; what would 
have been her dowry had (he bad only a fon ? 

Anf. 2100/. 

30. Three perfons purchafe together a (hip, toward 
the payment of which A advanced *, and B -J- of the 
value, and C 200/. how much paid A and B, and what 
part of the vcffcl had C ? 

Anf. A 90}*^. B ii6Vt/. C|rPart. 

31. A and B clear by an adventure at fea 63 gui- 
neas, with which they agree to buy a horfc and chaife, 
of which they were to have the ufe in proportion to 
the fums adventured^ which was found to be A 9 to 

B8, 
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6 i^ they cleared 45 per cent, what money then did 
each fend abroad ? 

Anf. A 74/. IS. 4-i^i. atid B 65/, 1 71. 7t4^* 

32. Three perfons entered joint trade, to which A 
coniributcd 240/. and B aio/. they clear 120/. of 
which 9©/- belongs of right to C ) required that per- 
son's flock, and the feveral gains of the other two? 

Anf. Cs flock 150/. A gained 48/. and 6 42/. 

33. A clears 12/. in 6 months, B 15/. id 5 months, 
^nd C, whofe flock was 40/. clears z\l. in 9 months ; 
what was the whole flock ? Anf. iz^V* 

34. A had 12 pipes of wide which be parted with 
to B at 4i per. cent, profit, who fold them to C for 
40A lis. advantage ; C made them over to D for 605/. 
los. arid cleared thereby 6 per cent, how much a gal- 
lon did the Tfrine cofl A ? Anf. 6/. 8 A^Vy^^ 

35. A of Amfterdam orders fe of London to remit to 
C of Paris, at st.\d. flerliog a crOwn, and to draw on 
D of Antwerp for t^ic value at 34JJ. Flem. a pound 
(ler. but as foon as B received the commiflion, the t^^ 
change was on Paris at 5 arf. a crown ; pray at what rate 
of exchange ought B to draw on D to cvecdte his or« 
ders and be no lofer ? Anf. 34J. 2^^di 

36. A, with intetition to clear 20 guineas on a bar-< 
gain with B, rates hops at i$d. a lb. which coft him 
io|J. B, appi'ifed of that^ fets down malt, which coft 
ioi. a qUarcer, at an adequate price ; for how much 
tnalt did they contrafl ? Anf. 49 qp» 

37* A and B venturing equal fums of mon^y, clear 
by joint trade 180/. By agreement A was to have 8 per 
cent. becaOfe^he fpent time in the execution of the 
projefl, atid B Wa^ to have only 5 ; what was allotted 
to A for his trouble ? Anf. 41/. loj, i)4^d. 

38. Laid out in a lot of muflin 50c/. upon cxamina'^ 
tion of which 3 parts in 9 proved damaged^ fo that I 
could make but 55. a yard of the iapie^ and hj fo 

^C c doing 
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doing find I loft 50/. by it; at what rate per ell am I 
to part with the undamaged muflin^ in order to gain 
50/. upon the whole ? Anf. 1 1^. 7^^. 

39* A at Paris draws on B in London 1400 crowns, 
at 46^. flerling a crown, for the yalae of which B 
draws again on A at 57^. fterlin^ a crown, befides rec- 
kooipg commiiBon | per cent. Did A ^in or lofe by 
this tranfadion, and what ? 

Anf. He gained 1 7i| crowns. 

40. A, B, and C are tn company, A put in bis (hare 
of the (lock for 6 months, and laid claim to 4- of the 
profits, B put in hrs for 9 months, C adfanced 500/. 
for 8 months, and required on the balance j- of the gain } 
required the flock of the two other adventurers? 

Anf. A 185/. 3/. 8|^/« and B 172/. i6s.gi^, 

41. A young hare ftarts 40 yards before a greyhound 
and is not percei?ed by him till Ihe has beea up 40 
fecondsy (he feuds away at the rate of 10. miles aa hour* 
adid the dog, on view, makes after her at the rate or 
18 ; how long will the courfe hold, and what ground 
wiH be run over, beginning with the out-fetting of tb^ 
dog ? Anf. to^\ fee. and 530 yards run. 

42. If I leave Exerer at 8 o'clock on Monday morn- 
ing for London, and ride at the rate of 3 miles an hour 
without intermiffion, and B fet out from London, for 
Exeter at 4 the fame evening, and ride 4 miles an hour 
conftantly ; fuppofing the diftance between the two ci- 
ties to be 1 30 miles, whereabout on the road (ball (he| 
meet ? Anf. 694- miles from Exeter* 

43. A refervair for water has two cocks to fupply 
it ; by the firft alone it may be filled in 40 'minutes, 
t>y the fccond in 50 minutes, and it hath a difchargio^ 
cock» by which it may, when full, be emptied in z^ 
min. Now, foppofing that thefe. cocks arc all left open^ 
and that the. water cqmes in, in what time, fiippc^Bofl^ 
the iofluz and efflux ta be ^always alike, would the cilr 
icra be illod ^ Anf. 3 hrs« 20 min* 

44- A 
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44^ A fett out from London for Lincoln at the Ytry 
fiune time that B at Lincoln fees forward for London, 
diftant ioq miles, after 7 hours they meet on the road, 
and it then appeared that A had rode 1 1 miles an hour 
more than B ; at what rate an hour did each of them 
travel ? Anf. A 7l4» ^Qd B 64t miles. 

45. A and B truck, A has iii cwc. of Farnham 
bops at a/» l6s. a cwt. but in barter infills on 3/. B has 
wine worth 5/* a gallon, which he raifes in proportion 
to A's demand ; on the balance A received but a hhd. 
of inne ; what ha4 be in ready money ? 

Anf« 20/. 1 2 A 6d. 

46. A of Amfterdam owes to B of Paris 3000 guil- 
ders of current fpecie, which he is to remit to him by 
order, the exchange 911/. Flemiih de banco a crown, 
the agio 4 per cent, but when this was to be nego- 
ciated, the exchange was down at god. % crown, and 
the agio 5 per cent« what did B get by this turn of af- 
fairs? Anf. 5 lif. 12 fol. St'iVt^cQ* 

47. If 100 eggs be laid down on the ground in a 
(Iraighc line, one yard from each otber^ and the firfl: 
pf them one yard from a bai]cet ; what fpace ihall a man 
walk over in bringing the eggs one by one to the ba(ket ? 

Anf. iQioo yds. or 5 miles^ 1300 yd.s« 
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CHAPTER L 

THE tJATURE OF THIS LANGUAGE, AND 
DIVISION OF QUESTIONS BELONGING 

TO IT. 

L ^e Nature of the AritbfneticfhAlgebraical Language. 

TH E aritbmetico-algebraical language is an appli<& 
cation of th6 atudpUal art to the refolation of 
thofe queftions where the quantities are exprefled bv 
numbers^ and their noagaitude alone is to be cbnih- 
dered. 

The 
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The BM^tw&l w tt txfitutbpii vt t mkh^ y ggfcfc r afly 
fpeaking, is the methcxl of prcxxeding from the thing 
fiugbi or taken for granted through its confequences to 
fomething that is «a^ granted : but here it is ftriftly 
coolideiwl as a method of invcftigating quantities that 
Ire Qoltnown, from certain given relations to each other, 
and to ftich as are known ; which relations being al- 
iDoIt univerfally either that of equality, or fucb as may 
be reduced to that of cqaatiTy, are ezpreffed by eqaa* 
tioDS reprefentiog more convenicDtly and more difttaA- 
\y the conditions of the queftion when tranflated out 
of common language inKi Ae arithmetico-algebraical ; 
and becaufe thefe equations mull cont^n one or more 
tmkfwmi <iiiaaCHies, tht prinppsl bufineft of this lao- 
gD^ Wifl be Tbe deducing j?nd/ equatims containing 
only (Hie unknown quantity and refolring them. 

Hence tl» naMre cf this language b m coaprehend* 
ed ia the following 

GCIICnn"lWBClpIc* 

The mknown qaantities in the qneflioa propofcd mnft 
be erprcffed by Uaer^^ ami the rektiomt of the known 
and unknown quantities cootatned in it, or the tenditiont 
of it as thej are called, muft be exprcffed by equatiom, 
l1«fe^wrtitAs*Kii»g-rtWwd by their pttiper niles, 
villcfVBttK'a^h«r«(ilie<iBeftion. 

M, Divifion ef^ejieiu, 

..ThediviGon of que^ions arifes firom four different 
(rrint^t^; ift> trata tbnt tnture; 2d1y, from the 
number of the unknown qoatkhics ht rtTatioa to the 
fltrmbet trf the condWtinsi gtfly, ftort the higheft 
I the tiirfntoirn ^ttitftiy to be found in any 
Tcna 



term b( final eqnation ; and 41^7, from tbe number of 
tbc letiers emj^^ tA ca^pce^, t^ unkivma f»mfcMo 
whicb: are to be found. 

Siirfl DMfim. 

C^cftions by their nature are eiAer^q^/^ or mpt^ 
bit. A queftion is i^ffible when, iti condiUOQS are not 
ftmnd to. be inconi^nt, erther wttb one aqother or witU 
theprMidip)i6»of our-reafenittg,. or with the nature q% 
thtogs which are treated of in the queftbn ; and on the 
the contiacy^ a qniefltioa i» imfit^l^ w4iQn danr^. nse no 
condici0Q3 affording any eqM^on, or whctt the Coodi«» 
tibns are inconfillent». either jvii^ W€t aooiimv^ widi 
the principles of our reafoning, or with the nature 
of the tbldgsi which ace tceated; oL t wUt ^nsfiant tfiia 
divifion by the following Examples : 

Example t 'What are tw> numbers, whole fun It 
20 and difference 10 ? 

Thefe conditions are not inconCdent with one ano- 
ther, and no abfordity i& to bs found ; therefore the 
BUfbbers fought are 15 and 5. 

Fxa.mpk n* To Gnd two nurnbcr^^ enc^ of whjdi i« 
double of this othetit and the t^hird ps^t q£ th^ groafttt 
double of the fifth part of the lefs; nuqdiei^ 

Thefe cooditiots are loconfiftent with one another, 
becaa& if a s»mber is double of anotherj the third oart 
of t^ ^eater BEwft be double of the thitd, ami n^t 
of the fifth part of the lefs nt^mbefb 



Example 
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Example IIL I demand a number whc^ half may 
be double of its third. 

This condition is inconiiftent with the principles of 
our reafontngi by which we are inftruded, that a half* 
of any number is double of its quarter^ and therefore 
it cannot be double of its third. 

Example IV. To buy ao horfes, fome blaek and 
Tome white, fo that the white may be 3 more than the 
black, how many muft I purchafe of each ibrt f 

The anfwer being iif white and 8i black, fhewt 
evidently that the conditions are inconiiftent with the 
nature of horfes, which are indivifible. 

Example V* What is the number I carry tovt in 
my mind ? 

This queftion aflfording no condition proper to ita 

refolution, becomes impoffible* 



Second Divifion* 

Confidering the number of the unknown quantities is 
relation to the number of the conditions, three cafes 
are to be found ; for the queftion may comprehend ex-- 
f re/sly or implicitly^ i ft, as many independent conditions 
as there are unknown quantities to be difcovered by 
them ; sdly, more independent conditions than an* 
known quantities ; and 3dly, more unknown quantities 
than independent conditions* 

I faid, that fo many independent conditions ought to 
be comprehended in the queftion exprefslj or impUeitlyi 
becaufe it may happen that a condition may not be ex- 
jprtffed in a queftion and yet be implied in the nature 

of 
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df tte* thing; thus, in a qaeflion, wh*rc feveiral tod^ 
9/tc to be fee upright in a (Iraight lin^ at certain inter* 
vals, it is implied, though not exprefied, that the nuih^ 
ber of intervals mud be lefs than the number of irodk 
by unity/ See Chap. Vv Seft. !• Queft. X. 

Sometimes a condition may be introduced infd 1 
i|ue(Hon that included two or more condttior^ ; as, when 
we fay, fotor numbers are in continual proportion, we 
tnean, not only that the firft number is to the fccot^d, 
as the f^cond is to the third, but alfo, that the fetond 
is to the third as ihe third is to the fourth. 

Laftly, it is to be obferved^ that the conditions, and 
hetice the equations exprefling themj muft be indepen- 
dent, that is^ the one mUft not be deducible from the 
other by any mathematical reafoningi for, otherwife, 
there would in cfFeft be only one equation und^r two 
different forms, from which fo folution can be derived. 

Cafe I. When there ate as many independent con- 
ditions as there are unknown quantitie$> the quedion is 
juftly propofed, and called determinate, bccaufe by 
Its nature it is determined to admit of a finite number 
of anfwers, ahhough by its cotiditions the anfwers may be 
found fometimes impomble* Examples will hi given at 
their proper places. (See the queftions of Chap. Vl.) 

Cafe n. When there are more indept?ndeOt condi- 
tio is than tihknown quantities, any condition will be 
6thcr unneceflary or iticonfiftent with the others ; and 
therefore the qucftion, which is more than determinate^ 
^ill contain either a thebrem, or an impoffible problem. 
Suppofe it is required to find a number, half of which 
is 5, arid its fifthia:'? ; the number is lO, and the quef- 
tion contains a theorem, becaufe^ if V = 5» it ought 
to be *Y='' But, tf half of the number fought muft 
be 5, and its fifth = 3, the queftion becomes impoili- 

D d ble, 
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bie, becaufe the mimber aofwering to the firft condhioa 
is but xo, and the Dumber required by the fecond 
eondicion is 15. 

Cafe III. Laftly, when there are more unknown quan* 
titles than independent conditions, then the queftion is 
called indettrnunaU^ becaufe it may admit of an infinite 
number of anlwers, fince the conditions wanting may 
be aflumed at pleafure. There may be other circum* 
ftanceSi howevefi to limit the anfwers to one or a pre- 
cife number, and which at the fame time cannot be di- 
redly exprefled by equations. Such are thefe, that 
the numbers muft be integers, fquares, cubes, and ma^ 
ny others. The folution of fuch queftions which are 
alfo called diophantine, ihail be confidered afterwards. 
(See Chap. VII.) 

Third DivifioUt 

If we conGdcr final equatio'^s, or equations contain* 
ing one unknown quantiiy and its powers ; thefe equa- 
tioD8» as well as the quedions producing them are divi- 
ded into orders or degrees^ according to the higheft 
power of the unknown quantity to be found in any of 
the terms of the faid equations. 

If the bigheft power of the unknown quantity in any 
term be the id, 2d, ?d, &c. the equation is called 
Jifnplc, quadratic f cubic ^ &c. and the qucllioo of the 
xft, 2d, 3d, &c. order or degree:. 

But the exponents of the unknown quantity are fup* 
pofed to be integers, and the equation is fuppofed to 
be cleared of fractions, in which the unknown quanuty, 
or any of its powers, enter the denominators. Thus 

tr + 5 = is a Cmplc equation ; j^r — — = 1 2, when 

cleared 
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cleared of the fradion by multiplying both fide$ bv zx, 
becomes 6;?' -5 = 24* a quadratic; x' — 2x*=:;r* — 20' 
is an equation of the 6th order or degree, &c. 

Fourth DiTiGon, 

Liftly, queftions are faid to be with one unknown 
quanticy^ with iwo^ with ibreff with four^ &c. un- 
known quantities, as there are one, two, three, four, 
&c. letters employed to exprefs them. 

Notem It is often cafy to employ fewer letters than 
there are unkuown quantities, by expreflitig fome of 
them from a fimple relation to others contained in the 
conditions of the quefttons, which confequently mud re<* 
ceive their name, not from the number of the unknown 
quantities, but from the number of letters employed to 
exprefs them; ^(See Queftions II, III, VIII, and XX 
in the Note.) 



CHAPTER Ih 

OF WRITING 
ARITHMETICO-ALGEBRAIC ALLY 

W E arc faid to write aritbrnetico'dgebraicalfy when 
^y figures, letters, and mathematical figns we reprefent 
^e known and unknown quantities in the qneftion pro- 
pofed, as well as their fum, diSerence, p.*oduA, quo- 
tient, powers, roots, and compound operations, re* 

D d 2 quired 
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quired in it } and alfo, when by equaitioos wc axprcU 
the conditions of the queftion, that is, the relations of 
the known and unknown quanrities, contaiocd in it» 

The principal buhnefs ot this Chapter will therefore 
be the fundamental operations i)])on the known and un^ 
known quanritics, aid thf exprefilon of queilious, that 
]s the tranfldting qf them from common language intq 
that of analylist 



I. Fundamental' Of^ratioMSp 

Definitions* \. ^Th*; juxta ppfif ion ^ X^ntrt ^ in the 
fame word, exprellcs tlie produ^l of the quantities de- 
noted by thefe letters. Thus yy cxprefles ttie produft 
of X and y ; xyz exprefies the continued. pro4u£k of x^ y^ 
and z. 

II. A number prcBxed to a letter is calle<| a mm^refl 
coefficient^ and exprcffes the prodtift of the quantity by 
that number, or how often the quantity denotefl by. the 
letter is to be taken. Thus 3 is the coefficient of x in the 
produft 3^5?, and it cxpreffes that the unknown quantity x 
muft betaken three times. 

l-I. The quotttni of two quantities is denoted by 
placing the dividend aboye a fjnall.line, and the divifgr 

■% X 

beloA^' it, as in numbers. Thus — is the quotient of 

X divii^ed by y. This exprelBon of a qOotient is alfo 
failed a /rfl3/>/r, 

• IV. i\ q.iantJty is faid to htjimfk which eoftftfts of 
• one part or term as x or — »v, xy^ 3*:v; and a quantity 
is faid to hce$mfound when it coufiAs ot tiroive jh|in cne 
term, cpnn^fted by the iigns 4. and — , as in nuinbers* 
If there arc two terms, as -v4 zy^ it is cajlod a /'/«wia/4 
if i^rec, as a; + 2^ • 3, a ttinmial,- ^c. 

V. Sitn- 
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V. S&n^ quntBthflCfi or tiie tenns irf dMntxHiiid 
quant'ttiesy are faid to be Uke^ which c<»ifift of the fatne 
letter or letters equally repeated. Thus k and 35^, xy 
and - 3)?y, xx and zxsfs 9cicj and — /^xy^ are like quan- 
tities ; but X and y^ $x and ay, 2x^ and 3;cx4r, ixxy and 
jx/y, are unlike. 

NoUs. I. When a produft fe expreJTed by the fanic 
letter repeated it is called a power, and it is exprefled 
^y an exponent, as in numbers. Thus xxzz9^, xxx 
szx', &c. 

II. When a term has no numeral coefficient unity is 
linderftood. Thus ji^s'ijp, xy^ixy, &c. 

III. Becaufe the fign -r- is alfo a mark of divilion, it 

mud be-^ — zzx-^y. 

y 

IV. Since i(^:=.xHx^x XXX zzx^ xx*9 powers of the 
fame root are multiplied by adding their exponents. 

x^ 

V. And becaufe x^ =: -j., poifrers of the fame root are 

divided by fubtrafting their exponents. 

VI. Laftly^ being x x yz = xyz, and cdnfequeotly 

xiz—- 9 in the divifion, the letters commoii both to the 
yz . 

divideod and divifor are to be expunged out of then. 

yz z 



General Rule* 

The fundamental operattom vpon the quantities follow 
the fame Ruks as the ctmrpomtd operations upon the nxm» 
hers (See Part 1. Chap» V. Seft. Vf.) but fubjoining to 
tb0 refult oftbeftgns and coefficients the rejult of the let^ 

ters^ 
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fus^ s^cordhg U the foregoing Definition and Notes j as 
may be feien ia tbe following 

Examples^ 

Addition. 

Jf* +*r + 5* + 5^ - <J2f - lo 
*<_Afy+3if-2jr+4z-i5 

: + 

Subira3ion. 

» 

x'+xy+St+Sy- 62-10 
**-*y+3*-2jr+ 42-15 

* zxf + 2x + jy-ioz+ 5 

Multiplication. s 

Firft af+ jr Second x+jr 



+ + 

xx+ixy+yy x* * -f 

Third x^ + ^x^y-^xy^ 

X 



.**.3 



+ 

A*' - **jr - J 3*y +ify + 1 2*/ 



JDi. 
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Divijiim, 
Firft. x+J* ) xx-\-ixy^yy ( *+^ 



•Secood. *+/)«* -y* (^ x~y 



- xy -jy- 



• * 



Third 



I 

CO 

I 
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^ 

.b 






H H 

rf> CO 

T I 

I + 

I 





W 1 


C4 


r< cl 


t^ 


« 1^ 


+ 1 


+ + 


i»» m 


♦^ « 


.'^-'^ 


-^..'^ 


H M 


21 H 


o\ 


Moo 


1 + + 


1 1 


f* tl 


•• f< 


«^«^ 




3« H 

00 


^^ 


1-4 


1 1 


1 t 


■ 


/^.'^ 




H H 


« 


CO on 




1 i 





+ 



Note. The terms of the dividend are to bft ranged 
according to fomc one of its letters, and thofc of the 
divifor according to the fame letter, as did in the e^^ 
tmples according to the powers of k. 



II. fir- 
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II. ExpreJJion of^tfejlions^ 

to thi8 way of notation it is required to fubftitute 
any letters only for fuch quantities as are unknown, and 
to exprefs by equations the conditions from which they 
are to be inveftigated. 

For example, if the queHion is concerning two num- 
bers, they may be called ifznAy 

If it be required that cbe'^ 

fum of the two numbers I it4-vr:6o 

fought be 60, that condi- j '^'^ 
lion is exprefled thus J 

If their difference muft 1 x-ftaiA 

be 24, then j ^^ ^ 

If their produd is 1 640, 1 jtry = 1 640 

then J , ^ ^ 

If their quotient muft be! ^-:-yri6or— = 6 

6, then ^ f y 

If their ratio is as 3 to | . , 

a^ then Ja:s;^::3I2, and hence 2x = 3jf 

If the fum of their! *4- * — 

fquares is 100, then j ^ +;f — loa 

If the difference of their 1 * _ « .. ^g 

fquares is 28, then j ^ 

If the produft of their 1 ^Y -. «^ 

iquares is 36, then J / ^ 

If the (quotient of their 5 il ±= 4 or x'— y*=:4i 

fqnares is 4, then J >* * • / ^ 

If the produft of their^ 

fum multiplied by their I if+;^x ^-.^ = 84, or 

difference mud be 84, j k" -/ = 84 

then J 

£ e If 
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'one fub- j 
fcvcnths > 
II, thenj 



If the quotient of their' 
fum divided by their dif- 
ference ought to be 14, 
then 

If two thirds of one and 1 
four fevcnths of the other I 
make 60, then J 

If two thirds of one fub- 
trafled from four 
of the other leave 

If their fum muft be 4 1 
limes their difference, then j 

If the fum of their] 
fquaresis five times the fum > 
of the numbers, then J 

If their produiSt is 6 times 1 
their fum, then j 

If theirproduft is9times f 
their quotient, then (_ 

If one number muft be ^ 
as much above 20 as the f 
other wants of 20, then ^ 

If one number muft bel 
three times as much above I 
20 as the other wants of f 
20, then J 

If one number increafed^ 
by 12, muft be to the I 



other, increafed by 8, as 



i 



J to 4, then 

If their difference, fum,^ 
and produft are to each 
other as are the numbers I 
two, three, and five re- j 
fpeftively, then j 



— ^ = 14 
X -y 



3 7 

7 3""^^ 



x+y=:j^xx^y, 
or x+yrz^x^^y 

xy:=6x^+Jl 
or xy=:6x+6y 

QX 

or xyzz^^ 

y 



* — 20 = 20— jf 



AT — 20=r J X 20-*jr, 

or JT — 20 3:60 — 3^ 



flf+i2 :^ + 8 :: 3 : 4 
hence 4^+48 = 3^^ + 24 



x-y : x+y : : 2 13 

whence 3* — 3^ = 2* -f 2y 

x-^-yxxy :: 3 : 5 

whence ^x + ^yzz ^xy 



If 
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If one Bumber oughil 
to be as many times con I 
tatned id 20 as the other | 
contains thenuinber4, then J 

If the number 20 mii(t>. 
be a mean proportional 1 
between the two numbers j 
fought, then ^ 

If the greater being>^^ 
divided by the lefs, and | 
again the lefs by the [ 
greater, the firft quotient j 
mull be to the fecond as J 
5 to 3, then "^ 

If one number increaf->^ 
ed by 2, and multiplied I 
by the other diminifhed J 
by 3, produce 40, then ^ 



20 



or 10 : X :: y 
whence xy: 



-2, 

4 

:4» 

= 80 



* : 20 :: 20 : jr 
whence xy =: 400 



X y 

y ^ 

whence ^ 

y 



3 

X 



x + 2xy--3=4o 
or xy •" ^x + 2y — 6 zz ^o 



Thefe are fome of the relations which are moft eafi- 
ly expreffed ; many others occur, which are lefs obvi- 
ous, but as they cannot be defcribed in particular rules, 
their expreffion is beft explained by examples, and 
muft be acquired by experience. 

It has been remarked that it is often eafy to employ 
fewer letters than there are unknown quantities, by ex- 
preffing fome of them from a fimple relation to others 
contained in the conditions of the queftion. Thus, the 
folution becomes more eafy and elegant. Inhere are 
fome examples of this kind of notation. 



Conditions. 

The fum of the two 
tiumbers fought is 60 
Their difference is 24. 
Their produft is 1640 



Notation. 



} 



£ e 2 



X and 60 -^x 

X and;c + 24 

;r and 1640 -rx 

Their 
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Their quotient is 6. 

Their ratio is as 3 to 2. 

The greater is 4 times 1 
the lefs. 

Oae with half tlic other 
makes 20. 

Their fum is twice tbcirl 
differetice. J 



) 



X and Jif-r6 

X and2x-r3 

X and ^x 

X and 40 - IX 

X and ix 



CHAPTER III, 



OF READING ARITHMETICS 



ALGEBRAICALLY. 



DEFINITIONS. I. When a quantity (lands alone 
upon one fide of an equation, the quantities on the 
ether fide are faid to be a value of it. Thus in the 
equation x=:6o-jr, x (lands alone on one fide^ and 
60 - jT is a value of it. 

11. When an unknown quantity is made to (land alone 
on one (ide of an equation, and there are only known 
quantities on the other, thnt equation is faid to be re-^ 
fohed; and the value of the unknown quantity is called 
a root of the equation. Thus the equation x^zq i% re* 
folvedj and 20 is its root. 



If 
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III. If there are fome . iif-L-S— 2 ^ 

equations, as A, B, C, D, "J 2 "" "4 

E,F, containing the fame g 8x + 30=z,6o-ix 
value of the unknown o \ 

quantity ^, it is manifcfl, ^ 8x + 3^ = 360 - 30 

that the value is immcdi- D iix=:330 

ately and evidently, with- _3?^ 

out any rcafoning, per- *• ^^^nT 

ceived in the equation F, _, ^ 

but not fo in the others *==3^ 

E, D, C, B, A, which Q ^ + 5/= ,6 
gradually require a rea- 7 3 
foning more and more ^^ .-y 
complicated, fo that it H — — ^ = 2S 
would be very difficult ^ 

to deteft that value in the ^ *= ^4 

equation A. The diffi- K J=6 

culty increafes as the num- 
ber of the unknown quan- 
tities and of the equations is greater, as may be (een 
in the equations G and H, in which x and y have the 
fame value exprefTed by the equations I and K : but 
if there may be fome methods of drawing from the 
equation A the equation F, and from the equations 6 
and.H the equations I and K, and in general from any 
number of equations fome others of the fame form as 

F, I and K, then the values of the unknown quantities 
would be manifeftly perceived. The ufe of thefe roe* 
thods arc what we call here to read ariibmetico-algebrau 
tally J becaufe we are enabled by them to read the value 
of the unknown quantities, although concealed in very 
complicated equations* 

The principal objed of this Chapter will therefore 
be the reducing final equations and refolving them* 



SEC 
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SECTION I. 



RESOLUTION OF SIMPLE 

E Q^U A T I O N & 

L Refoluiion of Simple Equations^ containing only 

one unknown ^antity. 

SIMPLE equations are refolved by the four fanda- 
mental operations already explained, and the applica* 
tion of them to this purpofe is contained in the follow*^ 
Roles. 

RULE I. To take away the froBions from an equa^ 
tion, multiply the equation^ that is, each term of it, by 
the leaft multiple of all the denominators, reducing each 
Jra^ion to its whole. 

Example* 

^+A= 30- ^ 
3 a 4 

8^ + 30 = 360- 3jr 

RULE II. To bring all the unknown terms on one 
fide of the equation and all the knoijun on the other, tran- 
fpofe all the unknown terms to one fide and all the known 

ones to the other, changing the figns of the terms you 

tranfpofe. 

Ex- 
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Example. 
If 8x+30=:36o-3x, then Sx + ^x z= ^60 -- ^o. 

RULE III. To reduce an equation to its Jimple ex^ 
frtfftm^ do the operations that the' fever aljigns demand. 

Example* 
If 8;if+3flf=:36o-3o, then wx^'^Tp. 

RULE IV. To take away the coefficient or multiplier 
of the unknovm quantity^ divide the other Jide of the equa^ 
tion by it. 

Example. 
If iix=33o, thcn*=:V/> or*=:30. 

General Rule* 

Any fimple final equation may be refolved by thefe 
Rules in the following manner : 

Firft, Take away the fraSions by Rule L Secondly, 
bring all the unknown terms to one and the fame Jide^ viz. 
to thatjide^ which after reducStion will exhibit the un^ 
known quantity affirmative^ and all the known terms to 
the other by Rule II. Thirdly, reduce the equation to 
its fimple expreffton by Rule IIL Laftly, find the root of 
the equation by Rule IV. 



Ex- 
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Example L 

(Rule I.) 30Af- 15^ + 72= 8X+156 

(Rule 11.) 3oy-i5x-8x=:i56-. 72 

(Rule III.) 7x= 84 

(Rule IV.) *= V= " 

Example II. 

/f- c= 9^^ 8 
8 ^ 10 

X 40 

(Rulel*) 35:ie-2oo=:36;if-.32o 

(Rule II.) 320-200 = 36«-35r 

(Rule III.) 120= X 

II • Rcf(Uuti$n of Simple Equations invohing two 

unknown ^antities. 

Thefc equations may be refolred by any of the fol- 
lowing Rules, 

RULE !. A value of one of the unknown quantities 
mujl be derived from each of the equations ; and tbefi two 
values being put equal to each other ^ a new equation will 
arife^ involving only one unknown quantity^ and may 
therefore be refolvedby the preceding general Rule. 



III. Ex 
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JExample. 

lid equation sx-^y—go; id eqaation 2* +5/ =160 

5*=:90+3jr ■* a«=i6o-5y 

90+3y ^_ i6o-5y 

5 «^ 

Hence ?2i:i2:=iiizfJ: 

5 a 

^ X 10 

180 + 6^ = 800 — 25;^, or 31^^ = 620, zndyrz20. 

Again, becaufe 5x — 3^^ = 90 and 3^^ = 60, 
it will be 5x — 60=90 and * = 30. 

RULE II. A value of me of the unknown quantities 
mujl be derived from one of ti^ equations ^ and fubftituted 
inftead of the fame unknown quantity in the other equa* 
Sion, which will contain only one unknown quantity^ the 
value whereof may he found as ufual. 

Example* 
ift cqu. 5x-2iyzzgo; 2d equ, 2^ + 5)^ = 160, 

whence x — ^ ^ ^ which value fubftituted, inftead of 

X, in the 2d equation, will give ^ + SJf = 160 

5 
and / = 20. 

RULE IIL Multiply the firfl equation by thecoeffitisnt 
of^(ory) in the fecona equation ; again, multiply the fe^ 
cond equation by the coeficient ofx (or y) in thejirfl equa^ 
tion \ then either fubtraSt or add the new equations hence 
arijing, according as the faid coefficients have Itke or 
different fignsy and you wiU get an equation with only one 
unknown quantity. The rejl as before. 

F f Ex. 
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Example* 
iftequ. 2X+- 57 = 160 2d cqu. 5J^ - 3 V = 90 

■ X 5 X 2 

3d xoar+ 257 = 800 4th 10^-67 = 180 

4th lOx- 67=180 

♦ 317 = 620, aQd7=20. 

Or thus : 
ift cqu. 2Af+ 57 = 160 2dcqu. 5x- 37= 90 

■ — X 3 ' X 5 

3d 6^^+157 = 480 4th 25'*- '5)^-450 

4lh 25^-155^=450 

+ 

31X ♦ =930, and:i:=30. 

The fame Example may be written as follorvs : 

id equ. 2r + 57=i6q1 5 f ioar + 257 = 8oo 
2d 5a:-37= 90/^2^10^:- i&7=i8o 

* 317 = 620; 7 = 20* 

Or thus : 
I ft cqu. 2.v + 5y=i6o1 jf 6ar+ 157=480 . 



if- — 



l\x ^ =930; jr=30. 



RULE 
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RULE IV. Take S, orTifor the fum w difference 
of the Wikmwn quantities ^ then endeavour to get bn Jub» 
Jlitution a final equation involving only the fum or diffe^ 
rence required, the value whereof found as ujiial, andfui" 
fiituted in the other equations will give the values of lie 
unknozvn quantities them/elves. 

Example L 

z^+jy-iS, or 48+3^ = 18 

iije+' 8^ = 27, 8S + 3*=27 

+ + 

iSx+isy^459 128 + 38=45 

Hence 158=45 and 8 = 3 

18-4S 18-12 



y- = =2 

3 3 

y ^ 27-8S _ 27-u ,,y 

3 3 

Example IL 

4X+ 7)^=18, or 4S+3jr=i8 
ij^+I4;k=^39> 118 + 3^=39 

JX+ 77 = 21 78 * =2i&S=3 

Hence y:=: z?= ...... .. =g 

4 4 



F f a Ex< 



Ezaqiplc III. 
7*- 4faio, or ;*+ yjr- 11^=10, 

*' ■ ' ■■ + - - J. 

chat is 78 — 11^ = 10 
88+11^=35 

+ 



. ■ ■ ■ ■■ 



15S • =45 

Whence S=3,^i35::l!=x,aad;c=ii±^=a. 

Example IV. 

jx-4y=io, or 7^+77 - 117 = 10, 
i6x+sy=27> : 5^+ ST + «u = 37, 

9J: + ar = 27, -2«-zj!+iix+ii;» = 27, 

that is 7S — 11^=10 
5S+ii*=37 

-2S + liS=:27 

Whence 98=: 27, and 8=3, 
;=Z5j;^=,, and ;c=il7zi?=z. 



Example 
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Exam^ V. 



7** 4^=10, or 4D+3X =io 
Bx-iiyz: 5, 8D-37 = 5 

+ -~ + 



I|«-i5;f=rj5, 120+30=15 

Hence 15D =: 15 and D= I 

_ 10-4D , 8D-5 , 
«— 2Z_.=:» and v=: ? = i 

3 - J 

Example VL 



I' 



7x- 4y=io, or 40+3;^=: 10 
i4«-iijf = i7, iiD+3«=i7 

7*-- 7J= 7t 7D * = 7Al>=» 

XT IO-4D ^ 

3 
>=^ .=ru 



Example 
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Example VII. 

yx+ 4y = i8 or 7*- 7^+11;^ = 18 
i6x-2yy=: 5 i6x-ify-iiy= 5 

+- + 

t3x:^2$y:=zS ^zxr-i^y ♦ =23 

that is 7P+iijf;=i8 

+ 



i«M«B 



23D * =23 and D=r 

"Whence t= ' ~' =i,zni x=^ . ~^^ =z. 

u 7 

EwmpIeVIIl. 

j«+4jr=i8, or" jx-yy + iiy = i8, 



IBI 



gx-^yzz 9, -*2;r+2;f-(-itar-ii^= 9, 

that is 7P + iijr=:i8 
5D + iia:=27 



-2D + iiD=9 



Whence 90=9 and D = i, 

T = i— =19 and ;r=-i — ?— =2. 

II II 



Hates. 
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Notes. I. If the equations have any fradions^ they 
muft be previonily cleared of them. 

li. In applying of Rule III. if the coefficients of the 
unknown quantity which ought to be exterminated, ad* 
mit of a common divifor^ it muft be taken away by di- 
vifiony and the quotients hence arifing, ufed inftead of 
the faid coefficients^ will furnifh a more (imple final 
equation. 

^ Example. 

2o*+9y =49! 3 r 60.V+ 27;f = 147 becaufe2o=:4 x 5 
ia^-7/=i7J 5160^-35;= 85 12 = 4x3 

♦ 62yrz 62orjf = i. 

III. The fubftitution of S (Rule IV.) in the equa- 
tions inYolving three or more unknown quantities, gives 
fometimes very fimple refolutions, as may be feen in 
the following Example, and in the Queftioiis. 

IV. When the mark of fubtraAion is put before the 
line drawn under the equations, as in Examples II. IV. 
VI. and VIII. of Rule IV. the fuperior equation muft 
be fubtraded from the inferior; and that is only 
done in order to get a pofitive remainder in the fub* 
tradion of the numbers or known terms. 



III. Refolution of Equations involving three or nwre 

unknown ^antities. 

RULE. By one of the explained methods one of the 
Mnknown quantities may he exterminated from the given 
equations^ then another from the new equations ^ andfoon, 
tiU there remains a final equation y the refolution of which 
will furnifh alfo the refolution of the others. 

Ex« 
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Example. 



x+Z±^=34^ 



r 



2_ 



2«+ y^- 2— 68. 



£.+2+2=34, 
4 4 ^ 



a:+ jp+42 



lOZ. 

• 
136. 



Therefore 



Then x- 2—? 

4f=si36-jf-4* 

"^ rr 102 — 3jf — a« 
2 
102 -3jf-:? = 156-7-42. 

1^6 — 2 
Whence 7= -2 . 



32^-34 



Confeqaeatly 



32-34_«3<S-« 



a 5 

Hence 2=26, ;r = 2Z, and *= 10. 



Bf 
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By the fabftitution of $. 

x + ^jf+ z=:i02 
x+ y+J^z± i^6 

tbat is x+S:=: 681 6f6x+ 68^2408 
2y+Ss:ioz> x3<6y+-3Sx:7o6 
3a+S=i36j *[6«+ aS=:272 

68+1182:986 

Heoce 17 S = 986, S :± 58, « = 68 - S - xo, 
^ . 102-S , 136-S . , 

> = r:23, and a=:-iii :±i§i 

a 3 



SECTION n* 

RESOLUTION OF EQUATIONS OF ALL 

ORDERS. 

L Sohaion »/ Equatieiu, wbofi Roots art com' 

menfiirate* 

DEFtNlTtON. The ^ ^/i//< term of a final cquarioa 
is that into which the unknown qaancity does not enter. 

RUL£» jIU the terms of tie final equation being 

brought to one ftdey find all the dsvifors of the abfolute 

term and fubfiitute one of them at pleafure in the place of 

of the unknown quantity in the equation. If the divifor 

fubjtituted (which may be called the firfl difligt) gives a 

G g refult 



\ 
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refidi zzoj iijballbem rod ofibi efiuakm; hH if there 
if a rewidimder, tMek mof lit €aUid error, fiul all the 
Svijart cfii^ and mber fubtraSu^ eaA ef tbefe itivifart 
fmerdUj frem the firft divifor ^ it be iito greats er 4uUuig 
item to it feverally if ii be tee littU^ write dcwm ail the 
manberi heme arffif^, which may he called correfiions ; 
then mark with a iukepar all ihoje eerreOiem which are 
fotaui ie he equal te attjf tlim^ ef the abfalace term, he* 
caufe among them meift be nece§airihf the recti required. 
TUrefere ^th/liiuiittg again one ef tbefe carreBions infiead 
ef the makaemm quaaiity in the equation^ and repeatiag^ 
if there is fiiU am error ^ the Jatd eperaUens ; the new 
cprreSiom which arefeuad to be equal to any of the fere* 
going correSioiu which arc marhU with the little fiats 
nusj be the rootr required^ and they etught te be by the faaaa 
method deternuaed. 



Example L 
Let jcr=ri6jr — do, that isxr— i6j:+6o=:o. 



Abiblute ( 


Bcnn* 


ItsdxTtfiirb 


60 




I 

2 


30 




*. 4 


»S 




3» ^» «• 


5 




5» «o, 15 


i 




20, 10, 60. 



Tful. 
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Trial. £n»r. Ittdivifors, 

« 

I 

X : 3 3» ^» '* 






rfta-«**a 



f.. .' 



Corredioos. Proof ift. 

12- 7±:io* 3jroot» i6= i6 

"r 3- 9 . 

12- 6= 6* a root* 

12 — 12= o 



X 

— r 


i6ar= 

• 


160 

100 


• 


-16*= 


-60 
60 



« . t 



ar*^— i6ap+<0 = 



Proofsd. ; 

x= 6 

16= 16 

i6x= 9^ 

x*-i6x= -60 

60= 60 

+ 



G g 2 Ex 
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Example II« 

Let a?* - 2«* r- 33J?+90=:o, 

Abfolote terok Its dlfifon* 

90 i 

15 $. 9. »S 

5 if» 10, X5» 3Q 

» 45» 90' 

Trial, Error. Its divifofs. 

xsf 2 24 a 
>33 I* a, 4 " 

. . "*= 8 S 3, 6, 12, t^. 



a«'+33«f= 74 
«»= 8 

[ ..^ 

«*-««* ~33«= -66 

90=90 

:+ : 

*^-M*-33«+905;24 



t 



Cfi^ 



* • 
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Corre^Bons. TriaL 

r 

^+1=3* Arrr 6 

12+ 2= 4 X33 » 

i+ 3= 5^ 33^= 19* 

2+ 4= 6 • 2;r'^= 7x 

a+ 6= 8 + 

2+ 8 = 10 ♦ 2;:*+33ar= 270 

a + i2 = f4 ;v'= 216 

2 + 24=26 



^ 



+ 



90= 90 



«*-z«*-33ar+90= 36 



ron 


Its diyifors. 


Corrections* 


3f 
18 

9. 

3 

I 

1 


a, 4 

3» <J. " 

3< 9. «8» 36. 


6-1=5 * aroot, 
6 — 2=4 

6-3=3 * aroot. 
6-4 = 2 
6-6=0 




) 

Proof ift. 


• 




x= s 



J<33 



33«= 165 

2xx=: 50 



a««+3?a:=: 215 



«*= 1*5 



**-a«*-33jp= -90 

90 = 90 

+ ■ 

jB* — aa?* — 33«+9o=: o 



Proof 



IVoef 3d. 



I I . « J 1 



jf*'— 2x' — 33* + 90 = o 

Kffin^ % lo any eqoattoBi the tenm being regu- 
blf ammged ^ in tli|e preceding exampfcs» there are 
as Kpnj pofoiTe rpots ^s there are changes in the ligns 
«f Ac terms fiom + to -^^ and froQi -7 to -h; and 
die leflMining XMts tre negative,/ Thor^ in the laft 
tsfKMm s^^ise'^ 33^1^+90 =0, I wo being the changes 
ii tbe fignsy two are its poGti? e roots, and the third 
aoDaiofng b negatire. 

IL To find the negaure roots of an equation, both 
dbr firfl dif ifor and tlic corfeAions muft be with the 
%p — • Thus, )f in the laft equation yon fnppofe 
;r= —9, yoB wiH find the error — 504, hence the cor* 
itAiou -S» -7, --6, Stc. and the true root ^ -64 



Trials 



< n« ) 

XfoL 



•mm 






+ 



** = - 7^9 



i*««Mta 



90 =: j^o 

+- 

«»-*** -3 3*+^- -504 

« 

Error. Itidinian. 







X 




-504 




2 




-252 




3. 


.4 


— 126 




a» 


S 


-6, 




3' 


^ 12, 14 


-ai 




3* 


9* «*.&«♦ 


-7 




7» 


14, *i, te. 


-I 











GortefiioQS. 


« 


i 


9+1 = 


-8 




— 


9 + t = 


~7 




— 


9+3 = 


-6 • 


tiietniefoM* 


- 


•9+4= 


-5 * 




- 


■9+6= 


^mm n 4^ 




- 


-9 + 7 = 


-a ♦ 


■ 


— 


■9+9= 









Proof. 

L -- - 


A 


-4I( 


5-7a+i 


i98+90=:Oi 



m. If 
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m. If Achighcft power of ftt unknown quantity 
kts any coefficient, it may be taken away by fubftitut- 
iDg for this unknown. quantity another divided by that 

coefficient. Let the equation be tcx - ^+-L =r o, that 

6 6 

i»6«x-5x+i=:o* Suppofc «=4» ^J»cn by fubfti* 

6 

tudon you will hate ^-^+ x rr o; or ^-5? j. r 

36 6 * 6 6 ^ 

rro, and coofcquentlyjrjf- 57+6=0. Now, the roots 

of this new equation being 2 and 3, that is j=r2, and 

y=3f weget jf=-l=:J.andar=r4==-^ 

63 62 



lU SolutiM cf Equations wbofe Roots are 

incomminfurati. 

WHEN the roots of an equation are incommenfu* 
race, but poflible, we can find only an approximate va« 
luc for them, but to any degree of exaAnefs required. 
There are varicus rules for this purpofe ; one of the 
rooft fimpte is that of Sir Ifaac Newton^ which (hall now 
be explained. 

Let the equation be «' - air - 5 =0. 

Firft. Find the nearell integer to the root ; in this 
cafe the root is between 2 and 3, for thefe numbers be« 
ing inferred for x, the one give a p6fici\re and the other 
a negative refult. Either the number above the root, 
or that below It mav be affumed as the firil value ; only 
it will be more convenient to take that which appears 
to be iieareft to the root, as will be manitcft from the 
operation. 

Second. 
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Second. Suppofe x^z+f^ and fubftltute this value 
of X in the equaiion. 

;.'= 8 + I2/+6/+/' 

+ 



;v'-2;f- 5= -i + io/+6/+/^=0. 

As/ is lefs than unity, its powers j^ and/' may be 
negle^ed in this approximation, and 10/^ i> or f=n 
=0.1 nearly, therefore ;f = 2.1 nearly. 

, Thifd. As/=:o.i nearly, let/=:.i+^> and infcrt 
this value of/ in the preceding equation. 

/'= 0.001+ 0.05|'+0.3^*+^* 

6/*= 0,06 + i.2g +6g\ 
10/ =1+10^ 
-I r: - 1 

P + 6ff+iof'--i= 0.061 + 1 1. 23^ + 6.3^* +^'=0 

and negleding gg and ^' as very fmall, Oio6i + 1 1.23^ 

— 0.061 , J, 

=0, or p* = = — 0.00 j43 I hence / — o. i + f 

11.23 "^ •^ 

2=0.1—0.00543=^0.09457 tie^rly, add xzzi.o^^^y 

nearly. 

Fourth, This operation may be Continued to any 
length, as by fuppofing j:± -(^.00543 + ^, and fo on, 
and the value of ;rir2.09455i47 nearly« 



■wt^rr* 



H k Ketft. 
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Notes. I. By the firft operation a nesrrerralue of * 
may be foand thus; fmce/=:o.i nearly, and — I+Tq^ 

— = — : — = 0.0942 nearly, fand 
LCI 10.61 • ^ 



10+06+0. 
x = c.094Z nearly. 

IL In the fame manner may the root of a pure ^qua*' 
tion be found, and this gives an eafy method of tp- 
proximating to the roots of numbers which are not 
perfeA powers. A pure equation is that which contains 
only one power of the unknown quantity, as zx^ ^ 36 
=:x*, ip'-64=:o, 2af*- 20=^^^ + 70, &c. if there arc 
different powers of the unknown quantity, the equation 
is called affeRed ; thus x>^ = 16a: - 60 is an afFe£led qua- 
dratic equation, and *' — 2x*-33;c+90=:o is an affec- 
ted cubic equation. 



CHAPTER nr. 



« « 



OF SPEAKING ARITHMETICO- 
ALGEBRAICALLY. 

A N explanation of the analytical art in order tq 
eftablifh a general method of refolving queftions, is the 
proper objed treated of in this Chapter : and becaufe 
the refolution of quedions involves quantities with the 
fign -4* or — prefixed to them, which are called affir- 
matiTC and negatiTC, it is alfo neceffary to explain the 

meaning 
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Waning of thefe difTerent and contrary figns. Hence 
this chapter is naturally diyided into the two following 
ScAions. 



SECTION L 

«' ft 

OF AFFIRMATIVE AND 
NEGATIVE QUANTilTlES. 

I 

DEFINITIONS. An affirmative quantity is a quan-. 
tity greater than nothing, and is known by this fign -}" • 
a negative quantity is a quantity lefs than nothing, and 
is known by this fign — : thus ^2, or -^x, bean that 
the quantities 2, or x, arc affirmative; but — 2, or 
"—^r, fignify that the quantities 2, or x, are negative. 

When quantities are confidered abftraftedly, then + 
and -— denote Addition and Subtradion only^ and the 
terms fojitive and negative exprefs the fame ideas. In 
that calc a negative quantity by itfelf is unintelligible. 

In queftions, however, there may be an oppofition 
and contrariety in the quantities, analogous to that of 
Addition and Subtraflion ; and the figns + and — may 
Tcry conveniently be ufcd to exprefs that contrariety. 
In fuch cafes, negative quantities are underftood to exift 
by therafelves ; and the fame rules take place in opera- 
tions into which they enter, as are ufed with regard to 
the negative terms of abftraft quantities. 

The poffibility of any quantity's being lefs than no- 
thing is to fome a very great paradox, if not a down- 
right abfurdity : and truly fo it would be, if we (hould 
fuppofe it poilible for a body or fubftance to be lefs 
than nothing : but quantities, whereby the different de- 

H h 2 grees 
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grees of qualities are edimated, may be eafily conceived^ 
to pafs from afErraacion through nothing into negation.' 
Thus a perfon in his fortunes may be faid to be worth 
2000 poundsi or looo, or nothing, or — lopo, or 
-*200o; in which two laft cafes he is faid to be lOOO 
or 2000 pounds worfe than nothing; thus a body may 
be faid to have two degrees of heat, or one degree, or 
no degree, ojr — one degree, or — two degrees, &c. 
Certain it is, that all contrary quantities do neceflarily 
admit of an intermediate (late, which alike partakes of 
both extremes, and is bed reprcfcnted by a cypher or 
O : and if it is proper to fay that the degrees on either 
fide this common limit are greater than nothing ; I do 
not fee why it ihould not be as proper to fay on the 
other fide^ that the degrees are lefs than nothing, at 
Leaft in comparifon tQ the former. That which rooft 
perplexes narrow minds in this way of thinking is, that 
in commop life moft quantities lofe their names when 
they ceafe to be affirmative, and acquire new ones as 
foon as they begin to be negative ; thus we cail negative 
goods, debts ; negative gain, lofs ; negative beat, cold ; 
pegatWe defcent, afceni, &c. and in this fenfe, indeed, 
U may not be fo eafy to conceive how a quantity can 
be lefs than nothing, that is, how a quantity utider 
any particular denomination can be lefs than nothing, 
folong as it retains that denomination. But the quef* 
tion is, whether, of two contrary quantities under two 
different names, one quantity under one name may not 
be faid to be lefs than nothing, when compared with 
the other .quantity, though under a different name ; 
whether any degree of cold may not be faid to be fur- 
ther from any degree of heat, than lukewarmnefs, or no 
heat 9t all. Di$culties that arife from the impofition 
pf fcanty and limited names upon quantities which in 
themfelves are a£lually unlimited, ought to be charged 
ppon thofe names, and not upon the things themfelves. 
When the quantities are abfiradedly confidered without 

any 
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any regard to the degrees of magnitudes the names of 
quantities are as extenfive as the quantities themfehes ; 
fo that all quantities that differ only in degree one 
from another, how contrary foever they may be one 
K> another, pafs under the fame name ; and affirmative 
and negative quantities are only diftinguifhed by their 
figns, and not by their names, the fame number or 
letter reprcfenting both : thefe figns therefore in mathe- 
matical language carry the fame diftlnAion along with 
them, as do particles and adjeilives fometimes in com- 
mon language, as in the words convenient and incon- 
venient, happy and unhappy, good health and bad 
health, &c. 

Thefe affirmative and negative quantities, as they are 
contrary to one another in their own natures, fo like- 
wife are they in their effcAs ; a confideration which> if 
duly attended to, would remove all difficulties concern- 
ing the iigns of quantities arifing from Addition, Sub- 
traAion, Multiplication, Divifion, &c* for the refult of 
working by affirmative quantities in all thefe operations 
is known ; and therefore like operations in negative 
quantities may be known by the rule of contraries. 

Noie. The.fign of a negative quantity is never omit- 
ted, nor the Hgn of an affirmacive one, except when 
fuch an affirmative quantity is confidercd by iifelf, or 
happens to be the firfi in a feries of quantities fucceed- 
ing one another: thus we do not often mention the 
quantity +2, or +Xi but the quantity 2, or Af ; nor 
the feries +a~3+^ + 5» +^-4 + 6^ 3> &c. but the 
feries 2-3+a?+5, and x- 4+ 6 -3, &c. 



SEC 
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S E C T I O M IL 

GENERAL METHOD OF RESOLVING 

(QUESTIONS. 

THIS method confifts of Come rales concerning N(h 
tation^ Equation, Refoluiion^ Anfwer, and Verification. 
A diftina conception of the nature of the queftion, 
and of the relations of the feveral quantities to which it 
refers, will generally lead to the proper method of dat- 
ing it, which in effeft may be cbnfidered only as a tranf- 
lation from common language into that of Analyfis, 
But, in order to enable my young fcholar to find out 
she folution required, I (hall give fome Rules which 
will eafily lead to the proper method of ftating a quef- 
tion and relblving it. 

L Notation. 

Notation gives the proper names to the unknown 
quantities. 

RULES. I. If any queftion, in which there are two 
or more quantities fought, can be refolved by means of 
one letter, the Uaft of them mufi be reprefented arbitra* 
rily by fome letter of the alphabet ^ and the refi receive 
their names from fo niartf conditions of the quefiion, ex* 
freeing their relation to the faid leaji quantity. Thus, 

the 
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the folutioD becomes more eafy and efegant. (See Ch» 

V. Queft. II. III. VIIL and XX. in the Note.) 

II. If there are any fraAions of the unknown quan- 
tity, it ougbi to be marked with a letter and a numeral 
coeJUcient exprejjing the Uafi multiple of all the denonuna^ 
tors. Thus the fraAtons are avoided, and the folution 
h more fimple. (See Ch. V« Queft. I. IV. and VI.) 

III. It is required to reprefent by letters, not only 
the quantities fought, but alfo every Unknown quantity 
of the queftion, in order to get the equations, which 
are neceflary to its folution. (See Chap. V. Queft. 

VI. VII. IX- X. XI. XII. XIII. XIV. XV. XX. XXL 
and Chap. VI. Queft. 1. 11. III. IV.) 

IV. Sometimes it is convenient to exprefs by letters^ not 
the unknown quantities tbemfehes^ but fome other fuMfi^ 
ties conneSed with themy as their fum, differences iic. 
from which they may he eafily derived. (See Chap. V, 
Qucrfl. XVIU. XIX. XX. XXIII. XXIV. alid Chap. VI. 
Queft. V. and VII.) 



. / 



n. Equation. 

The word Equation is taken here in a fenfe different 
from the common, and fignifies the method of drawing 
out from a queftion the equations ncceflary to its folu- 
tion. 

RULES. I. After leaving given to the quantities 
fought the proper names ^ work them^ according to the na-^ 
ture of the quejtion, in the fame manner as you work^ the 
Falfe Pofitions in the Arithmetical Langutigei atd^-^with 

^ • this 
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this difference^ that there you really ferfarmed upon the 
falfe numbers all the operations required by the conditidrU 
of the queftion^ but here you muft only mark with the re- 
quifite Jigns thcfe apt rations nvhicb cannot be performed 
upon the letters. Every refuh compared with the like r^- 
Jult given in the quejtian will afford an equation* (See 
Qufeft. I. II. &c. XL XII. &c. of Chap. V.) 

II. Every condition which is not made ufe of in the no- 
tation^ if tranjlated from the common language into that of 
aur anafyjts, wilt furnijh an equation* (See Chap. V. 
Queft. XVI. XVII. and XX. in the Note.) 

III. If one and the fame unknown quantity may be ex* 
preffed by two different ways of notation^ for inftance^ ar- 
biirarilj and by means of a condition ; thefe two exprejfu 
ons conneiled by thefign of equality will give an eqUation* 
(See Chapter V. Queft. 11. V. and VI. and Chap. VL 
Queft. I. II. III. and IV.) 

Note.' The leainer muft be very careful to make no 
nfe of the' fame condition twice, except in company 
with others that haye not been confidered. (See Chap. 
V. Queft; XXII.) 



III. Refolution. 

Refolution comprehends the deducing final equations 
and refolf ing them. 

RULES. I. When there is only one unknown quantity 
to he founds the final equation is deduced by the prece- 
difig method of drawing out from a quejlion the equations 
nneffary to itsfolution. (IL Equation.) 

II. When 



IL Whe^ tb4ri an two $r mor0 unknown qudniUles to 
he found J and all the iquaUons are fimpU^ the final equa* 
iion is deduced by the rules expMned in the firjl SeiSion of 
0>apter III. 

III. When there are two or more unknown quantities to 
hefoundf and the equations of a fuperior order, every power 
rf the unknown qu^antity to be exterminated^ muft be eonji^ 
dered as a» unknown quantity by itfelf\ and then the final 
equation is deduced by the fame rules belonging to the find* 
ing of ftmple final equations. (Sec Chap. VI. Qaeil* VI. 
and VIL) 

IV. When the final equations are fmple, they are re* 
folved as fimple equations containing only one unknown 
quantity. (Chap. III. Sed. I.) 

V. Laftly, when the final equations are of a fuperior 
iorder^ they are refolved by the methods given in fetond Sec* 
Hon of Chapter lU. 

Notes. I. In dedbcing fibal equations from the equa- 
tions containing two or more unknown qaantities^ no 
equation muft be left out of the account. 

« 

II. The method announced in the third Rule wilt be 
liacCiGulsurly explained in the Algebraical Language. 



IV. Anfwer. 

The Anfwer determines not only the value of every 
Unknown quantity but alfo how ma^y differrnt values 
.can be given to it, and what are poflible^ what impof- 
fible^ what ufeful, what ufelefs^ &c. 

I i RULES. 
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RULES. I. The refoluiicn of a final equation gives 
ibe different values of the unknown quantity contained 
therein ; and then by fuhftitution the values (f the other 
unknown quantities are determined (See Chap. Ill, SeA* 
I. and Chap. V. Sed. II. and III.) 

IL Any equation admits of as maty refolutions^ or has 
as many roots as there are units in the exponent of its 
order. 1 bus, a fimple equation has only one root, a 
quadratic equation two, a cubic three, a biquadratic 
four, and fo on, an equation of the 5th, (>i\Xy &c« or- 
der has five, fix, &c. roots. 

III. A root is fojfihle and exprejftbkj when its value 
mr.i be excRly obtained. Thus, the roots of the qua- 
dritx equation xx+/^x^()6 are poffible and expreffible, 
b^ci'ufe they are .r=:8 and a:= — 12, (See Chap. IIL 
SeJt. IL of the commenfurate roots.) 

. IV. -^ root is pqjfible and inexprejjible when its vabte 
can be only obtained by approximation^ but to any degree 
of exaHnefs required. Thus, the roots of the quadratic 
equation xx — ^x-ri—x are poffible but inexprelfible, 
bccaufe they can be only obtained by approximation^ 
which carried, for inftance, to three decimal places, 
gives x= 3.7^2 and a?=:o. 68, whence arifes the very 
fmall error —0.000176, hecaufe fubftituting for k 
each of thefe ro<^ts/ ihe given equation becomes, ia 
both the cafes, xx — 4:^'= — i .000 1 v6= — i very nearly. 
(See Chap. III. Sed. II. of the incommenfurate roots, 
and Chap. VT. Queft. VI.) 

V. A roof becomes impojfthle when it cannot he expreffid 
eiiter cxaSlly or by approximation. Thus the roots of the 
■quadriitic equ ition aw-^vzt - 6 are irapoffible, becaufe 
their ncarcli value is a: = 2, which is neither cxaft no^ 

ca- 
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M|)^ble to be carried to any other approximate degree 
of e^a&nefs. (See Chap. III. SeJt. IL of the Incom- 
roetiiurate Roots, and Chap. VI. Queft. V. VL and 
VII.) 

VL Every root is ufeful when it gives a jujl folution of 
the quejlion^ that is^ when the ajfumed value of each un^ 
known quantity J and therefore the folution itfelf have 
their proper meanings as may appear from confidering 
the conditions of the queftion. 

VII A root is ufelefs when it ^ives no jufi anfwer to 
the queftimij that is, when the affumed value of any vn* 
known quantity y and therefore the anfwer itfelf has no 
proper meanings as will appear by confuiting the condi* 
tionsof the queftion. (See Chap. VI. Queft. I. IL IIL ^ 
jy. apd VIJ.) 

Hotes. I. Every root, either poffible or impoffible^ 
expreffible or inexpreffible, ufeful or ufelefs, gives an 
anfwer to the queftion, becaufe its value being inferted 
would anfwer the conditions^ that is, would correfpond 
to the original equations, by which thefe condinons 
were exprefled. This truth will be generally demon- 
ilrated in the Algebraical Language. (See Chap. VI. 
and VII.) 

IL Any queftion admits of as many juft anfwers as 
there are different ufeful values of the unknown quanti- 
ties. (See Chap. VI. Queft. VI. and VIL) 

IIL The ufeful values of the unknown quantities are 
determined from the nature of the things reprefented by 
them^ and from the conditions of the queftion. 

I i a IV. The 
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IV, The impoffible values of the unknown quantidc^^ 
ftiid other properties of the roots of eauations, will be 
explained and demonltrated in the Algeoraical Language. 



V. FerififaiioU:, 

Verification is the demonftration of the given aufwer. 

RULE. J/rtr having deStrmntd by tbt dnfvoer the^ 
tmmbtrs fought^ work them according to the cdfiditions df 
the quejiion^ and if the refults give no error, the piefiim 
w refolved and the anfi^r kfelf demonjlrated. 

« 

Notes. L In the following determinate qudftion^ I 
put down the anfwer i:r.mediately after the queftion^ 
and then its folution or the method of refolving it; be- 
caufe this way of putting down the anfwer firft» will no? 
only fcrve to illuftrate the following folution, but may 
alfo ferve to fix the quefiion more firmly ia the nuads 
of young beginners, who are too apt to negt^A it, ao4 
to fubftitute chimerical notions of their own, that arc 
not to be j uftified, either from the conditions of the 
queftion, or common fenfe. 

11. After the learner has run oyer fomc of tbefe quef- 
ticns, and has got a tolerable infig-ht into the method of 
their folutions, it will be very proper for him to begin 
again, and to attempt the folution of every qneftion 
himfcif, and not to have recourlc to the folurions here 
given, but in cafes of abfolute necefluy : but after the 
uork is over, he may then compare his qwn folutioi^ 
with that whith is here given, and may alter* or re- 
form it as he chinks fit. 

C H A Pr 
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CHAPTER V. 

SOLUTION OF DETERMINATE QUESTIONS 
PRODUCING SIMPLE EQUATIONS. 

FROM the refolutioa of equations we obtain the 
refolation of a variety of ufeful problems^ both in pure 
mathematics and phyfics, and alfo in the practical arts 
founded upon thefe fciehces. In this place, we conG* 
der the application of it to tbofe queftions where the 
Viuantities are exprefied by numbers, and their magni- 
tude alooe is to be coufidered* 



SECTION L 

QUESTIONS INVOLVING ONLY ONE 
UNKNOWN QUANTITY. 

^ESTIONh A fchool raafter being aaked.how 
many fcbolars he had, faid. If I had as many, half as 
manyj and one quarter as many more, I ihould have 88. 

Jnjwen 

Thefcholars art 32, becaufe 32 + 32 4* V + V = 
64 + i6+8=:88. 



• I 
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Solution. 



Let the number of fcholars be ^ or 4^, to avqicj the 
lra£Uoi]s. Ther^for^^ in the }& ^afe . 



2 4 



that 19 iix:^3S2, and ^= Vr =3^* 



Or in the 2d. 

4jr+4y+2j^+jp=88 
that is iijr=88, jr=:^=:8 and AT=ri^^, 



Sluefi^ II. One has fix ions; each whereof » 4 years 
older than his next younger brother, and the eldeft is 
three times as old as the yonngeft ; what are their feveral 
ages ? 

Their feyeral ages are 30, 26, 22» 18^ 14, and io» 
For 30=26+4; 26=22+4; 22 = 18+4; iS=i4+4{ 
14s 10 +4; and 302=3 X 10. 

Solution. 

Let the age of the yonngeft fon be x 

The age of the 5th ihall be a^ + 4 

4th ^+ 8 

3d ip+12 ^ift cond. 

2d X + 16 

ift * + 20' 

I ft 3^ 2d cond. 

Hence 
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Hence 3x=x+2o 

2X=20 
rZ 

^fl. IIL A, B, and C would divide 200/. between 
them, fo that B may have 61. more than A, and C HL 
more than B ; how much muft each have ? 

Jn/wer. 

A muft have 60, B 66, and C 74; Becaufe 60-f 5tf 
+ 74=200; 66=6q+6^ and 74=66 +8« 

Solutioru 

Let the (hare of A be a: 
The Ihare of B (hall be x + 6 

C Ar + 6 + 8 

+ 

Total 3* +20 

Hence 3;r + 20 rr 200 



^jrrriSo 
4r=6o« 



-20 



%/. 



J 



1 
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i^fi. iV. A trader aHows too/, per annutd fot th6 
expences of his family, and augments yearly that part 
of his (lock which is not fo expended, by a third part 
of it ; at the end of three years his original dock wai 
doubled : what bad he at firft ? 

Jnjwen 
He bad 1480/. Fof 



-100 




ftd year 2320 

-lod 




|d year 29^0 

1480 as at firdi 



Solution, 



< ^49 ^ 



Btfhahfu 



SUppofe he had tyx. Then 



■ ■■'■ ■ -^lOOi Of -•^'^^ 



lyx^^-i^'^ 



.. 9_00 



^3 



600 



--100, or -'^•' 



»— *!• 






ad year 48* -'l^" 

——-160, or -••It;'' 

3d year 64*-'^/°*: 54* • 

54« 

^ x" 

27X— 1480=0. 

^eft. V. A gentleman diftributing money among 
fome poor people^ found be w^intcd ioj. to be able to 

ti?e $'• to each ; therefore he gives each 4J. only, an4 
nds he has 5/. left. To find the number of fliiilings 
and poor people. 



K k Jlrrfwer. 



i J-JP 



«• • V « 



The number oC.gpqr is 75^ aqd the Dumber* of {hil- 
lings 65. _F9r i^* >{'s:^JS^6s + 10 j and 1 5 x 4=60 

» - 

*' - Soluli09U 

Let the number of poor be x 

The number of fliiHihgswill be 50:— 10 
The number'of ihiHings is alfo 4.V + 5 

Hence . ja:.- i o==4^ + 5 

•' ^ 4a:+to 

X ^;ij and 4:i:+5 = 65 

* *^0^- -VI-' -'A courier icts*"Out from a certain place, 
and travels at the rate of 7^ ipiles in 5 hours, and 8 
hours after anjother-fcts^ out fr^m the fame place, and 
travels the fame r6ad at the ratib of 5 miles in 3 hours : 
I demand how long, and how far, the firft mufl travel 
before he isovertaken by thfe fecend? 

Anfwer. 

The ni ft travelled 50 hours, the fecond 42, and the 
miles travelled by each are 70, For 5 • 7 ^^ 50 • 70f 
and 3 : 5 :: 42 : 70. 

• ■ • • 

A 
i 

ft 

Suppofe the firft travelled 15.V hours. ^ . 

Then the fecond travelled 15:^ — 8. 
Now 5 : 7 :: i^r : 21a: miles of the ift. 
And 3:5:: i5.r - 8 : 25^? - V "i^ilcs of the 2d. 



Hence 
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■ ^ * 



^xr: V 



x| 



3^=10 

Therefore 1 5^ = 5 x 3;: =; 50, 1 54; - 8 = 42, and 
7 X3:e=:2iflf=:70. 

J^^. VII. There is a certain fiftiing rod confifting 
of two parts, whereof the upper part is to the lower* aj 
5 to 7 ; and moreover, 9 times the upper part with 13 
times the lower is equal to 1 1 times the whole rod and 
36 inches over : I demand the length of the two parts. 

Anfwer. 

The upper part, is 45 inches, and the lower 63 ; for 
45: 63:*: 5: 7, and 9x45 + 13x63 = 11x108 + 36, 
as will appear upon trial. 

L.et jTie length pf ihe upper part in inches be = fjr . 
The length of the lower will be = 7* . 

— + 
^nd the length of the whplc rod = i2jr 



XII 



'" 5^x9=45* • ,' 

+ 

f36? 

Hence, i^^x = \%i>t-\-i6 

132* . 

4* = 36, « = 9, 5« = 45, »nd 7* ?: 63. 
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^ejl. Vni. A certaio perfon bought 2 horfes^ A 
and B, with the tfappiogs, which coft loo/. now, if 
the trappings be laid on borfe A, they made the horfes 
of equal value ; but if laid on the other B, they made 
him double the value of A : how much did the faid 
horfes coft ? 

Anfwer. 

The prices of the horfes A and B are refp^ively 
aoo, and joo; for soo + ioo=:3oo» and 300 + iob 
i=2xa9o* 

m 

r SobitioH. 

Let the price of horfc A be =Af 
The price of B will be =:x + 100 

Hsnce ir+ too + IOCS lATi and;r:=:2Q0, 

t 

^uejl. IX. Two perfons A and B were talking of 
their ages; fays A to B, fevcn years ago I viras juft 3 
times as old as you were, and 7 jfears hence I ihall be 
juft twice ai old as you will be : I demand thdr prefent 
ages. ^ 

Anfwer. 

' A is 49, years old, and B 21 ; for fince 7 years be- 
fore A^s age would be 42^ and B's 14, it would be con- 
fequpntly 42 = 3 x 14 j and fince 7 years after A's age 
would be 56^ and B's 2B, it would alfo be 56 = 2 x 28. 



Solution. 
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SoJuthn. 

Let IX and » reprefent the age« of A and B rcfpec- 

lively 7 years ago. 

3;r+7 and ar+7 will reprefent refpcftiyely their prc- 
fent ages. 

3j^+i4dnd /ir + if will reprefent refpedively their 
ages 7 years hence. 

Therefore 3^+ 14 = 4 x ;ir+ I4=:aaf +28, andx^: 14. 

pence 3 flf + 7 = 49, A's prefent age. 
4^+7 = 21, B's prefept age. 



^efi. X. One places a certaitf number of rods up* 
right ip a ftraight linCi at equal dillanpes one from 
another, the vacancies being no more than fufiici'ent to 
contain two rods apiece , but Gnding that by this means 
his line would not reach above 125 inches, he extended 
it to 208 inches by opening the yacancies juft as wide 
again as before ; what was the number of rods ? 

Anfvoer^ 

The number of rods were 84, and confequcntly the 
number of intervals 83 ; for if 2 rods admit of but oq^e 
interval, 3 rods of 2, &c. 84 rods will admit of 83 in. 
tervals; which intervals, if they were to be filled, 
would take up 83 x 2^ or 166 rods; therefore, if the 
firft Une had been full, it would have taken up 84 + 166, 
or 250 rods; again, the number of rods fufficient to 
fill the vacancies of the fecond line was 83 x 4, or 332 : 
therefore, if the fecond line had been full, it would 
have taken up 84+332, or 416 rods: now, if thi^ 

anfwer 
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anfwer be jofty the lengths oFthefe two lines ought to 
have the fame proportion to one another, as have the 
numbers of rods they would have taken up had they 
been fulU and fo we (hall find them; for 125 inches 
are to 208 inches, as 125 x 2 to 2q8 x 2, that is, as 250 
rods to 416 rods, as was to be denionftrated. 

Solution^ 

Let the number of rods be x ; then 

The number of intervals will be * — 1 ; 

The number of rods in the firft line, if filled| vyould 
take up 3Af - 2 ; 

The number' of rods in the fecond line, if filled^ would 
take up 5^-4. 

Therefore the lines being as the numbers 125 and 
208, we have 3^; — 2 : 5^-4:: 125 : 208. 



Hence 5*-4x i25=:3a:~2 x 208 

That is 625;!; — 500 = 624^ — 416 

Ovp (525^?- 624* = 500-416, and^=:84» 



SECTION II, 

QUESTIONS INVOLVING TWO UNKNOWN 

QUANTITIES. 

■ 

■ IN the following determinate qucftions, I put down 
feparately the conftituent parts of every folution, which 
are Notation, Equation, Refolution, Anfwer, and Ve- 
rification, in order to give a clear idea of the method 

of 



of refolding queftion^s, applying it ftriflly to the parti- 
cular eKainples«\ :•:*.. 



• • • 



§u(/}.'XU Ow exchanges 6. French crowns and 2 
FrcnQb dollars for 45 flilMtngs ; and at another time 
9 crowns and 5 dollars of the iame coin for 76 ihillings : 
I den^u)d the difl:in£t values of a crown and of a dollar* 



« • 



. Soiution. 

Notation. Let the value of a crown be x, and of a 
dollar be y. 

The value of 6 .crowns will be 6x, and o£ a dollars 
2y. 

The vahie of 9 crowns will be ^x, and of 5 dollars 

5/. 

Equation. €x + 2^ =r 45 by the i ft condition. 

9x4- 5)^ = 76 by the 2d condition* 
Refoluticn* r-. 

3^+3y=^3^ or 38=31 andS=VS 

takii>g S = ^ +/• 

Hence 6^?+ 2jr=4x + 2S=4flp+ V=45> and;v=:V-4i 



~. 7 3 



6x + 2;f = 6 X 4.4.4-2^=: VT+«J'=45f and 

7— T ."XT — T-r 



Anfwer. The value of a crown is 73 pence or 6s. id. 
The value of a dollar is 51 pence or /(s. ^d. 

, Verificaiion. j, d. s. d. 

The value, of d^crowtis is 36 6 and of 9 is 54 9 
The value of 2 dollars is 8 6 and of 5 is 21 3 

+ + 

Total 45 o Total 76 o 



^efi. 



( »5« ) 

^ejl. XIL Some youilg men and women had a rec- 
koning of 3 7 crowns to pay for a feaft, and thefe were 
their conditions ; that every young man fhouid pay 3 
crowns and e?ary young woman t ; now, if there had 
• been as many young men as young women^ and as many 
young women as young men, the reckoning would have 
come to 4 crowns lefs than it did : how many young 
men and young women were there ? 

Solution • 

Notation^ Let the young men be x and the young 
women y. 

Their r^koniog would have been gx+sy In the i ft cafe* 

3y + 2* ad 

Equation. 

3j:+2y=:37 or *+aSr:37 by the zftcondition« 
2« + 3y=33 orjf + 2Sai33 2d 

^fol. ■ ' ■ + 

5^+5^2:70 or 58 = 70 and Ss:i4« 

Hence jr=37 — 28=237 — 2839, 
and J^ = 33 - 28=33 - 28=5. 

Jnfwer. The young men were 9 and the women 5. 

Vcrificfitiom The young men would have paid 27 cr. 
in the ift cafe, and i$cr. in the 2d« 

The women would have paid 10 cr. in the ift cafe, and 
z8 in the 2d. 

er. if. 

27 15 

10 18 

Total 37 Total 33 



Suefi. 



' 
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^^•XIIL One laysout 2.fli]llings and 6 pence 
m apples and pears, buying his apples at 4 a penny, 
and his pears 5 a penny ; and afterwards accommodates 
his neighbours with half his apples an^ one-third of his 
pears for 13 pence^ which was the price he bought 
them for : I demand how many he bought of each 
fort? 

Solution* 

Notation. Suppofe he bought 8a; apples and ijy 
pears. Then, 

The price of the apples, ix; for 4 : i : : Stx : ix. 
The price of the pears, 3y; for 5 : i :: i^y : 3y« • 

Equation* 

2x + ^y=:3od. orjf+2S = 3o by the 1 ft condition. 
x+ y:=:i^d. or 8^13 by the 2d condition. 

Refolution. jrnjo — 28 = 30-26=4 andAr=i3— ^ 
= 13-4 = 9. 

Anfwtr. He bought 8 x 9 or 72 apples, and 15x4 
or 60 pears. 

Verification. ^ 

The price of the apples is iSd. and i of it gd. 
The price of the pears is 1 2d. and 4* of it 4^. 

— + — + 

Total zod. 13^. 

^eji. XIV. A jocky has 2 horfes A and B, whofc 
ralues are fought. He has al(b two faddles, one valued 
at izL the other at 2/. now if he fets the better faddle 
upon A> and the worfe upon B, A will then be worth 
twice as much as B; but on the other hand, if he fets 
the better faddle upon B, and the worfe upon A^ B will 
then be worth 3 times as much as A. I demand the 
values of the horfes. 

Li So^ 



tJoUtien. Suppofe jr attd 7 be the pric^ of the 
lM>rfes A and B« 

The price of A with the 1)efter faddle is «+ ta^ witl^ 
the worfe «+£. 

The p^kc of B with the wqrfe faddje is j^+?i with 
the better jr + 1 2, 

Equation. 
. 4f+i2 = ajr+4or ?jf-4: = 8 by the i ft coadsQoq* 
jF+i2=:3a:+6 or jr-3;ir= — 6 by the ad Qon^itioiv 

kifoluiion. Take D zjr ^ 4?^ and the foregoiog equa- 
tions will be- 

■ ^ + 

3D + 2D=: iqandP=;2« 

Hence ^=8 -D = 6 
_D+6 

Anfwer. The prices of the horfes A and B are 4 
and 6. 

V<rt^€4tm* The price of 4 ipiiih |he bettftr faddle 
is 1 6, with the worfe 6* 

The. price of B with t^ worlb faddle is 8, with the 
better i8* 

Then the price 16 is twice the price 8. 
And the price 1 8 is thrice the (irice $• 



*^eft. 
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9^eli. XV; A certdin company at a tavern found, 
When they came to pay their reckoning, that if they 
had been 3 more inr cdmpany to the fame reckoning, 
they might hare i>aid obe fhiiliitg dpiede lefs than they 
did; and that, luid tliiy been 2 ffewer in company^ 
they muft haVe pSd dneihiliing apiece more than they 
did: I dfethahd th^ Bumber of perfoiis, atid theiif 
quota. . s 

Notdihn. Let the number of pei-fonS be x, and 
What every one adiially paid be y; Therefore their 
Whole rcckonibg muft have been */. Now^ 
id the I ft fuppofirioD their number would be ^+3 

etery bnc's particular reckoning y — t 

their total refckohing xy + ^y^-x-*^. 
In thfe nd fdppofmon their number would be x-z 

tiCTj one's particular reckoning ^ + 1 

their total reckoning xy'-^iy+x-^z. 

intht i^cz(6xji+iy^x-i^±xy or 37-:jp-S=o 
Id theadcafejpf-'ljrH-i^'^as:;^ or — 2/+;c-2=:o 

-+ 

Refolmm. J ♦ -5=0 

«ncl/=:j« 
Hente irr:2jf4-2=si2 aind Hey^ziio. 

Anfiver. The niimber of perfons were ta, What evt* 
ty one actually paid 5^ and the whole reckohirig 60; 

Verifitatm. 

In the ift cafe we have 12 + ;^ x 5 - 1 rr i| x 4 = 60* 

tn the' 2d cafe we have 12-2 x5+i = i6x6:=6o. 

L 1 2 J^{^« 
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Slueft. XVII. Three merchants met at an inn^ and 
found the fum of their gains 7 Soil if you add the gain 
of the I ft and 2d, and from the fum fubtrad the gain of 
the 3d9 there remains the gain of the ift + 82; but if 
you add the gains of the 2d and ^Ay and from the fum 
fubtrad the gain of the ift, there remains the gain of 
die 3d - 43* Quaere each man's (hare \ 

Solution. 

Notation. If the ihares of the ift and 2d merchants 
be X and jf, the fharc of the 3d will be 780 - a: -j by 
the ift condition; 

. Equation. 

^+\y -1^o+x+y=zx+^29 iftcond« 

y + ySo" X — y — a:=:78o-A:— jf-43, 2d cond« 

That is ( ^+^J'= ^^^IbyReduftion. 

+ 

Refolution. 3y=: 819 and y= 273. 

Hence^=:jf+43 = 3i6, and 780-a:— j^=i9i# 

Ahjwer. The ifi merchant gained ^^i6U the idi 
273/. and the 3d 191/. 

y^fification. iftcondition 316+273 + 191=780; 

2d condition 316+273 — 191:^316 + 82 ; 
2d condition 273 + 191 —3x6 = 191 -43# 
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QUESTIONS INVOLVING THREE OR MOlti 

UNKNGVi^N QUANTITIES* 

^$fi4 ICVIIL Three perfoos A» B^ C, were talking 
of their money; fays A td B atid C» give tstt ball 
of your mooey, and I ihall have 34 ; f^ys B to A and 
C, give me a third part of your money, ailld I (hall 
have 34 ; fays C to A and B, give me a fourth p&rt of 
your money, and I (halt have 34. How tnucli tlloney 
had eacb ? 

Solution^ 

NotattM. Pot «r, y, and z, for the three perfiin^^ 
noney, and take S =:x+y+z. It will be S '^x^jl+z^ 
lS-^=ix+«/and S-«=:x+> 

By the ill condition x+-«'-^=34, 

S — T 

By the id condition y + — ^ := 34^ 

By the 3d condition asH — '^=:34i 

4 

That is, by ReduAionj 



*-f6 



^+8=2.34! 6r6»+6S3ia.34 

^y+^=3-3i\ ^^\^y+3^= 9-34 
32s+S:r4*34j aL^+^Scr 8.34 

, + 

<S+ 1 18 = 29^34. 

Jtefolution^ 

Hence S^rcS, becaore S:=:^^^fQr 17S or 6S-fe 

17 

iiS=:29.34. 
Therefore y=: 2>34-5$ss log jr=: ^'?^^A .ga2^ 

and a=:ili£lli. =26, 

S 

Jnjwer. A had 10^ fi 22, and C 26* For 

VirfficaiiQtL 

ift condition, 10 -I ^ — = 34 : 

2 

J J. • , 10+26 
2d condiuon, 224- =34S 

3 

|d copditiOP, 26 + i- — ^ :5 34* 

4 

^efi. XIX. Three men - hare each fnch a fnm of 
inoqey^ tbac if the ill and 2d man's money be added 
to i of what the 3d man has, that fum will be 92/. 
and if the 2d and 3d man^ money be added to 4 of 
the ift man's money, that fnm will be 92/. laftly, if 
} of the 2d man's money "be added to the ift and 9|d 
man's money, that lum will be 92/. alfo. Quasre, each > 
inan's money* 



Soluiiom 



C 2^4 ) 

Notation. Take the famft dehomioatioos as In thf 
laft foregoing C^eftion, 

Equation. 

By the iftcpnditioni S-zH — =92, 

By the 2d condition, S-«H — = Q»» 

3 



.• . « 



y - 



By thf 3d condftibtij S — ^ +^ = 9^1 

4 

That is, by Redu^^iotii 




Re/olution. 

29S - 6S = ^9.93^ 

Hence 8 = 116, becaufj^ 8=—— for 23 S or 
29S — 6S=29.92. 



2;=:aS-2,92 = 2xS:-9i = 2 X'ii6 -91^=2 x 24=148. 

j^._ 3S - 3-9^ - 3 xS-92 _ 3xn6- 92 _ 3X24 _^ 
2 ■ • 2 .2 2 



4S-4.92_4xS-92_4xii6-9*2_4x24_^^ 

'^.33- 3. ; 3 

Anfiver., The ift man had 36/. th« «d gi/. and the 
3d 48^ For, 

Verification, i ft condition, 36+32+^ =92; 

2 

2d condition, 32+48 + — =92; 

3d condition, 36+48 + — =92. 

4 

^0. 
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^eft. XX. To Hnd a number confifting of three . 
places, whofe digits are in arithmetical proportion ; if 
this number be divided by the fum of its digits, the 
quotient will be 48 ; and if from the number be fub- 
trafied 198, the digits will be inverted. 

Solution. 

Notation. 

Let the three digits be x,yy z, and 3=zx+y+z. 

Then the number is loox+ioy+z, or 

If the digits be inverted, looz + 10/ + x, or 
99z+9y+S. 

Equation. 

By the ift cond. x+z^2y, or A: + «+^=:2y+/, 
that is S = 3y. 

By the .d cond. 22i±|LtS =: 48, or 99^ + 9^+M 

:=48, that is gar =47. 

By the 3d cond. g9X + ^f+S^igS^gpz + ^+S, 
that is X'-%z:z* 

Refolution. 

x-^z=2y Therefore 4A? -4=47 Hence « =4 

x-2= z ^x =4y jrrrg 



2jr--2=2Jf A' — 4:2: O* Z = 2 

Anfwer. 

The number fought is /^yi% For 

Verification. 

ift cond. 4-3 — 3-2J ad cond. ^4* =^48 J 3d cond. 
432- 198 = 234. 

M HI l^ote. 
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Note. This qucflion may be rcfolvcd with only tsuo 
unknown quantities, as follows* 

Noiaiion» 

Let the three digits be x, x+d, x + id^ by the ift 
condition. 

Then the number is loox+iox+iod+x + zd^ or 
iiix+iidi 

If the digits be inverted, it is ioox+2oo^4-io;c + 
lod+x, or iiix + iiod. 

Equation. 

By the zd cond. Iilf.±^=48, or ^J^ =48, 

that is jc+^rfzio. 

By the 3d cond. 111X+12J- i98 = iiix + 2ioi, 
that is I +d=o. 

RefoIiUiofi. 

d= -I, XZ2 -4^/= -4x -1=4, x+J=4-i=:j, 

^eji. XXI. Suppofe a dog, a wolf, and a lion, 
together, could devour a Iheep in 10 minutes, the dog 
and wolf in 20, and the wolf and lion in 1 2 ; the quel- 
tion is, in what time each of them feparately would cat 
up the flieep > 
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Eguation. 

By the iftcond* 1 — -{ — = 1, or — + — H 

X y 7i X y % 

To 60* 

By the 2d cond. — + — = 1, or — + — = =— 

X y X y 20 6o' 

By the 3d cond. — + — = 1, or — + — = — = 7^* 

y z y z iz 60 

RefoUition. 

X y z 00 

JL+-1 =i. 

X y 60 



* * — =::7^=— andxzrzo, 
z 60 20 

I I I I I — ^ 

— +— + -T- 

X Y z 00 





7 z 60 


I 

X 


* * =^ T- and a: = 60. 

60 



Hence — = -i- — =1-::^-^^=:— r:— and T = 30. 
^ 60 r bo 60 60 30 -^ ^ 

Anfiver. The dog would devour the (heep in 60 
(nin. the wolf in 30, and the lion in 20. 
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Rifolution. 
— + 3*+ 2^4" — =9 X 23 by adding equations i&kiL 

i 1/ 

h3^+ 2^+^ = 7x23 by addingcquacions 2d&4tlu 

5 4 



23^ A4fc* J 2X21XC 

_2. * « » =2x23, and aiz 2 — P = io* 

5 23 

Hence — =:23-l-=23- 8 = 15 and ^^=30 

— = 23- — = 23-15= 8and^=:24 

d 2C 

— = 23- — =23-16=: 7andt/=28, 
4 3 

Anfwer. 

The flocks required are 10, 30, 24, 28, belonging 
refpefti?cly to the four gamefters A, B, C, and D# 
For, 

r 

Verification. 

10—2 + 15 = 23, according to conditions 4 and u 
30 — 15+ 8 = 23, according to conditions I and 2. 
24 — 8 + 7 = 23, according to conditions 2 and 3* 
28— 7+ 2=2 3, according to conditions 3 and \m 

^eft. XXIII. Four perfons A, B, C, and D, owe 
a certain fum of money^ fo that A, B^ and C together 
owe 210 crowns; A» B^ and D 290 ; A, C, and D 300; 
Sj C^ and D 310 : what did each of them owe i 



Solutm^ 
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Solution. 

NrtatUn* 

Let the fcveral debts required be rcfpeftivcly A, B, 
C, and D; then take S = A+B + C+D. 

Equation* 

By the lilcond. A + B + C= aio, 

Bytheidcond* A+B+Drr 290, 

•By the 3d cond. A+C + D= 300, 

By the 4th cond. B + C + D= 310, 

+ 

3A + 3B + 3C + 3D=iiic, 

That is by fubftitution^ 

S-D= aio and D = S-2io. 
\ S-C=: 290 and 0=8 — 290. 

S-B = 300 aod B =8-300. 
S — A= 310 and A =8 — 310. 

Refolut. 48 - S = 1 1 10 and S = 370. 

Hence A=:S-3io = 6o, £ = 8-300= 70, 
C = S - 290 = 80, D = S - 2 1 o = 1 6o. 

Anfwer. 

The feveral debts required are 6bj 70^ 80, and i5o. 
For, 

Virificatim* 

<5o + 7o+ for: 2 to, according to the ift condition^ 

60 + 2^ + 160 = 290, according to the 2d condition, 

60+80+160 = 300, according to the 3d condition, 

70+80+160 = 310, according to the 4th coodiciofit 



^Ji. 



1 
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$fiefi. XXIV* Fttc men hare a miod to purchafe 
a houfe valaed at 2050/. fays A to the othets^ if yoa 
give me 4 of your money I can pnrchafe the houfe 
alone \ fays B to the othersi if yon give ma ^ o^ yo^t 
money, I (hall be able to purchafe the honfe ; and fo 
laid C, Dy and £, by turns> asking refpeftively ^^ VWt 
4t» of the money of ihc others. How much money 
had each of them } 

Sobitim* 

Notatim^ 

Put A, B, Cy D, and E, for the feveral fums bf mo* 
ney required, and take Sr:A+B+C+D+E« 

Equation. 

By the ift condition^ A+ ^ x S - A = 2050, 
ad B+ i X S-B=iao5o, 

3d C+ I X S-C=:2050, 

4ih D + A x S^D = 2050, 

5th E+4i X S-E=205o, 

That is» by fubftitntion^ 

A+ 685: 7x2050 
B+ 78= 8x2050 
C+ 8S= 9x2050 
D+ 98=10x2050 
£+xo8=:ii X2050 

Refobition. 4- 

41S or S -(-408=45 X 2050* 

Therefore S = lli^ = 2250. 

4» 

Hence A=7 x 2050 - 68 = 8509 
B=: 8 X 2650 - 78 = 650, C= 9X205o---8S=4509 
D=iox203o-9S=:2509 E:nf x 2050 -« 108=50* 

N n Anfweu 



Anfwer* 

The money required are 6 jo, 650, 450^ 25a, ad 50. 

Verification*. 

850+ 4- X 1400= 85P+-f 200 = 1050, condit. tft. 
650+ -J- X 1600^:6504-1400^2050, condit. td. 
4504- 4 >^ 1800=450+4 600=^2050, condir. 3d. 
a^o+T^e-x 2000 = 250+1800 = 2050, condit. 4th. 
50 +4t >< 2 200 = 50 +2000 = 2050, condit. 5th. 



C H A P T E R VL 

SOLUTION OF DETERMINATE QUfcSTIOUS 
PRODUCING EQUATIONS OF HIGHER 

ORDERS. 

§PESTK)N I. One buys a certain number of oxen 
for 80 guineas, where it muft^be obfcrved, that if he 
had boitght 4 more for the fame money, they would 
havt come to hitn a guinea apiece cheaper : what waa 
the number of oxen ? 

Solution. 

Notation. . Let the number of Qsen be x. Their cod 
being 80 guineas. 

The price of one muft be — , for ir : 80 : : i : — • 

X X 

But if the number of oxen be *' + 4, then their coft 
being alfo 80 guiqeas. 

The 
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The price of 1 (hould be -^ fQvx+^:Soi:i:^ . 

a;+4 a:+4 

So 
Thiapticeisalfo-^-^i, bccaufe by fuppoGtion it is 

80 
a guinea cheaper than the true price — . Therefqre 

Equation. 

By fuppoution = — - x> 

•^ ^'^ x+4 J? 

or 8ojcr:8o:i?+jao--x*-4JF, that isir^+4a?-3i03:ct 

* • 

Refolution. 

The divifors of 320 are i, 2,4, 5, 8, 10, i(5, 20, 32, 
40, 64, 80, 160, 320, 

Trial. Correftiooj^ 

«= ao ao;- ;?p.i9. 



X4 20- 2 = 18 

4r= 80 20— 4=16 ♦ a root. 

+ 20— 8 = 12 



x*+4^=:48o 26-io=rib ♦ 

320 = 320 20—16— 4 * 



^— ^— »— •— CQr'29«?^ iP* 



Ar*+4it-g2o = i6o. ^ 

The divifors of 160 arc. t, a^4>*5t 9> i^ f^/'K^t 
32, 40, 80, 160. 

Proof. . V . 

Hf=l6 ' \ ! 

^-x4 " 

+ 



»• "iU i 



^^4.4;cs320 

-320 



:r*+4Jf-32oi= o. 

N n 2 ' Jnfw^r. 
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4nfiver. The number of oxen is |6. The other 
root, -2O9 has no place in this queftion, a negatiie 
nunnber being here unintelligible. See Notes L and IL 
of Se£L IL N. L of Chap. IIL and Seft. 1. of Chap- 
ter IV, 

VeryUafion. 

16 : 80 :: I : 5, 20 : 80 : m : 4, and 4 = 5-«i« 

^ft. II. A certain company at a tavern had a rec* 
koning of 7A 41. to pay» upon which two of the com* 
^any ftieaking off, obliged the reft to pay i/. apifice 
more than they Ihould have done ; what was the num- 
ber of perfons ? 

Solution. 

Noidflon. 

Let the number of perfons be x. Their reckoning 
being 144/. 

Their iquota flioukl have been -^» for at: 144 :: i :-^. 

But tlve number of thofe who paid, being only « - 2 
by fuppqfuion^ ^ 

Their quota nmft be Ii^+ ij and alfo -^, 
^ X x^z 

Equation. 

Therefore ^+1 :=-i^ or x*-2a:+i44a:-a88 

= 1444:, tliat is ;r*-l:c- 288=0. 

Re/olutwu The diviTors of 288 are i, 2, 3, 4, 6» 8^ 

9, 12, x6, 18, 24, 32,36, 3cc* 



^riaL 
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Trial. Corredions. 

xa 24-2=22 



2XZZ 48 24-3=21 

«f*=576 24-4=20 

^4-5 = 19 



»*-2af=528 24.-6 = 18 *arooc« 

288=288 



**-2^-288 = 240. 

The dmfor&of s^o larc if t^ 3» 49 gy ^p h io^ 12, 
15, 16920, 24, &c« 

Proof, 

X2 
24P= 36 



X*- 2a; =288 
288 = 288 

«* - 2* - 288 = o. 

Anfwer. The perfons were i8. The negadfe root^ 
-«- 16| muft be neglected. 

VerificaticTU 18 : 144 : : i : 8 ; 16 : 144 : : i : 9 • 

and 8 + 1=9. 



^Jl. III. One lays out a certain fum of money in. / 
goods^ which he fbld again for 24/. and gsuned as much 
per cent, as the goods coft him. I demand what they 
coft binu 



/ '• 



1 • 



iohitUn. 



Soluthn. 

Notatidru Pat x for the nnonej laid out. Theiiy 
bccaufe 2'4is the fum of the money laid out and its gain, 
this gain will he i^-x. But the gains being as the 
principals^ this gain is aIfoxjir-7- 109^ 
iox lOQix i\x I w-rioo. Therefore* 



I .« 



Equation. 

««-T-ioo = 24-x, that is x*+ 100^ — 2400=0. 

Refobiiion* The divifors of 2400 are I9 2^ 3, 4^ 5^ 

,^ 8» lOf '««» Hy *^ «^ ^4» *5> 39f *«• 

Trial. Correflions. 

*~ 25 25— 1=24 * 

I- X ICQ 25— 5=20 •a root, 

igox^i^oo 25-25= o 

x'z: lis 

+ 



jp* + ioar=3i25 
2400 =:: 2400 



»^+ioo;r-2400=r 7251 whofe divifors i|5i 25, &c« 

Psoof* 

X IQO 



I00X = 2000 

+ 



|p*:sr 40a 



ar* + ioo*=ra40o 
2400 = 2400 



;r' + ioo*-240c=r a 

Anfwer. The money laid out is 20/. The negatn^c 
root, - 120, has no meaning in our cafe^ and therefore 
is negleAed. 
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Verification. The gain is £4 — 20^ that is 4^ and 
therefore the gain per loa is 201, as the queftion re* 
quires^ becaufe we find ao ^ 4 frs 200 : 20. 

^eft. IV. One lays out jg/. i j/. in cloth, which 
he fold again for 48/^ p«r piece, aad gained as much in 
the whole as a fingle piece coft kim* I demand how be 
bought in his cloth per piece* 

Sotutim. 

. Not0fim. If the number of fluHiags, every fiiigle 
piece was bought for, be «r^ . 

The gain per piece will be 48 - j? (h iUings> Hence 

The whole gain m be ^iS^^^r^ Mlu becaufe 



* x: 48 -AT :« 675 : -Ilill— Z!!, and 33L 15/.S675/. 

But the whole gain is alfo six. Therefore 
Equation. 

flp = — — ^ , and hence x* + 675^-3 2400 ;=o. 

X ' 

Refobition. The divifors of 32400 are t, ft, g, 4, 5, 
6, 8, 9, lo, 12, 15, 16, 18, 20, 24, 25, 27, 30, 36, 40/ 
45, 48, &c. 

Trial. CorreAionS. ' 

xzz 2j| 25+ 1=26 

— y^^T5 25+2 = 27* 

67-^=16875 254 4 = 29 

• x'zz 615 25+ 5 = 30* 

+ ^5 + 10=35 



^* + 675;«f=: 17500 25 +" = 45 •aropt; 

:?240o = 32400 






;i?* + 675^^-32400 =-14900, whofe divifors are i, 2, 4, 

5, 10, 20, 25, &c* 

Proof. 
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Proof. 

*- X675 

675*= 30375 

x*=r 1025 

+ 



«*+ 675^=3^00 
32400=32400 

«*+675x- 32400= ©• 

A^mr. Erery finglc piece of the doth cofts 45/. 
the other root, - 720^ is of no ufe. 

Verijlcaticn^ The gain per piece is 48-45 or 3/. 
Hence 45 : 3 :: 675 : 45 ^ which b the whole gaia^ as 
in the queftioo* 

^sejl. V. It is required to divide 16A between two 
perfonsy fo that the cube of the one's (hare may exceed 
the cube of the other's by 386. 

ScbiitM. 

N^tatiM. If the difference between the two (hares 
be 2Xy the greater (hare will be 8 +x» and the lefs 8 - or. 
Seepage 22. 

EquMtion. By the queftion (8 + ^)' - (8 - af)'=386, 
or x^+ 192^;- 193=0. 

Re/iluiion. The divifors of 193 are but i and 193. 
HencCirsi* 

Anfmer. The two (hares then are 9 and 7. The 
other roots arc impofllble. 

Vffrificstm. 9+7=16, 9' -7' or 729-343 = 386. 



^eji. 
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^eft. VI. What two numbers arc thofe, whofc 
produA multiplied by the greater will produce 405^ 
and their difference multiplied by the Icfs 20 ? 

Solution. 

Notation. Let the greater number be x^ and the 
lefsjr. 

Equation. 

Then, by the queftion, 

xy X X, or ^'7=405, and ;if*=^— ^ 

^-jr x^, or ry-J7 = 20, and x= ^ 

J 

Rejblution. 
Hence 

/?:£j:2Z^ =3^, that i«/+4o/-405;f+400.=o. 

The divifors of 400 are i^ 2, 4^ 5, 8^ lo^ 16^ 2O1 
25, &c. 

Trial. 

— r X 405 

4057=405 
4002:400 



-405)^+400= -5 
/+4o/= 41 

+ 



/+ 40/ -4057 +400=: 36, whofc divifors 
arc f, 2, 3, 4, 6, 9, 12, 18, 36. 
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Corrcftions. '. Proof. 

^t + irzi • y= S 

i+a=3 ■ ' ■ ' ■ X 405 

1+3=4* 405;r=2oa5 

I •{-4=5 • a root. 400= 400 

/f 40/= 1625 

+ 

y^ + 40/ - 4057 + 400 = o. 

Jtnfwer. 

The lefs number is 5, and the greater 9, becaufe 

"^^ y 5- 5 

Verification. Their produft is 45, and 45 x 9 = 405 -, 
their difference is 4, and 4 x 5SS20. 

Note. Being / + 40/ - 405^ + 400 =; o, and j^sc5 
or y - 5 =0, we find ^ ^^ ^ — Z-Zi-L2L-= 

y -I- 5^-1- 65)^ -80=0. This cubic equation has one 
pofitive incommenfurate root, viz, 1.114, &c. which 
may be found by its proper rule given in Seft. II. Ch. 
IIL and two impoffible* The incommenfurate root 
^=1.114, &c, gives x= 19.067, &c. and thefe two 
numbers anfwer the conditions very nearly. 

^ejl. VII. The fam of the fquares of two numbers 
(208) and the fum of their cubes (2240) being given, 
to find them. 

. Solution. 

Notation. Let the fum of the numbers fought be aar, 
and their difference zy. 
Then the greater number will be x+y, and the lefs 

Equation. 
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Equation. 

Therefore (fe+yT+i^-yTf or 2x" + 2/==to8, 

and jf*=:i04 — **i 

and^ = -4 = — .. 

Refolution. Hence -^ "^ — 2:104-;^% 

and ^' — 1 56* + ^^osiso. 
The roots of thiB eqaatidn are 4, 10^ and - 14. 

Anfiver. 

The numberB fought are 12 and 8| be&aufe ^310, 
J^SS) iif+^2si2, and Af ~ jfccS. 

i2* + 8*i2i44+64rs208, atidi2'+8's:j7'28+5i2 

s±:2240« 

Note. The numbers 12 and 8 give tke only juit fo- 
lucion. If X =4, then r = V88, and the numbers fought 
are 4 + v'SS and 4 - ^/68 ; the laft is negative, but they 
anfwer the conditions. Laftly, if x=: - 149 then 
^ = s/-92^ an impofEble value; but ftill the two num- 
bers — 14+V-92, and -14-V-92, being infened, 
would anfwer the conditions. But it has been obferved, 
that fuch folutions are ufelefs, and without meaning,. . 
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CHAPTER VII. 
OF INDETERMINATE QUESTIONS OF THE 

« 

FIRST ORDER. 

IT was formerly obfcrvcd, (Chap. I.) that if there 
are more unknown quantities in a quefiion, than equa- 
tions by which their relations are expreffedj it is inde- 
termined ; or it may admit of an infinite number of an- 
fwerst . Other eircumftances, however, may limit the 
number in a certain manner^ and thefe are Tarious, ac- 
cording tp the nature of the queftion. The contrivances 
by which fuch queftions arc rcfolved, are fo very diffe- 
rent in different cafes, that they cannot be compre- 
hended in general rules. I will now explain only a 
method,^ wliich is very eafy and ufeful in the folution 
of indeterminate queflions of the ifl order. 

Defiftifion. In this fort of queflions the final equation 
is that, in which the number of the unknown quantities 
is the leafl poflible. 

^eft. I. Let it be required to find two numbers 
whofe fum is equal to ten times their difference. 

Solution. 
Putting X and y for the two numbers fought, it will be 

x+j/ziioxx--y=:iOx^jqy ; hence ;i:=: — ^. 

.9 

Suppofe 



( *85.) 
Suppofe /= 1 9 2, g, • . • , 9, and fo on* • 

itwillbc:if=— > — , — , ..., ^ = ii,andfoon* 

9 9 9 9 

But if it be required that x aod y fhall both be whole 

1 1 y 
numbers^ then, bccaufe*=— ^, it is, by Divifion, - 



9 



9 
Now, fuppofe — = A, you will haTe y = — , 

or v = 4A+— . 

2 

Again, put — =B, and therefore A = 2B. Hence 

2 

y=4A+— = 8B+B = 9B, 

2 

;r= y +^=:9B+2B=uB. 
9 

Differences. 
If B= I, 2, 3, 4, &c. in infinitum. + 1. 
then j' = 9, 18, 27, 36, &c. + 9^ 

and ;r =11, 22, 33, 44, &c. +11. 

Hence the following 

RULES. L From thejinal equation draw the value 
ef that unknown quantity (as x in our quejlion) which has 
the lefe coefficient. 

II. 7bat value being an improper fraSion^ find by Divi* 
Jion the whole and the fra£lionary part^ which will be a 
proper frallion. 

III. Put this fraSion equal to a new unknown quan* 
iityy as A, and from the equation hence arifing draw the 
value of the other unknown quantity (which in our cafe is 
y) upon whi^h, if fraHionary^ work as you did upon the 

value 
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valnf 9f kf taking a new unknown quantity^ ds B ; and 

Jo on, till you meet with an integer value. 

IV. ^ben exprefs the values ofy and x by the quanti* 
Ties contained in that integer value j and they will alfi be 
integer* 

V. LaJUjy put your laft unknown quantity (as B in 
our example) equal fuccejftvely to the natural numbers e, 

i> *> 3> ^^* ^^ "^i» -"2> -3f ^^- ^^^ write down 
in thefa\ne column under them the correfponding values of 
y and x, among which you willjind all the poffible an* 
fivers. 

Notes. I. The values of the quantities fought will 
always form an arithmetical feries^ wfaofe di&rence 
(that isy the common difference of its terms) may ferrc 
to continue it as long as need requires. 

11. If the coefEcients of the unknown quantities have 
a common divifor^ their values cannot be exprefled in 
whole numbers, unlefs the known quantity itfelf be di- 
vifible by the fame divifor* Thefe coefficients ought to 
be prime numbers to one another. 

^eft. II. A merchant owes iiooL and not 
being poffefled of money, offers two forts of merchan- 
dize in payjnent. The firfl is worth 7/. an ell^ and the 
fecond 5/. Find in how many different ways^ wttfaouc 
fractions, he can pay his debt. 

Solution. 

Take x and y for the numbers of ells of the ift and 

2d merchandize. Then 

*- . - ' J i2ao-7x 2x 
7/r+5jr=:i2oo, and jf= L =24o-« • 

Sup* 
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Suppofe — = 2A; heaQc «=r 5 A« and ^=? 240-^7 A. 

PifiercQces. 
If A=: I, 2, 3, &c. ininf^ +i 

then 4f=: 5, lo, 15, &c. +5 

and ^ = 233, 226, 219^ &c. «^7 

^uefi. III. A labourer gaye lambs in I'eturn for 
iheep. He values each lamb at 4i. and each (beep at 
95. and he gave 15/. into the bargain. I demand in 
how many different manners his bargain can be changed? 

Solution* 

Put X for the number of lambs, and y for that of 
(beep exchanged. Therefore 

4 4 

Takej^ — 3=4A; then^z=4A + 3, and x = 9A+3. 

Differences. 

Ar:0| 1, 2, &c. in inf. +i 

^==3, 12, 21, &c. . +9 

y^Zy 7» 'I| &c. +4 

^w^. IV, I owe a friend a (hilling, or fomc num- 
ber of (hillings, and we have only guineas and louis 
d'ors about us ; the guineas being valued at 215. a piece^ 
and the louis dVs at 19. How muft I acquit myfelf of 
this debt ? 

Solution. 

Suppofe I give x guineas and receive y louis d'ors. 

rj^ . 2iar-i_ , 2X''X 

Then 2xac-iQtsi> and >= ^x +■■ 

19 19 

Pat 
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Put2a?-i=:ioA; whence «=-i-. = 9AH — — ^ 

AgaiD, A+i=aB; hence ArriB- i, ^=196- 91 
andj^ = 2iB— 10. 

Differences. 
B= I, 2, 3, &c. in inf. + 1. 

;r=: 10, 29, 48, &c. +19* 

^ueJl^'V. To find a Turn of money in pounds and 
(hillings, whofe half is juft its reverfe. 

Note. The rcverfe of a fum of money, as 8/. i is. 
is I iL 8 J. 

Solution. 

Let X be the pounds, and y the (billings. 
The fum required is 20a:+j^ in fhillings. 
Its reverfe is zoy+x in fhillings. 

Therefore ^ = 2ov + a: or 20a: + y = loy + 2*'. 

2 

Whence i8ji:=:39jr, ot6x^iy^ and a: = 2j^ +-t" • 

Putjf=:6A; and will be Air^ 13 A. 

Differences. 
A=s I, 2. 3, &c. in inf. + i 

*=i3> «6j 39> &c. +13 

jf=: 6, 12, 18, &c, + 6 

From the nature of this queftion, 1 3 and 6 are the 
only two numbers that can give the proper anfwer, viz. 
13/. 6j. for its reverfe &/• 131. is juft its half. 

The ratio of jr. and jp is exprefied in the loweft inte- 
gral terms by 1 3 and 6 ; any other expreflion of it, 
as the next greater 26 and 12, will not fatisfy the 
problem, as izL 26s. is not a proper notation of mo* 
ney in pounds and fliillings. 
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^e/l. VI. Two country women have together loo 
eggs^ one fays to the other^ when I number my eggs 
eight by eight I find a remainder of 7 ; I find the fame 
remainder^ anfwers the other, if I number my own ten 
by ten* The queftion is^ how many eggs has each of 
them? 

Solution. 

Becaufe the number of the eggs of the firft country 
woman, being divided by 8, gives a remainder of 7, 
and the number of the eggs of the other, being divided 
by 10, gives the fame remainder, the firft number may 
be exprefled by 8^+7 and the fccond by 107 + 7. 
Therefore, 

8j:+ioy+i4=ioo, and jcmo-^ + l^. 

4 
Make 3-jf=4A, thenjf = 3-4A, and x=5A + 7. 

Diff. 
A= I, o, -r, -2, &c. in inf. -i 

X- 12, 7, 2, -3, &c. -5 

8:i;+7 = i03,63, 23, -17, &c. -40 

10)^+7= -3,37, 77, 117, &c. +40 

From this felles it is vifible that there are only the 
two following anfwers to our queftion, becaufe there 
are no negative eggs. * 

ift» The ill country woman has 63 eggs, the 2d 37. 

2d. - • 23 - - • 77. 

^ejl. VII. I defire to know how many ladies and 
gentlemen may be at a bail, if the produd of their 
numbers moft be equal to ten times the excefs of the 
number of ladies above that of gentlemen. 

P p Solution. 
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Solution^ 

Let i( and y be the number of ladies and gentlemeflif 
Then Arjfniox^-jK, md xy + i(y=ziox, 

I OJ? I oo 



I take An , and I have ;r+io=: . 

;r+io A 

Hence x^^-^r- — lo and y=: lo — A. 

A 

A= I, 2, 4, 5,10, ^o, 25, 50, loo, 

^ = 90,40,15,10, o, -5, -6, -8, -.-9. 

;y= 9, 8, 6, 5, 0,-10,-15,-40,-90. 

Becaufe the value of the arbitrary quaotiij A ought 

to be a divifor of ico and lefs than iq, (here arc oaiy 

the four following anfwers. 

I ft. The number of the ladies 90, of the gentlem. 9, 
2d. ..-.•..^Q .-..8. 

3d - 15 . * . . 6, 

4th. ..,*-.-. 10 -.-.5, 

Note. This queftion properly belongs to the 2d or- 
der, but I put it here, being ea(y enough to be r^- 
folvied on the fame principles. 

^eft. Vlll. Twenty perfons confifting of men, wq-? 
men, and children, at a collation paid 10s. the men 
paying 4X. a piece, the women 6d. a piece, and the 
children 3<f. a piece. How many were, there of eacl; 
fort ? 

Solution. 

Let X, y, and as, be the numbers of the men, women, 
aid children. Thep reducing ihilUngs 'mto pence, we 

The 



/ 



/ 
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'tht total cxpeacc 48a? + 6;^ + 32 = 24© 

^j 

1 6^,+ 27+ z=: 80 
Number of perfofis *+ jr+ «= 20 

15*+ y •= 60 

Hence jf = 60- ijx and z =20— ^ — a:=i4Jtr-4o» 

Differences. 
ar= 1, a, 3, 4, 5, &c. +1 

J^= • 45f 30,15* o, -15, &c. -15 

z=-a6,— la, a»i6, 30, &c. +14 

Becaufe perfoos cannot be either negative, or no-* 
thing, the only anfwer i$ 3 men, 15 women, and z 
children. 

^eft^ IX. Suppofc one would buy 40 birds, con- 
fifting of partridges, larks, and quails, for 98^. pitying 
^4* ft piece for the partridges, a half-penny a piece for 
the la^ks» and 44/. a piece for the quails. The queftion 
ih bow many he muft h^ye of each ibrc ? 

Solution. 

Let Xy y, and 2,. be the numbers of the partridges, 
larks, and quails. 

The total cxpencc ^x+—+4z::z 98 

6x+ ^ +82= 196 
Number of birds x+ y + z= 40 

^x * + 7z=i56 

Hence *=:!iL:±*=3i ^z + lZl?, 

5 5 ' 

P P a Put 



4 
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Put i-2z=:5A; then azr-HL. =:-2A+^^-^. 

2 2 

Again, i - A = 2B, and Am - 2B. 
Therefore «= -2A+B = 5B-2. 

Of =31 -2;+A = 34-7B. 

^=:40-»-a: = 8 + 2B. 

DHT. 

Brr-i, o, I, 2, 3,4, 5, &€• +1 

a:= 4if 34>a7, 29,13, 6,-1, &c. -7 

jf= 6| 8| 10, 12, 14, i6| 18, &c* +2 

2=-7f-a» 3» 8,13,18, 23, &c* +5 

Here you find the following 4 anfwers : 

ill. 27 partridges, 10 larks, 3 quails. 
2d. 20--- 12* 8-- 

3d. 13 - • - 14 - 13 - - 
4th. d--- 16-18 •- 

^utfi. X. There has been a very remarkable comet 
in a certain year of the Chriftian aera, in which the 
number of the folar cycle was 9, of the lunar cycle alfi> 
9, and of the Roman Indi£lion 3. Which was that 
year? 

Note. The folar cycle is a revolution of 28 years. 
The lunar 19 

The Roman Indi^ion 15 

The Julian period 7980 

This period arifcs from the produft of the other three 
revolutions, viz. from 28 x 19 x 15, and it is fuppofed to 
begin 47 13 years before our Chriftian ^ra, which there- 
fore has its beginning in the Julian year 4714. Jofcph 
Julius Scaliger was the author of this account, which is 
preferable to that of Dionyfius, this being only of 532 
years, arifing from the produft of 28 multiplied into 
19, and therefore comprehending a lefs number of 
events in its duration. 

Solution 



Solution. 

Let a? be tbe year of Chrift required, a? +47 13 will 
be the fnlian year, which, becaufe it ought to contain 
the folar cycle a cenain number of times (fuppofe a) 
and 9 years more, the lunar cycle another certain num* 
ber of times (fuppofe b) and alfo 9 years more, and tbe 
Roman IndiAion another certain number of times (fuppofe 
c)^ and 3 years more, will give the following equations : 

^l^^ =:tf+-%andar=28ig+9^47i3? 
20 20 

^i^2Ii=*+5. andar=i9A+9-47i3; 
19 19 -p' -r # J 

— -l^i^=:^+— and a?= 15^ + 3 -4713. 
Hence 19^=28^ or ^=- — = tf+?— 

. Suppofe 2-. z= 9 A ; then azzi 9 A, 

and ;c=28 x i9A+9--47i3* 

Therefore 15^=28 x i9A + 6 = 532A + 6 ; 

Put7A+6=icB; hence A=:i5_Z_ = 2B+—^ 

Again, B-6 = 7CorB = 7C + 6. Therefore 
A=i5C+ 12, 5:^28 X i9A + 9-47i3 = 798&C+i68o. 
C = o gives x=: 1680 for the year required* 

Note. Every other, value of C would give fuch a 
number of years, that is not yet pafled in our j£ra, and 
therefore it cannot belong to the prcfent queftion. 



#» 
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^efi* XL A grocer has tea at Zs. at los. at 14/, 
per lb. and he propofes to make a mixture of 2olb. of 
the whole to fell it at lis. per lb. What quaatity of 
each muil he take ? 

Soiitianf 

Let af, jr, and z, be the quantities required of the 
Aree forts df tea refpcftircly. Then we ftall have the 
following equations: 

x+ y+ zzzio 

' X4 . 

4Af + 4)^ + 42;=: 80 

8x+ 10^ + 142=240 (=:2olb«x i2x«) 



-rZ 



4*+ Sy-^ 7z=t20 
^x+ 4y+ 4z= 80 



^ y+ 32r= 40 

Hence ^ == 40 - 3^ and 0:2:20— jf—»2r22-ao* 

Diff. 

z=io, II, 12, 13, 14, &C* » +1 

;p=io, 7, 4, 1, -2, &c. -3 

x= o, ^% 4, 6, 8, &c +^ . 

The mixture may be made only in three manners, viz* 

i&. 2lb. at 8s. ylb. at loi. iilb. at 145* 
2d. 4lb. 41b. izlb. 

3d. 61b. lib. 131b. 

Nofe. Such queftions as thefe are generally rcfolved 
by the Rule of Alligatioo. 



^eft. 



S^utjl. XII. How can I pay 19 livrcs with half- 
crownsy (hillingSj and (ix-pences^ fuppofing i livrc 
worth iod% 

Solution. 

Let or, y^ and 2, be the number of pieces required 

refpeflively. Reducing each money into pencci \h^ ooly 

equation is 

30a?+T 2^ + 62^190 ' 
^6 

Whence it appears that the queftion is impoffible, 
becaufe it involves fradiiooary quantities, which cannot 
\>t t^ken away. See Note U. to the Rules after the 
jft q»e(lipn. 



CHAP- 



( ?^9« ) 



CHAPTER VIIL 



A PROMISCUOUS COLLECTION 

OF QUESTIONS. 

I. Determinate ^uejlions of the iji Degree. 

1. A Man having a certain number of crowns, faid, 
if i, \y and \ of them, and 4 more, were added toge- 
ther, then fubtraAed 4- of them from the fum, they 
would make 57 crowns* 1 demand how many he had. 
Anf. 6o. 

2. A, By and C, went together to buy a certain 
quantity of timber worth 36^ B had j- more than A, 
and C had \ more than B. I demand how much each 
man bought. Anf. A 9/. Biz/. C 15/. 

3. A man at his death left 2600/. and by his will 
ordered that his nephew (hould have 6o/. more than 
his coufiui and his brother as much as both his nephew 
and coufin, lefs lOo/. I demand what fum each is to 
have. Aaf. The coulln 645/. the nephew 705^ and 
the brother 1 250/. 

4. A coal merchant being asked how many chal- 
drons of coals he had fold, anfwered, if the chaldrons 
were trebled, from the produd taking 40 chaldrons, 
and to the remainder adding 4- of it, I would have 
fold 4000 chaldron. How many did he fell then ^ 
Anf. 1 1 244-* 

5. A merchant, to fet up a manufactory, agreed 
with 9 pccfon who well underftood the bu&nefs> that 

when 
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Vfhax that perfon ihould attend the manufadoryy he 
would allow him 301. a day : but, that the faid perfon 
.was to forfeit los. for each day he (hould not attend. 
At the end of 30 days they fettled together, and the 
merchant gave the other 25/. How many days did that 
perfon attend^ and how many days did he not ? Anf. 
20 days he attended, and 10 days he did not. 

6. A roan asked how many guineas he had, faid^ 
a certain number, multiplied by 8, would produce 7 
more than I have ; but, if the fame number be multi- 
plied by 7 only, it will make 5 lefs than I have. What 
is that number, and how many guineas had he ? AnC 
12 is the number, and 89 are the guineas. 

7. One goes with a certain quantity of money about 
him to a tavern, where he borrows as much as he had 
then about him, and out of it all fpen^ls a (hilling ; 
with the remainder he goes to a fecond tavern, where 
he borrows as much as he had left, and there alio 
fpends a {hilling ; and fo he goes on to a third, and a 
fourth tavern, > borrowing and fpending as before, after 
which he had nothing left. I demand how much money 
he had at firft ^bout him. Anf. iid.i 

^. A man and his wife and child dine together at 
an inn. The landlord charged 10 pence for the child. 
He charged for the woman as much as for the child and 
one-third of what he charged for the man ; but for the 
man he charged as much as for the woman and child 
together. What did he charge for each ? Anf. 30 
for the man, and 20 for the woman. 

9. Divide 560 into two fuch parts, that one part 
may be to the other as 5 to 2. Anf. 400 and i6o. 

10. A (Indent coming into a bookfeller's (hop, asks 
the price of his (lock of books ; to which the bookfeller 
replies, I will have four Ihillings a volume for them 
one with another; no, replies the ftudent, I hjive not 
money enough by 5/. to pay for them at that rate, but 
if you will let me have them at 3/* 4^. a volume, I can 

Q^ q then 
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'AcA pay ifbr the whole and (hall have 5/. left to pay 
for the carriage* What number of voiumes had the 
bookfeller^ and how much money had the (hident? 
Ataf. ^00 volumes^ and 55/. 

1 1. Given the difFerence of two numbers 10, and 
th« difference of theirfquares 120, to find the nnmbers. 
AnC The numbers are li and t. 

la. A footman who contra6^ed for 8/. a year and 
a livery, was turned away at the end of 7 months, and 
received for his wages 2/. its. 4^. and his livery. What 
was the faloe of the livery : Anf. 4/. i6x. 

13. A fliepherd driving a flock of iheep in time of 
war, mcets^with a company of foldiers, who plnnder 
Km of half his flock and I a fheep over. The (ame 
treatment he meets with from a fccorfd, a third, and 
a fourth con^any ; every fucceedmg company plunder- 
ing him of half the flock the laft had left and i a 
iheep ovter, infomuch that at lad he had only 8 iheep 
left* I demand how many he had at firft. Anf. 143* 

I4« One buys a certain number of eggs, half whereof 
he buys at 2 a penny, the other halt at 3 a penny. 
Thefe he afterwards fold out again at the rate of 5 for 
ft pence, and, contrary to his expeftations, loft a penny 
by the bargain. What was the number of eggs ? Anf. 
6o« 

15* It is required to find two numbers with the fol- 
lowing properties : that f the firft with -J- part of the 
fecond may make 1 6, and that i of the firft with 4 of 
the fecond may make 9., Anf. 12 and 30* 

16. Divide 20 into two fuch parts, fo that ^ of the 
one part added to ^ of the other may make 6. Anf. 
15 and 5. 

17- Says A to B, give roe 5/. of your money, and 
I (hall have twice asi much as you will have left. Says 
B to A^ rather give me 55. of your money, and I fliall 
have 3 times as much as you will have left. What had 
each ? Anf. A 11, and B 13. 

1 8. From 
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i8. From the Ladies' IHary, I7q8, 

When firft the marriage knot was tied 

Betwixt my wife and me. 
My age to hcr'swe found agreed. 

As nine doth unto three : 
But after ten and half ten years, 

Wc man and wife had been. 
Her age came up as near to mine. 

As eight is to fixteen. 
Now tell me-, if you can, I pray. 

What was our age o'th' marriage day ? 

Anf, The man's age was 45, and the mfe^s 15* 

19. A jockey has two borfes A and B. He lias 
alfo two faddlfSy one valued at 16A the other at 4: 
now, if he fets the better faddle upon A, and thcworf^, 
upon B, then A will be worth twice as much as B ; 
but i^ he fets the better faddle upon B, and the worfe 
upon Ay then B will be worth three times as much as 
A* I demand the values of the bcnrfes. Anf. A'a valoc 
3/. 4r* and B's 5/. 1 is. 

20. A certain company at a tavern, wbexi they 
came to pay their reckoning, found, that had there beea 
four more in company they might have p^td a ihiliing 
a piece lefs than they did. And that if there had becit 
three fewer in company, they mnft have paid a ibilUng 
a piece more than they did. I demand the number of 
perfons, what each paid, and what was the reckoning* 
Anf. 24 perfoDS, their quota :js. and their reckoning 

2i» What two numbers are ihofe, whereof the lef$ 
is to the greater as 2 is to 5, and the produfi of whofi( 
multiplication is ten times the fum of the numbers i 
Anf. 14 and 35^ 

22. To find four numbers with the folKiiwlug pro- 
perties : the fum of the three fir(t is 13, tkQ fum of 

Q^q ^ the 
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the two firft and laft is 17, the fum of the firft and 
two laft is 18, and the fum of the three lail 21. Anf. 
2, 5, 6, 10. 



11. Determinate ^ejiions of the id and higher Degrees. 



1. Given the produft of the multiplication of two 
nambers = 144, and the quotient of the greater divided 
by the lefs =9, to find the two numbers. Anf. 36 
and 4. 

2. What two numbers are thofe, whofe difference 
is 15, and half of whofe produft is equal to the cube 
of the lefs ? Anf, 3 and 1 8. 

3. There are three numbers in continual geometrical 
proportion; the fum of the 1 ft and 2d is 10, and the 
difference of the 2d and 3d is 24. What are the 
numbers? Anf. 2^ 8, 32. 

4. To find two numbers, of which the produd is 
100, and the difference of their fquarc roots 3, Anf. 
4 and 25. 

5. To find four continued proportionals, of which 
the fum of the extremes is 56, and the fum of the 
means 24. Anf. 54, 18, 6, a. 

6. A certain member of parliament ordered his 
fteward to diftributc 7/. 45. among the poor voters. 
When they were affcmbldd together, and the fteward 
ready to diftribute the money, there come in unex- 
peflcdly two more claimants; by which means, thofe at 
firft affembled received one {hilling a piece lefs than 
they otherwife would have done. What was their num- 
ber at firft ? Anf. 16 pcrfons. 

7. A -traveller, A, Ifets out from a certain place and 
travels r mile the ift day, 3 miles the 2d day, 5 the 
3d day, and fo on accorJding to the fcries of the odd 

pum- 
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nambers. Eeight days after another, B, fcts out and' 
travels the fame toad at the rate of 36 miles every day* 
I demand how long and how far A muft travel before 
he is overtaken by B ? Anf. 12 days, and 144 miles. 

8. A gentleman buys a horfe, which he fells again 
for 56 crowns, and gains as many crowns in ico, as 
the horfe coft him. Quaere the price of the horfe? 
Anf. 40 crowns. 

9. Two partners, A and B, gain 140/. A's money 
was in trade ^ months, and his gain was 60/. lefs than 
hisfiock; alfo B's money, which was 59/. more than 
A*s, was in trade 5 months. Quaere A*s (lock ? Anf. 
100/. 

10. -Two travellers, A and B, fet out from two 
places, C and D, at the fame time, A from C bound 
for D, and B from D bound for C ; when they met 
and had computed their travels, it was found that A 
had travelled 30 miles more than B, and that at their 
rate of travelling A expected to reach D in 4 days^ 
and B to reach C in 9 days. I demand the- diftancebe-* 
tween C and D« Anf« 150 miles. 

11. Two travellers, A and B, fee out- from two 
places C and D, at the fame time; A fets oat from 

C, with a defign to pafs through D, and ^ B from 

D, with a defign to travel the fame way: after 
A had overtaken B, and they had computed their 
travels, it was found, that they had both together tra- 
velled 30 miles, that A had paffed through D 4 days^ 
before, and that B at his rate of travelling was a 9 days 
journey diftant from C. I demand the diftance between 
the two places C and D. Anf. 6 miles. 

12. The governor of a befieged place, wanting a 
fupply of troops, writes to his General, that the garrifon 
is only as many hundred men, as there are units in 
the pofitive root of the following equation, 

:*:* - x^ — 44r* + 49* zi 245. 
The meflenger is flopped by the enemy, and the letter 
is opened, but nobody is able to declare the meaning 

of 



of it* If yoQ were preiciK, coujd yon hare di(<?OTerfd[ 
how many hundred men vere in the garrlfon ? Anf. 
7PO men. 

1 3* The diflference between the ages of two brothers 
n j years^ but fhe produ£k of the fquares of their ages 
is 4356. What are their ag^s ? Anf. 6 and 1 1 years. 

14. The number of my children, faid a father, is 
fnch that, if from its 5tb power you fubtra£i 50 times itr 
Iquare and 30 times its cube, the remainder will be 
4067. How many children had he i Anf. 7 cUidreu. 



DigTi 



1. Suppofe one would buy 10 birds for zod. ynz. 
ducks at id. a piece, partridges at id^ a piece, and geefe 
:it ^d, a piece. How many mufi he have of eaeh fort } 
Anf. 5 ducks, 14 partridges, and a goofe* 

2. 41 perfons, confifting of men, women, andchil* 
dreB, at a coUation paid 40/. the men paying 4s. a piece^ 
the women ji. a piece, and the children 4^. a piece. How 
nany were there of each fort ? Anf. 5 m. $ w. and 33 ch* 

3. Let it be propofed to find in what year of the 
Chriftian JEn there has been 17 of the fblar cjrcle, 6 
of the lunar cycle, and 5 of the Roman indi^lion» 
Anf. ID the year 1772. 
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ALGEBRAICAL LANG0AGE. 






C H A P T E R !• 



THE NATURE OF THE ALGEBRAICi^L 

LANGUAGE. 

INvdlijjations by common Arithmetic are greatly 
limited^ from the want of charaders to expr^s the 
quantities that are unknown, and their diiS&rent relationa 
to one another, and to fuch as are known. Hence let- 
ters and other convenient fymbols have bden introduoed 
to fupply this defed ; and thus gradually hu arifcn the 

fciencd 
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fciencc tf^AIgehra^ properly called Univerfal Arithmetic, 
and fometimes, for its fymbols, fpecious or literal. 

In the preceding mathematical languages, the given 
numbers difappear in the courfe of tl^e operation, fo 
that.gcneral rules can feldom be derived from it ; but 
iu Algebra the known quantities as well as the unknown 
may be cxpreffed by letters, which, through the whole 
operation, retain their original form ; and hence may 
be deduced, not only general canons for like cafes, but 
the dependence of -tfee- <ifv«ral quantities concerned, and 
likewife the determination of a problem, without ex- 
hibiting which, it is not completely refolved. This 
general manner of exprefling quantities alfo. and the 
general reafonings concerning their connexions, which 
may be founded on it, have rendered this fcience not 
lefs ufeful-in *tbe de^ondration of. theorems,' than/ in 
tlie refolution of problems. ' " - 

To the algebraic alphabet belong not only the let- 
ters, but the numbers themfelves, as numerical coeffi- 
cients of quantitie s cxp reffed by letters. Again, thefe 
letters are not reftrained to reprefent any particular 
quantity, as do numbers and lines, but every fpecies 
of quantity as well as quantity in general. In an arith- 
metical problem then, thefe letters reprefent certain 
numbers (ad principal and intereft, &c.) In geometri- 
cal problems they reprefent certain lines (as length and 
breadth); or furfa^ces; or folids. In flatical problems 
they reprefent certain weights; in mechanics certain 
forces, &c. Thefe letters then are reprefentatives of 
quantity in general, or in the abftraft ; without reftrain- 
ing them to fignify either any particular degree of quan- 
tity, or even any particular fpecies of quantity. Thus, 
if 10 pounds be the principal, then at 5 per cent. I can 
find, from the Rule of Three, that 10/. is the intereft. 
But, if 1 put a for the principal, be it what it will, and 
b for the intereft; if I am told that azzzob, I get a 
geoeral rule for the intereft in all cafes at 5 per cent. 

In 
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In like manner a may ftand for the length and b for 
the breadth of certain figures^ and thus general rules 
may be eftabliflied, (hewing, in every one of thcfe fi- 
gures, the relation of the length* to the breadth. Al- 
gebraic rules, in which the fymbols ftand for fuch very 
general ideas, will of courfe be applicable to every fub- 
jeA into which mathematical reafoning can be intro- 
duced. 

It is from this univerfal application, that Algebra has 
been called the fcience of quantity in general; and this 
fcience is what I call here The Algebraical Language, 
the nature whereof may be comprehended in the fol- 
lowing. 

General Principle^ 

The J:nown quantities of a problem, as well as the 
vnknown, muft be expreiTed by letters, and their rela^ 
tions contained in it, or the conditions of it, as they are 
called, by equations. Thefe equations being refolved 
by their proper rules, will give a general folution, from 
which not only a general rule or theorem may be drawn, 
for folving all particular cafes of problems of the like 
kind, but alfo ih^ necefary limitations of the data^ for a 
perfpft folution of the problem, as well as a fynthetical 
demonjlration of the folution itfelf. 

Note. The word problem is more general than that 
of quefiion, which is ufed more properly in Arithmetic : 
but the divifion of problems is the fame with that of 
queftions. (Sec Part II. Chap. I.) 
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CHAPTER n. 



. OF WRITING ALGEBRAICALLY. 

W E write algebraically when by letters and niathe» 
matical flgos we reprefenc the known and unknown 
quantities in the problem propofed^ as well as the ope- 
rations required in it ; and alfo, when by general equa- 
tions we exprefs the conditions of the problem, that is 
the relations of the known and unknown quantities, con«> 
tained in it. 

Hence the operations upon letters, and the exprei&oQ 
of problems become the two chief divifions of this 
Chapter. 

The expreiSon of problems is the fame as the ex« 
predion of queftions, only that the known quantities of 
queftions are expreifed by numbers, and thofe of pro* 
blems by the firft letters of the common alphabet, as 
ay by r, &c. (Sec Part II. Chap. II.) 

The fundamental operations upon letters are per* 
formed as thofe upon letters and numbers. (Ibidem.} 
But there are fome other operationsj which ought to be 
explained in the following ScAions. 
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SECTION I. 



OF FRACTIONS. 

THE operations upon algebraic fradions follow the 
fame rules as the operations upon common fraftioos. 
(See Part L Chap. V.) It is only to be remarked^ that 
when the greated common divifor of algebraical quanti- 
ties is required, any common Jimple divifor is eaiily 
found by infpefVion. But, when the greateft compound 
divifor is wanted, the common rule (p. So.) is to be 
applied, with the following remarks. 

The (imple divifors of each of the quantities are to 
be taken out ; the remainders in the feveral operations 
are alfo to be divided by their fimple divifors ; and the 
quantities are always to be ranged according to the 
powers of the fame letter. 

The iimple divifors in the given quantities, or in the 
remainderSi do not affeA a compound divifor which is 
wanted & and hence alfo to make the divilion fucceed, 
any of the dividends may be multiplied by a fimple 
quantity. Befides the fimple divifors in the remainders 
not being found in the divifors from which they arife, 
can make no part of the common meafure or divifor 
fought ; and for the fame reafon, if in fuch a remain- 
der, there be any compound divifor which does not 
meafure the divifor from which it proceeds^ it may be 
taken out. 
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Examples. 



L a-b^ ) d'^iab+b' ( i 



Rem. * -2tf^+2i* 






iV(?/^. Iq the following fecond Example, both the 
given quantities are divided by their fimple common £vi* 
for b ; then each of the quotients hence ariiing is divided 
by its particular fimple divijor ; and, becaufe the firft 
term 3a ^ of the dividend is not divifible by the i(i 
term 4^^ of its correfpondent divifor, that dividend is 
then multiplied by 4. Again, the remainder is divided 
by \xs fimple divifor b^ and the quotient hence arifing is 
multiplied by 4, to have iza^ divifible by 4^}^ Laftly, 
the fimple diviior 196 of the remainder is taken out; 
and then the operation is brought to its end by the 
common rule. 
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In the firft example^ a-^b is the greateft commoa 
diyifor required; but in the fecond that diTifor is 

a-^bxbzzab-bb, for there is a Gmple common dlfifor 
bg and a compound a^-b. 



SECTION 11. 



OF INVOLUTION AND EVOLUTION. 

LEMMA. The reciprocals of the powers of a quan* 
tity may be expreffed by that quantity with negative ex* 
ponents of the fame denomination. That is, the feries 

I I I I ^ 

J, I, — > -r» TT* • • » i; > ^^* 

a a a* a^ 

may be exprefled by 

a\ a"", a-^, a-^S «-3, .,,tf--*, &c. 

For the rule for dividing the powers of the fame 
root was to fubtrafl the exponents* (See Part IL Ch. 
II. Note V. upon the fundamental Operations.) If 
then the index of the divifor be greater than that of 
the dividend^ the index of the quotient muft be nega- 
tive. 

Thus, 



f 
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— =tf*-«=tf*. And— =!• 

OF d^ 

G)r. I. Hence any qnantity which mnhiplies either 
the numerator or denominator of a fra{tion» may be 
tranfpofed from the one to the other^ by changing the 
iign of its index. 

Thus, 4 =*/-*• ^^ ^==-r — 

Cor. IL From this notation, it is evident that thefe 
negative ptnvers^ as they are called, are muhiplied by 
adding, and divided by fubtra^ng their exponents. 

Thus, «-^ X <r-3 z=a-5. Or — x — =^=^^5 



^a-3=rtf'. Or ^-r— = —=«». 



or a^ a' 



I. Of iNVOItTTION. 



PROPOSITION. To involve any algebraic quantity. 

Cafe I. 

When the quantity is fimple. 

RULE. Multiply the exponents of the letters by the . 
index of the power required j and raife the numeral coeffi* 
eient to tie fame power. 

Thus, the 2d power of a is a*>^^:sM\ 

The 
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The 3d power of 2^1* is 8a» ^ » =8/^^ 

The 3d power of 3^' is lya^^^b^^^ zz2'ja^b^. 

For, the muhiplication would be performed by the 
continued addition of the exponents^ and this multipli- 
cation of them is equivalent. 

Thus, tf* xa'=a"+*=a*='x*. 
8a*xa*xa*=8a* = 8u*x». 

z'ja^ xtf' xa* xb^ xb^ xb^zzzja^b*. 

Note. The fame rule holds aifoj ^hen the ligns of 
the exponents are negative. 

Rule for the Signs. 

Iftbejign of the given quantity is +, all its powers 
mu/l be pofitive. If the fign is — , then all its powers 
whofe exponents are even numbers j are pofttpoe ; and all 
its powers whofe exponents are odd numbers^ are negative. 

This is obvious from the Rule for the Signs in Mul- 
tiplication (p. 74.) 

Cafe IL 
When the quantity is compound. 

RULE. T^e powers mufl be found by a continual tnul- 
tiplication of that quantity by it f elf. 

Thus, the fquare oi ^•\ — is found by multiplying it 

2 

into itfclf . The produd is x^ + /jjc + — . The cube of 

4 

jr H — is got by multiplying the Iquare already found 

by 
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by the root^ wbich multiplied into the cube gives the 
biquadrate or 4th power^ and fo on. (See Se&. IX. 
p. 84.) 

Nofes. I. The fquare of a binomial confifts of the 
fqoares of the two parts^ and twice the product of the 
two parts. 

11. Fra&ions are raifed to any power by raifing 
both numerator and denominator to that power^ as is 
eyident from the rule for multiplying fraAions. (See 
p. 42, and 95.) 

IIL The involutioa of Compound quantities is ren- 
dered much eafier by the binomial theorem; for which 
fee the following Chap. IV, SeA. II. where of Infinite 
Series. 



!!• Of Evolution. 



PROPOSITION. To evolve any algebraic quantity. 

1 General Rule for the Sighs. 

1 . The root of any foJUive power may be either pojitive 
jor negative^ if it is denominated by an even number ; if the 
root is denominated by an odd number ^ it is pqfitive only, 

2. If the power is negative j the root alfo is negative^ 
when it is denominated by an odd number. 

3. If the p(wer is negative y and the denomination of 
the root even, then no root can be aj/tgned. 

Notes. I. This rule is eafily dedocecf from that gWen 
in Involution • 

S f II. The 
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IL The root of a po&ive power, denomioftted bf 
an even number, has oJFten the iign ^ before it, de* 
noting that it may have either + or - . 

III. The root of a negative power, denominated 
by even number, is expreiTed by fetting the radical 
fign before that power, and then it is called an m* 

fojftble ov imaginary xoot^ as ±\^-4, rfcv^ — 3. 

IV. The radical fign may be employed to expre(s 
any root of any quantity whatever, as is known ; but 
fometimes the root may be accurately found by the 
following Rules, and when it cannot, it may often be 
more conveniently exprefled by a feries« 

Cafel. 
When the quantity is iimple. 

RULE. Divide the exponents of the letters by the 
index of the root required^ and prefix the root of the nume* 
ral coefficient. 

I. The exponents of the letters may be, multiples of 

the index of the root, and the root of the coefficient 
may be cxtrafted. 

Thus, the fquare root of a* is «*"^* = =fca*. 

V z/fl* = ^a^ "^ ' = ja*. 

2* The exponents of tlie letters may not be mdti- 
plds of the itidex of tke root, and then tfaey become 
fra&ions ; and when the root of the numerical coefficient 
cannot be extrafted, it may alfo be exprefled by a frac- 
tional exponen/^ i)cs original index beftig underftood to 
be 1. 

Tbus^ 
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Thus,. s/iea^b'^^^^b'J.a^ ±4tf''^. 

• - 

X 1 1 

Notes. I. As Evolution is the reverfe of Involution, 
the rcafon of the Rule is evident. 

II. The root of any fr^dioo is found by cxtrafting 
that root out of both numerator and denominator. (See 
p. 96.) 

Cafe 11. 
When the quantity is compound, 

y 

!• To extras the Square Root. 

RULES. I. The. given quantity is to be ranged ac- 
cording to the powers rfthe letters^ as inDrmfion. 

II. The Jquare root is to be extraEled out of the \Ji 
term (by tb$ preceding Rulss) -which .gives the firjl part 
of the root fought. Subtra£l its fquare from the given 
quantity y and divide the^rfi term oftbc remainder by dou- 
he the part already f$undy andihi quotient is the fecond 
term of the root. 

HI. * Add this fecond part to double of the firfi^ and 
multiply their fum by the fecond part : fubtraS the produEl 
from the loft remainder ^ and if nothing remain^ the fjuare 
root is obtained* But if there is a remainder ^ it mufi,^ be 
divided by the double of the roots already foun4y and thf 
quotient will give the third part of the root ; andfo on. 



S f 2 Example 



( 3»6 ) 

Example L 
^/(a'' + 2ab+^')zza+t by Rule IL 



-a 



Rule n, aa) ♦ 2J*+** 



X * by Rule IIL 



Example 11. 



^(x^ ^ax' + —(=zx^^± by Rule IL 

4 ^ 



RulelL ^ 



2* 

2 



4 

4 



X — 



— by Rule IIL 

2 



4 



Note. The reafon of thefe Rules appears from the 
compofition of a fquare* (See Note L Cafe II. of Ixi» 

solution.) 
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2* To extrad any other Root. 

RULE. Range the quantity according to *ibe dimeti^ 
Jions of Us letters^ and extraii the /aid root out of the 
firft term^ and that Jhall be the firji part of the root 
required. Then raije this root to a dimenfion lower bj 
unity y than the number that denominates the root required, 
and multiply the power that arifes, by that number itfelf: 
divide thefecond term of the given quantity by the produB, 
and the quotient Jhall give the fecond part of the root 
required. In like manner are the other parts .to be 
founds by coufidering thofe already got as making one 
term. 

Example* 
a' 

And a-k-b raifed to the 5th power is the given qiian* 
tity^ and therefore it is the root fought. 

Notes. I. In Evolution it will often happen^ that 
the operation will not terminate, and the root will be 
exprefled by a feries, as in the following 
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Example. 






<»• 



M) 





4"' 




a«)*- 


4«* 


Za* 64a' 

8«* 64a* 

8tf* i6«' 64a* 456a* • 


- 






64a' ■ 64a* 256J" 

2(C. &c. &c. 



Notes. I. The Ext^aAioo of Roots by fcries is much 
facilitated by the binomial theorem. (See the following 
Chap. IV. Seft. II. where of Infinite Series.) 

II. By iimilar Rules^ founded on the fame princi- 
plesj are the roots of numbers to be extra£led. 
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SECTION ID. 



OF SURDS. 

DEFINItK)N. (^ntiiies with fractional exponents 
• are called Surds or ImpetftR Powers. 

Notes. L Such quantities are alfo called imstimal^ 
jQ oppofition to others with integral exponents^ which 
are called rational. (See the Note p. 95.) 

II. Surds may be exprefled either by the fraAional 
exponents, or by the radical iign» the denominator of 
the f ration being its index ; and hence the orders of 
furds are denominated from this index. In the follow- 
ing of^eration, however^ it is generally conyenient to 
ufe the ifotation by the fraAiooal exponents. Thus^ 



3 



a 



zza^i ^^b^-%a^bi ^a^h^zzi^^. 



llf . A ratioDal quantity may be put in the form of 
a furd^ by reducing its index to the form of a fradion 
of the fame value. Thus^ 



I a % m "V 

2,>cm I xm 2m m 



erbzia b =« b zzV a b . 



Principle; 



Principle* If the numerator and denomhtatar ef a 
fra&imial exp<ment be both multiplied, or both divided by tbe 
fame guantiPf^ the value of tbe p&wer is tbe fame. That ^ 

6 2x6 12 ^12x5 6o -^ 

m mxc €m cmxd edm 

n nxc en cnxd cdn « 
a =11 =a =a =a = &c. 

This principle is manifeft from the nature of frafiions^ 
(fee Principle IX. p. 24.) and upon it depend the ope* 
rations concerning Snrds. 

LEMMA. A rational quantity may be put into the 
form of a fnrd, by reducing its exponent to the form of 
a fraftion of the fame ralue. 

Thus, a'-a^=^/a*; aH-a^c^zz\/aW 

PROPOSITION I. To reduce Surds of different 
denominations to others of the fame value, and of the 
iiame denomination. 

HULE. Write down tbe given furds with their frac^ 
tional exponents, if they already are not; then reduce 
tbefe exponersts to others of the fame value, and havir^ tbe 
fame common denominator. 



Examples* 
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I 

Examples. 

t. Reduce ^a and l/V' to the fame index or deno- 
mination. 

II. Reduce ^ab, {/rgj and {/^V to the lame 
index. 



m . c r 

III. Reduce ^/tf^, \//^ and Vy^, to the fame 
index. , 



m ^ m cmr cm ^^ 



c c cmr cmr ^^^ 






T t /i&/^ 
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Note. If furds have coefficients, thefc may be 
worked by the fame Rule^ or even remaia untouched. 
(See the Lemma.) 

Example. 

m e 

Reduce a'Jc and ^p to the fame index. 

in em en 
m I m em em em em 



a 



I n ^ ^ I em en ^ . en 



1 u em mu 



e I e em em em em 

4V> =4 p =4 _p - = V4 p zz^^p , 



PROP. II. * To multiply and divide Surds. 

RULES. L When ^ey are furds offbefame rational 
quantity ^ add andjubtaatl their exponents. 

Thus, 's/ax*Ja':=d^'Xa^:=:.d^y^::ia^^zz ^/a^^ 

^'a*-y) (a*-^*)* , *-^ 

y/(a*'-b-) {a^-'b^y 

zilj{a^^b\) 

IL If they are furds of different ratisnal quantities^ 
let them be brought to others of the fame denomination^ if 
already they are not, by Prop. L Then, by multiplying 
or dividing thefe rational quantities, their product or quo- 
ticnt may be fet under the common radical fign. 

Thus, 
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II n m 
m n m n mn mn mn 



n m 



Thus, 'Ja-Ktijc'ri a c =« r • =: Va c • 

3—21 





X ff 


in 


m mn ^^ 


^/a 


-^ -^ -A . 


n 


I m ^ 


s/c 


» wn 




c c 



/'. 



Notes* I. If the fards have any rational coefficients, 
their produft or qaotienc muft be prefixed* 

Thus, m^a=zn*,/c=mn'^ac 



ny c 



II. It is often convenient in thefc operations, not 
to bring the furds of fimple quantities to the fame index, 
but to exprefs their produft or quotient without the ra- 
dical iign, in the fame manner as if they were rational 
quantities. 

I x^ 

Thus, Kjay.^c:=za c and-; zztT'^ c^. 



T t 2 Co. 
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Corollary. If a rational coefficient be prefixed to a 
radical figD) it may be reduced to the form of a furd by 
the Lemma, and multiplied by this Propofition ; and 
con^erfeiy, if the quantity under the radical fign be di- 
vifible by a perfeA power of the fame denomination^ it 
may be taken out, and its root prefixed as a coefficient. 

s s 

Thus, a^/c^^a*c; %s/a^^Za\ 2W(i-2r) 

3 3 

Conv. ^/a^c =: Ch/c ; h/Za =: zVtf ; V(4tf* — id^c) 
r:2W(i -ic). 

Note. Even when the quantity under the radical 
fign is not divifible by a perfeA power, it may be ufeful 
fometimes to divide furds inta their component fadors, 
by reverfing the operation of this Propofidon. 

Thus, ^(tf*-A'*)=s/(tf+x).x^/(tf~jc) 

a 3 3 3 

h/^d'c - ex") = fJia+x) X s/{a - *) x %fc. 

PROP- III. To involve or evolve furds. 

This is performed by the fame Rules as in other 
quantities, by multiplying or dividing their exponents 
by the index of the power or. root required. 

Thus, the 3d power of s/a is a^^^zz a' ::z*Ja}. 

the 3d root of Vtf is or ' 3 - d^—hia. 



u> 



Ta 



/^ 
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• Sxm e 
In general Wa^^^ -a " zza^ =:V/^ 

c . c 

— *^m — 

^/^ c ^ mn ^^ ^ 

Cor. Hence it appears, that ^ n/a^l^a^ ^V^zr 

/% m\n rnn 

^tf, V Vtf=(/tf, and in general ^*Jazz ^/a. 

Note. The notation by negative exponents, men- 
tioned in the Lemma at the beginning of ScA. IL of 
this Chapter, is applicable to fradlional exponents, in 
the fame manner as to integers. 

a a ^m-^n 

Thus, ;, = m-^n = ^^ 
, m c 



SECTION IV. 



OF L O G A R I T H M S* 

L Of Logarithms in General. 

LET there be a fcries of powers exprefled by the 
help of their indexes, the common root or fundamental 
quantity being always the fame, as 

• • . • , a*, tf*, tf', 41®, tf""', ^r"% ^T"', • • • • 



D£. 
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DEFINITION. The indexes of thefc powers arc 
called rhe logarithms of the fame powers. Thus^ 3 is 
the logarithm of ^S -3 is the logarithm of a— % and 
Id general m is the logarithm of a^ . 

Note. The logarithms are marked by the letter L 
or K Thus, when you write down wnL-tf*, or 
m == La , you mean^ that m is equal to the logarithm 
of the power or quantity ^z" . Some authors take the 
mark log. Thus in = log.a* means that » is the loga- 
rithm of a'^ • 



Cor. I. Becaufe a^'zzi^ a— '=i^tf, a— '^ri-rtf*, 
and gcneraly /I"" ni-rfl", by the Lemma of the fc- 
cond Sef^ioa of this Chapter, we (hall have by the pre- 
ceding Definition and Note, o = l.fl* =l.i, - 1 =l.a— ' 
=l.i-4-tf, -2 = lui-*=:l.i-T-tf% and generally — » 
= l.j— • =l.r-rtf"". That is, whatever be the integer 
value of the root a, the logarithm of unity is o, and 
the logarithm of a fraction, whofe numerator is i, and 
denominator fome perfeA power of a, is crpreiTed by a 
negative number. 

Cor. II. Suppofc now, /« = i ; this value of m fub- 

ftituted in the equation m=l.tf«, will give §=1.^*, or 
l=:\.^/a; ifw=4, it will be4. = l.fl'^z=l.^j; and in 

general, if iw=: — , « being a whole number, wc (hall 



n 
I 



I n. ^ 

find —:=:ia ziL^a. That is, the logarithm of an 

imperfcft power of the root a is reprefented by the 
fra&ional index of that power. 

■ 

Cor. 
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Cor. III. Bccaufe the root a is underftood to be 
always the fame, and therefore always pofitive, all its 
powers will alfo be pofitive. Hence no logarithms can 
be affigned for negative quantities, or the logarithms 
of negative quantities are impoffible, it being impoffible 
to get a negative power from a pofitive root. 

Cor. IV. Take ^ = *, then l.fl« = l.*, but m — VcTi 
therefore wnl.^, which value of ;7i changes the equa* 

\%h 
tion a^-^^h in this other a n^. That is, any quan- 
tity whatever is fuch a power of our root a^ as is ex- 
preffed by an index reprefenting the logarithm of the 

1.^ \.d 

fame quantity. Thus, c'=.a ^ d^a y &c. 

\ b \ e 

Cor. V. Being b:=:a ' , and c = a* ; the produftof 
thefee<iuations willbc bc=a'^ x a*^. But J'^ x J'^ 
_^l.^+l.r^ (See Part II. Chap. II. Note IV. upon 

the Fundamental Operations.) Therefore bc=a' ^ * . 
>Jow the index is always the logarithm of the power, 
by Definition ; and this power in our cafe is exprefltd 
by be. Therefore l.^f = l.^ + l.r. In the fame manner 
ive get hbcd=\.b +].€. + Id. That is, the logarithm of 
a produd is found by adding together the logarithms 
of its faftors. 

Cor. VI. If inftead of multiplying, we divide the 

b J'^ 
ift equation by the 2d, we ihall have — = , or 

a 
— =a ' "" * • (See Part 11. Chap. II. Note V. upon 

I, 

the 
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the Fundamental Operations.) Hence 1. — = \.b - \x 

c 

by Definition. That is, the logarithm of a fradion 
is ibund by fubtra^ling the logaritbcn of the denomina- 
tor from that of the numerator. 

Cor. VII. Whence It follows, that the logarithm 
of a proper fraftion will always be a negative number, 
becaufe in this fuppofition a greater number is always 
xo be fubcraftcd from a lefs. Thus, for inftance, 
^|.nl.2 --I.3, which difference mud be a negative num- 
ber, for the logarithm of 3 ought to be greater than 
that of 2. 

Cor. VIII. It appears from Cor. V. and VI. that 
the addition and fubtraflion of logarithms anfwers to 
the multiplication and divifion of the natural numbers 
to which they belong. Therefore, whenever one num- 
ber is to be muliiplied or divided by another, it is but 
adding their logarichms together in the ill cafe, or 
fubtrafting the logarithm of the divifor from the loga- 
rithm of the dividend in the 2d : becaufe that fum, and 
this difference will give a third logarithm, whofe natu- 
ral number will be the produdl, or the quotient re- 
quired. 

Cor. IX. Suppofe i^c^ then the equation Vbczz 
l.i + 1.^ will become 1.^^=:! ^ + l.r, otl.c* = 2l.f. A^aift, 
if ^ = ^ = rf, the equation \.bcd:=z\.b-{*\.c-{^\.d will be-- 
come l.rr^z=l.^ + l«t + h^> or l.^'^ = 3l.r. Hence in ge- 
neral \.c'*zzn\.c. That is, the logarithm of a power 
will be found by taking the logarithm of its root fo 
many times as there are units in the index. 

Cor. X. Becaufe I. ^" =»!.<:, we get Lm— , That 

is, the logarithm of a root will be fouqd by, dividing 
the logarithm of the given power by its index. 

Cor. XI. Hence it follows, that the raiiing. a num- 
bcj: to stny given power, or the extrafting any root: out 

- . of 
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of it, is eafily perforttiedy only by maltiplying the lo- 
garithm of tbat number by the index of the given power^ 
or dividing it by the index of Ae given root. 

t 
t 

Noie. From thefe op^ations upon logarithms will 
eafily appear the very great ufefulnefs of a good table 
of }ogariihmst in otder to facilitate the muhiplicatiooy 
divifion, involution and evolution of natural numbers^ 
which cannot but be very ufeful, not only in Trigono- 
^netry and Atlronomy, but alfo in Vulgar Arithmetic, 
as will be manifeft from Chap. IV. and efpecially in' 
Annatocifm, where we have fometimes ocqafion to ex- 
tract eten the three hundred fixty-fiftb root of a num* 
ber, as at other times to raife it to the three hundred 
fixty-fifth power, fcarce poffible to be performed 
any other way ; to fay nothing of the innumerable 
iaiftakes that ^n fo long and laborious a calculation 
would be almoft unavoidable^ all which are prevented 
by the ufe of logarithms* 



IL Of Brigi^s Logarithms. 

VEFINHTON I. A Syftem ofLGgarUbms is a Table 
of Logarithms; in which \i the common root a is deter- 
mined to hitz, certain whole number greater th^n unity, 
the logarithms are fuch indexes, as are required to 
make the correfpoudihg powers of that number nearly, 
if not exaSly, equal to the natural feries i, 2, 3, 4, 5, 
Itc. Thus, I'uppofing j=:2, and finding the powers of 
2, which nearly, if not exadly, reprefent the natural 
feries 1 9 2, a, 4, 5, &c. the indexes of thefe powers 
will be the logarithms of the natural numbers; ao4 
hence a table containing thefe numbers with thofe loga- 
mhxD9 will be a fyfttm of logarithms. 

U u Non. 



c sn y 






, Nofi* Xhc^ root tr aaoft b« gceatcr thaa? * unity, be- ' 
caufe ii you uke azrSr tillthe j)OVers.of .r: being. coD'* 
ftantly i, they would never become equal to another 
rittisber^ for inltaDce 2. .'/ - -i ' 

, DifinHian Ih Briggs*s Logarithms ar,c a fyftem of lo^ 
g^cicbjmd in which ^=10.. . . 

. Nofejm. L • Although all. the different fyftcms nray 
be equally perfeA^ if co^nputed to the fame degree of* 
accuracy, yet they will not all be equally convenient 
for.ufe; for of. all fyftems of logarithfiis, that is eer« 
tiinly beft accommodated for prance which is now* iit 
ntcy and ^ cofiimonly known by thfe aaflfie of Briggs^r 
Logarithms, 

II. The Lord Napeir, a Sicoteh noMemati was tbe 
firft-invcntpr. of logarithms; but Mr* Brig|fS|' an Eng- 
li(h gentleman, and Profeflbr of CJebmctry in Qrefliaixi' 
College, was undoubtedly the firft who thought of this 
fyftera. 

III. The logarithms In this fyftera are expreffed by 
whole number^ aiid decimals t:arricd to fcvcn places, fo 
ihat the integral parts of tlie logarithms are always 
diftinguKhed from the reft, and called the indexes or 
£j^aralferiJiiB3> of the logarithms whercof.thcy aias piatts: 
thus the logai^ithm, for tnftaiice, of 20^ is 1.5.010300^. 
where the charafterlftic is i ; .that of 2 is o.^oiojoo^. 
w^cre tjie ch^r^ifteriftic is o;. that of -,-V or.oa.ifc 
7 ^ +,-3oipjQ0j where - i is the charaderiftic, &d<. •; 

• Cor. I. Taking b for any Qumpcf, wc. fhall alway* 

have in this fyftenv lo * =:* ; therefore- lo ' ^^ i, 

10, r:2^ 10 rz:^^ and fooik.. 



V ' * 



* » » 



Cor. 
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. Cor. 11. 'The dtffing«fliiflg mVrk'5bf '<hft f^m ft, 
that herein the logarithof of lo is i, and tfonfeqiietitly 

• • • 

l.xop = 2; laaDO=.3; 1.10000=14.; &cc» 

l.i zro, as ought to be In' every fyftera* , 

Cor. III. 'Bti^OTftrfllre'compofite numbers arife from 
the multiplicatioR of the primes (fee pages u and 78) 
if the logarithms 'of prime nambers be koown in iWs 
fyftem, then by adding two, three, four, &€• of thehi 
together, the logarithms of all the corxipttfitc numbers 
will be cafiiy found. Thw^ , 

1.210 = 1.2 +L3 + L5+L7, for 210=2.3.5.7 

1.360 = 31.2+21.3 + 1.5, for 36o = 2.2.2»^.3.5 = 2'.3*^. 

Cor. IV. The charaOeriftic of the logarithm of arty 
number is eafily known, becaufe by the progrefe al- 
j-eady expofed (Cor. II.) it is manifeft, that o is tHc 
the charafleriftic of numbers from 1 to 9, that 1 is the 
charaAeriftic of numbers from 10 to 99, that 2 is the 
{:hara£ter]ftk of numbers from 100 to 999, and fo on; 
therefore the pha^adteriftic of any number, is fo many 
units, but one, as there are %ures compdfiag the inte- 
gral part of it. If the uumber is a decimal fraftion, 
4ts charaderifiic will be — th^ .diflfereDce betweeo-ribe 
charafterift^cs of the numerator and denominator. 

Cor. V. So long as the digits that compofe any 
cumber arp the fame, and in the fame order, whatever 
be their |)laces with refpeft to the place of units, the 
dcctmal parts of the logarithm of fuch ^ n'umber^will 
always be the f;jime. The reafon is, becaufe the digits of 
any number mulijplied or divided by 10, xoo,': 1000, 
&c. remain the fame, and in the fame order, and .th^r 
Ipgarkhms muft be altered by Ridding to, or fubtrahiqg 
fro;n, them the logarithms of 10, 100, 1000, '&c. bv^t 
s^s thefe Idgarixhms are i,,2, 3, &c. that is^ whole ouqi- 
' beTs^ they can oiily influence the cbarafleriftic of a lo- 

y u 2 gariihm^ 
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garifliin, iviihotit afTeding the deeimal 7>art« Thus, 
the numbers 67.89, 678.95 6786, 67890, &c. or 
6.789, 0.6789, 0.06789, 0.006789, &c. have cbeir 
logarithms with the fame decimal parts, the charaderif- 
tics only being different. 

Notes. I. Thefc Rules are the n(iore to be obfer?ed, 
becaufe in fome tables the integral parts of all logarithms 
are omitted, being left to be iupplied by the operator 
himfelf, as occafioq requires. By this m^ans the loga- 
rithms become of n^ucb inore general ufe than if, by 
having their charadteriftics prefixed, they were tied 
down to particular numbers. 

II. The common tables are fufficicnt for numbers, 
T^hofe figures arc no more than fix ; but the great tables 
of Ula£q, in which the decimal pares of the logarithms 
are carri^ to. ten figures, fe^v? alfo for numbers of nine 
figure&t 



SECTION V. 

» 

CF SOME OPERATIONS UPON EQUATIONS- 

I. Of the Compojifion of Equations^ 
whenin of the S'^ns and. Coefficients of their Terms. 

DEFfN. When the powers of an unknown quantity, 
as jp, are fct down according to their indexes, the term 
in which that quantity is of the higHeft power, is called 
thej&^; that in which' its index is lefs by 1, is the fe- 
eond, anid fo on^ till the laft into which the unknowh 

" quan- 
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quantity does not e&ter^ and which Is called the vf/6AMc 
?crm. 

PROP* L If any number of equations be multiplied 
together^ an equation will be prbduced, of whieh the 
diroeofion is equal to the fum of the dimenfions of the 
equations multiplied. 

Ck>uTerfe]y. An equation of any dimenfion is confl- 
dered as compounded either of iimple ' equations, or of 
others^ fuch that the fum of their dimebfions is equal 
to the dimenflon of the given one. By- th^ refohition 
of equations thefe inferior equations are difcoTeredj and 
by inveftigating the component fimple equations^ the 
roots of any higher equation are found. 

COR. I. Any equation admits of as many folutlons 
qr has as many roocs,'as there are fimple equations which 
compofe it, that is, as there are units in the dimen- 
iion of it. 

Cor. il. And converfely^ no equation can ha^e 
more roots than fl^e units in its dimenfion. This may 
receive a further explanation. See the following Chap« 
in. Seft. IL Prop. Cor. VII. Note II. 

Cor. ill. Imaginary or impoffible roots mnft ente^ 
an equation by pairs ; for they rife from quadratics, Ui 
which both the roots are fuch. 

Cor. IV. Hence alfo, an equation of an even di« 
menfion may have all its roots or any even number of 
them impoflible, but an equation. of an odd dimenfion 
muft at lea{{ have one pofiible root. 

Cor. V. The roots are either pofitive or negative, 
according as the roots of the fimple equation, from 
which they are produced, are pofitive or negative. 

Cor. VI. W^hen one root of an equation is difco* 
vered, one of the fimple equations is found, from whicb 
the given one is compounded. The giv$n equatiop, 
therefore, being divided by this fimple one, will give 
another dimenfion lower by i. Thus, any equation 

may 
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'^ 4W7 be dispr«flcd a$ many degrees as there are roots 
j^ndl^y any qietli^od whatever. 

Propf n. Tq explain the general properiics cf the 
^ns and coefEeients of the terms of an equation. 

Lct^-r^r^O, x-^b:zOf x — CTzOy x^tl^o, he. be 
fimple equations of which the roots are any poiVive 
qiiafitities 4. ^j Cp dj &c. and let 1 4.^ = 0, a:+»=:o, 
4^0. be fimple equations^ of which the roots are any ne- 
Igatife quantities ^niy ^n^ &c. and let any number of 
rthefe eauations be multiplied together^ m in the fb^onf ? 
fijpgtabk: . 

X - J^S o 
X - bzz o 



^:^J+^*}=::o, a<juadTati<u 



X 



--b^g^+acx >=:o, a cubic. 

x+mzzo • 

' — — ■ X 

i^ -- ttx^ + ab:i^ '-' dbcx - abmy^^ 

— bx^ + OCX* + tf i;;?a; 

- ^' + Ar** +acmx , . , . 
^l»^' ^amx-+bcmx \ =^> ^ biquadmic. 

From this table it is plain, 

I. That in a complete equation the number of 
terms is always greater by unit than the dimenfioD of 
the equation. 

a. The coefficient of the ift term is i* 

That 



( 3« > 

That of the 2d is the fum of all the foots tf, i, t^ 
ffiij &c. vith their ligns changecL 

That of the 3d is the fum of all the produAs that can 
be m^e by multiplying any. two of the roots .togetber* 
. That of the 4tb is the fum of all the produds whick^ 
can be made by multiplying together any three of the 
roots with their (igns changed ; and fo of others. 

The laft term is the pcodu£l of all the rtets, tifitb 
their figns changed. 

5* From niduAioa it appearsi thai, ia any cquatioftj 
(the terms being regularly arranged, as in the prete«»' 
^ng example) there are as many pofitife rooty 98 there 
are changes in the. figD» of the teroM from- + to — 9 
^dfrom — to +; and the remaining^ roots ar^ wgs^ 
live. The rule alfo may be deraooflratedw *. 



I. « 



Noie4. -L The impoi&ble. roots in this rule are fup" 
pofed to be either poGtive or negative* . In.cbiS: exaii»:> 
pie pf-^ a. numeral -equatioD, x!^ — io«' -f g5x* - 50XH- 
24]=:o,^ the roots ore, +i> +2, +$y +4,. and: tto 
preceding obfecvoiionSj with regard to the fignSiand ccbi 
effiQiems, ^ take pkce. 

Ik Ifatennof'^QequatioQ is wandng^ thepofitiv^ 
and ncgja^ye parts of its coefficient mud then be equals 
If rhere is np^bfohitt ternt> then fome of the iooo^moflr 
besao^ and tht( equatioii'inay be depreCed by divi^gp 
adl thtf^ef ms^f 4bd. loweit^power of the^uaiuowa qutew 
tity in any of them. In this cafe aUbj X'-^orrovx-^o^ro^ 
^-0=0, &c. may be * cooiidered . as ib • many ' o£' the 
component (imple equatiensy by whici^ the given equa* 
tiottWog di^ddl^Ut will b^ depre iTed la mady dsgittsp 



IL Of 



d 



I 

I 
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tl. Of ibe Transformation of Equafionrm 

There are certain transformatioiiS of ecjoations nece^ 
fary towards their folution; and the Dioft ufefal are 
contained in the following Proportions. 

' PROP. I. The affinsative roots of an equation bie- 

come negative, and the negative become affirmative, hf 

changing the figns of the akeniace terms, beginning 

with the 2d. ^ 

Thus, the roots of the equation, 

jc* — jr' — 1 9x* + 49* - 30 zro, 
are + z,+ 2, + 3% - 5» whereas the roots of the equation, 

«*+*' - 19** -49*- 30=^0* 
arc -1,-^,-34.5. 

* The reafon of this depends upon Cor. IIL of pre- 
oeding Prop. 11. 

Prop. IL An equation may be transformed into ano*^ 
ther that fiiali have its roots greater or lefs than the 
roots of the given equation, by fome given difference. 

Let X be the unknown quantity of tlie eqcution^. 
and i the given difference ; Ittjzixdze, theo « rr^qp^ ; 
and if for x and its powers in the given equation* 
y^e and its powers be inferted, a new equatioq will 
arife, in which the uokfiown quantity is y, and its value 
will be xdiii that is, its roots will differ ftook the 
roots of the given equation by. dte. , 

Let the equation propofed be . . 

of which the xoots muft be dimioiflbed by e. By iafert*. 
ing for X and its powers^ y+e audits powers^ thq equa^ 
tion required is, 

COR. U 
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COR* I* From this transformation, the 2d, or any 
other imermediate term may be taken^ away, granting 
ihc rcfofution of equations. 

Since the coefficients of all the terms of the tranf- 
formed eqtiatiody except the ift, involve the powers of 
e and known quantities only, by putting the coefficient of 
any term equal to o, and refolving that equation, a 
value of i tniiy be determined ; which being fubilituted 
will itiake chat term to vanifli. 

Thus, iti this example^ to take away the &d ter^), 
let its coefficient, 3^-^=0, and ^=x^, which being 
fubftitutlKl for ^,.the new equation, will want the ad 
term. And univerfally^ the coefficient of the ift term 
of an equation of the degree m being i, and x being 
the unknown quantity, the 2d term may be taken away 
by luppofing x^y^p-^m^ :fc^ being the coefficient of 
tbac term* 

For, if the given equation be x ^px^ "*',,. =ro, 
then puning x=yqF/-rm, the transformed equation 
-will be 

f'^tf'^^, &C. =0- 

^fj^^^, &c. ±ro/ 
In which the 2d term muft vaniih. 
- Cor. IL The 2d term may be taken away by the 
folution of a fimple equation, the 3d by the folntioQ of 
a quadratic, and fo on. 

Cor. III. If the 2d term of a.qtkadratic equation 
be. taken away, it will become a pure equation, and 
thus, a^foltttioti of xjuadxatics wiU be. obtained. > 

Cor. IV. The la(t term of the transformed equatioti 
is the fame with Hiffi given equation, only having c in 
place of ;ir. 



X X ?rop. 
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Prop. in. Id like manaer may an equation be tranf-' 
formea idto aboiher, .of which the roots fliall be eqnal 
to the roots of the gtvea equation, multiplied or divided 
by a given quantity. 

Let K be the unknown letter in the given eqaatioa* 
and y that of the equation wanted ; alio let « be the 
given quantity. 

To muhiply the roots let xe=yi and x=y-~f. 

To divide the roots let «+/=_)', and *—ye. 

Then fubditute for x and its powers, y-'rt or yt and 
its powers^ and the new equation of which y is the 
unknown quantity* will have the property required. 

COR. I. By this proportion an equadon, in which 
' the coefficient of the ift term is any known qaantity, 
as a may be transformed into another, in which the 
coefficient of the ill term Aiall be unity. Thus, l«c 
the equation be 

dt* -/*' + J* - r =: o, 

Suppofej'=d*, or *=y-T-fl, and for i add its powosf 
xxAtuxy-rra and its powers, and the equation becomes 

,^~Cl-+m. _ r =o, or 



-xa* 



>' ~py* + 3^y-a'rzzo, 
. Alfo, let.the equation be ; 

y^ -6)* + 35>-750=o by fubftitution. 

COR. II. If the two transformations iaProp. It. 
and III. be both required, they may be performed 
' either fcparatcly or together. 

Thus, 
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T{ius, if It is required to transform the equation 

Into one which ihall wan^ the id term^ and iq which 
|he coefficient of the ift termfhallbe i; let x^y-T-a, 
and then 

y '^fy^+qay-^ar^zio, as before; 

thcnlet if=:z+— , and the new equation of which z is 

3 

the unknown quantity, will want the id term, and the 
coefficient of z^, the higheft term, is j. Or, if 

x=: 2r, the fame equation as the laft, found, will 

a^ife frpm one operation. 

Example. , 
Let th« equation be £x^ -64f*+7A?-3o=:o. 

If :r=:;r-2-5, then y^ -6y + 35;^- 750 = 0. 
Audifjr=z+2, ii' * .232-696 = 0. 

Alfo, at once, let;r= , and the equation pro- 

« 
perly reduced, by bringing all the terms to a com- 
jnon denominator, and tlicn calling it off, will be 
»^+23» — 696=0, as before. 

Ck)r. III. If there arc fradlions in an equation, they 
may be taken away, by multiplying the equation by 
d^e denominators, and by thb Propofition the equation 
may then be transformed into another, without fra^ions, 
in which the coefficient of the ift term is i • In like 
jnaiineir, may a furd coefficient be taken away in cer- 
tain qifes. 

Xx^ Cor. 
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Cor. IV. Hence alfo, if the coefficient of the ad 
term of an equation of the degree tn is not dWiftble by 
f9t, the fra£kioas thence arifing in the transformed equa^ 
tion, wanting the 2d term, may be taken away by the 
preceding corollary. But the 2d term alfo may bcf 
taken away, (o that there Ihall be no fuch fra^ioos h\ 

the transformed cquatioq, by fuppoGng ;^c= — ^^ ±:fi 

tn 

being the coefficient of the ^d term of the given equa* 
tion* And, if, for inftance, the cubic equation 
tfx* -/** + jx- r =0 be given, in which p is not divifi* 

ble by.?, by fuppofing x= -r-^ C^nd qniverfally 

;c= — •) the transformed equation reduced is 
ma * 



wanting the 2d term, having t for the coefficient of the 
I ft term, and the coefficients pF the other terms being 
all integers, the coefficients of the given equs^tion be^ 
ing alfo fuppoied integers. 

General Corollary fe Propofitlons I. IL IIL 

If the roots of any pf thefe transformed equations be 
f und by any methods, the roots of the original equa* 
tion, from which they were derived, will eafily be 
found from the fimple equations expreffing their rela- 
tion. Thus, if 8 is found to be a root of the tranf- 
formed equation 2^ + 235; r- 696 = (Prop. HI. Cor. II) 

finccx = y, the correfponding root of the given 

8 + 2 
equation 5^^ -6x* + 7J!f- 30^:0 mu(lbejr= 3= a. 

* C H A Pe 
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p U A P T E IV im 

OF READING ALQB;BaA?qAtlfy, 



s 

DEFINfnON. We arcTaid to rend algebraically , % 
feme algebraical, that i^ general equatiois l)^p£ S}^°* 
We may draw frpm them others, in wbipn a genera} Ta« 
lue of each qnkpowq quantity i$ reprefenced in knowi) 
Jterms. 

Hence oqr prefent endeavours yi)| l^e tb(^. dfl^^SfflK 
final general equations, and rjefoW^ng th§9* / 



SECTION \. 



» » 



RESOLUTION OF SIMPLE GENERAL 

EQUATIONS, 

THESE equations arc refolvcd by the fame mle* 
belonging to the Refolutjon of fimplc numerical tqu*- 
tions, (See Part IL Chap. II J Seft. t) aa^may bc 
fecn in the following general lijxamples, in which wc 
regifterthe feveral fteps of the oper^ion, i^ order t;o 
tender it plain and evident* 

Example 



k t. 
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Example I. 

Let therf ^ thcfc two Tift A*+B^=C; 
eeneral equations, \ad Dx+E;^=:F« 

qrhcn ift X E /3d AE»+BE^ =CE 
adxB 4thBD*+BEjf=BF 
3d-4th 5thAE*-.BD«=CfE-BF 
jtli divided J .. ^-CE-BF 

|>yAE-BI)^<^* *~AE-.Bn 

C-A« 




From I ft, I ytl^ »= 



Notes. 1. The known value of x rcprcfcnted by. 
the 6th equation fobftitnted in the vth, will give the 
value of jf in known terms* 

IL By this refolution all numerical equations con^ 
containing two unknown quantities are refolved. Take« 
for inftance^ 

5x- 3)15=90 and 2X+5>=^i6o, 

Thcrefpre A =r 5 ; CE = 90 x 5 = 450 

B=-3; BF;::~3xi6o=-48p , 

C= 90 ; AE = 5X5=:25 

D=: z; BD=3-3xa=-(J 

E= 5 ; CE-BF=45o+48o=930 

F=:i6o; AE- 50 = 25 + 6=31. 

«ri. CE-BF_93o 

AL-BD 31 ■* 

C-Ajf _ 9o-^5X3o _^(?0_^^ 



Eicampk 



• * 
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Exainple IL 

Let there be f i ft ax+ by + cz zip 
thefe three ge-< 2d dx+ey+fzzzq 
nferal equations 1 3^1 gx+my+nz:zr0 

iftx/ >'4th dfx+tjy-i^ifz^fp 

ad xr j 5th cdx+cey^cfzziLcq 

4th-5th J 6th ^fx'-'Cdx+bfy-ceysi^'^ci 

i&xn I 7th anx+bny+cnz=np 

%dxc 8th cgK+cmy+cnz,as:cr 

7th — 8th ^pth anx''Cgx+bny^c.fny:anp^cr0 



V^an-cg; Eztbn-em; Vzznp-^cK 

Then, by fubftitution, the 6th and 9th equations will 
become ^ 

A)t-\-^y = C and D* + Ex =F. 
Therefore (by Ex. 1.) x= 9^.~^? and^ =^^ 

, Ar. — UU . B. * 

f^ — dx "^ bv 
And (by the i ft equation) arrC^ i. 

^^/^/. L The known value of x will give^ by (ub« 
fiitucion, the value of / in known terms ; then tbefc 
two values fubftituted in the laft equation will give the 
value of z in knoi^ terms. 

IL By this general example all numerical equtiont 
containing three unknown quantities are rcfolved. Sup^ 
pofe, for inftance, 

a;r+jf+«=:6e, ;e+3;r +2 = 102, and «P+jf+4«=:ij<J* 



Therefore 



11icrcforerf=: 2, afzi i^ A=5 t 

*= I, ed= I, B= -2 

e= I, 4/"= I, C= -^ 

/r: 68, <:>= 3, D=: 7 

</= 1, ^= 68, E= J 

*= 3» <^j = ioa, f = 136 

/= Ij tf«=: 8, CE=^io* 

;=ioak <!f= 1, BF=-a^2 

^=r I, hn=s. 4^ 4E= 3 

«= I, «B= I, BD= -14 

»= 4, 1^=272, CE-BF=i7o 

r=is6, ir=ri36, AE^BDi: if 



Whence »=i22-:,o, *i:IL!lZi?=::44=22, 

17 "^ -2-2 ' 



*»t ,t «.. <AS — 20 — 22 



CD 



Ml Xi = 26. 



ni. If the number of equations and then of the u"n« 
news qaantkies be morci the operaticin . iAtredifi^ bat 
Cheinethod is i[ir&p the famc< 



4 



• • • •■ ' • 

I 

1 



\ • 



• • t 



I • 



♦ • 



I 
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RESOLUTIOK «F PURE GENERAL 

E <ttJ A T'I-;0 K fc ' > ' ' • I 

^- =.'- • v.ia ri-.i-' 



\\ — 



v/i5S,.a-v^?r 



or 






This lemma is a coft>H»y « multiplication df Ibrds. 

Lemma |L .-i*=:rf*V-i V-i, or in general 
Becanfe «V- 1 V- if«*V" i x - 1 =riV(- 1)* 



T . . , ^ T 



Thcfc operations are eviJlt^ frotti taukiplteiMmi,^ in* 
voIntioDy and eTolucioh cilf fof ds« 

Yy ' PROP. 
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?ROP. To refelf e a pare general equadon* 

RULE. Make tbe power $f the unknown quantity U 
^ifimd abne on oneJUe df tbe given equation, and then ex^ 
fraa tbe root 4ftBe,fame dhtomnaiton ait i^ botb fideo^ 
fbbich wiU give tbe value of tbe unknown quantity. 

^ Example L , ' ^ 

lcthca:^±b^cifi:{'d.\ ' n ;•, 
Then ai^'-cn^zzd^b by tranfpofition. 

- . »— f ,» 

■-- jir»r= _I_ hj tntofpftfition. . ' ^ * 

Id the ift cafe *= ± * /iZf by evolution. 

And « = St 4/iZi X V - 1 by Uie I^riu t. 



s*^ 



V • 



In the adcafc«»V - iV- 1 = — - by the tem, IL 



a-r.c 



«^/-I.=f*\>^fc^-by cvplutionV* * • - 



But 



,yA-vf 



\^ a — c^ ' . .. 



And xz:±^tzi X ii^ by divif. 

That is ^sdb^/tzf. 



There* 



»w 



. , .. mtf^u^ 



f • 
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Y^crcl&re We get^hc two following dlferentYafucs 

Example 11. 
Then, as Ijcfbre, »r-sr^, or - «'=ili 



V\ 



i-b 



v/ 



*-rf 



*-i 



lotheadcafc *'xV(-i)'=:^bytheLeni.^. 



_ y3-i 



v/ 



Pm 



Then 



'h^d 



— -T— r .+ 



s/ 



h-i 



And 






a- V 



'i-</ 



» "j^ jr;i ^y divicoo,. 



Pence in general, ift, «= Jj~ ; a^, *=lf~ 

T 7 a Cot 



y»« 



CPR. L Whatevec he 'the iodes r. tod dieraluii of 

(juantities if, r/r^ a; ode* of the qiiafititTes tipper thp 
radical lign muft be politive, and the other pegat|y^^if 
they be nA r^^-\ tbcxcforc we' in^y'>^iw|jaL ||er 
real roors of^^. ont pofitive^ apd iihe^otMr oegatiTp. 

Cor. II. If the index r be an odd number, onie of 
the quantities under theradscs|l figo. will give the politive 
real root of at, and the other tl|e ne^miYe* . • . ^ 

Cot. III. I( the index r, be an even number, one of 
the quanutfes under the ra^Cs^-figR ^iU cl^ iMCh ^e 
pofirive and negative real roots of x, and toe other will 
give two impoi&ble roots of i^ one pofitiTe^ and the 
other negative^ , . :. .\ ' - , 

Cor. IV. If r=i, iJicii* x± , and pf::^ • 

Therefore the equations of ihe ^\^ degree haVe alfo two 
realTraota^ oiie pofuiveVai^d-fhe Vji^HegMwe. This 
confequence may be dire^l^ Behionurated in the follow^ 
ingjnann^r: 



Xct be the r6ot «s4» Tneif ^ 






V I. 



,.T 



X X i=za X I, or *x +1 r;: — 41 X — I 
arx - i=:a x -^i-'or xx — i=5 — tf x +i 



W X X — 



XX i^izz^axi-i 



» , 



x=^ —ax 



I — I 



-a. 



Co^. V» Every ^^^^i^JLSf ^^^ ^^ degree muft aliq 
have two imagTnary,*orlmpbflibIj5 rooted one pofitive an^ 
the other ntgacive. ^ BcraUfe 

* .J >%* • . 
By Lenuna I. 

ixx=: . ;fei Xtf=:=tl xV-^* xy-* I 



w 






B7 Addition; 

And x:pdt:a^'^i by Difiiion and EvolodcNi. 

Cor. VL Hence ererj equftdon of the ift degree 
s 4 roots, two real^ and two imaginary^ one pofoive 
^nd. one negative of each fort. 
<^Cor. VII. Ahd beoanfe the fuperior equadons arife 
from the nrnhiplicatton of inferiors^ any equation aomitt 
of four times as many roots, as there are 6mple eqoa* 
tlons which compofe it ; of thefe roots half are real, 
half imaginary ; and of both real, and imiagitiary^ half 
are'poiittve, and half negjitiyei Forinflaoce^ an equa- 
tion of the %d order has 12 roots, ^ real, and 6 imagi* 
nary, and o? each fort 3 pofitirc, and 3 negarire. ' 

Note I. The index of the power may alfo be frac* 

doilal, as in this equation^ x ^ s «. 

In this cafe, raife the equation to the power ^p aiHl 

it will be ;f ;= (~^j ' * ^^^ ^J 

Examples* 
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w 

*. *"■ - - * 

• , • ,» i I • ! N 

V> . > • « • & 

. JVo/^ II. As this noDQiber of roots is a ne^ di^cov^ 
in Algebra,. fo to avoid every confafion, which may 
arife htm this' new dodrioc^. it will be convenient to 
di^nguiijb all theroou^of ^n equation into primitive^ 
whicli are found by the common way, and derivative^ 
which arife from our new method 6£ inveftigating th^m. 
Therefore what we faid upon the roots of an . equation. 
Ib'^f^. Yf. of the preceding Chap* II« rouft be under* 
ilood of the Drimitiyes. The derivtcive roots, fliew the 

' generality/aiifl fecuqdity o^ the algebraical language, 
and* each real root, if it does not give a direct and proper 
anfwer to the iqueftion, from which fuch an equation 

, bas bee« derived, will always, if well underftood, open 
a real meaning of the qUe^ion itfelf under a different 
point of view. • 



V . 



4 « 
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» £ C T I O N III, 

RESOLUTION "OF GENERAL QUADRATIC 

E q^U A T IONS.' 



% 

LEMMA. ^(a' - i)' = ± (4* ^ *). 

Put V :!:(«' -^ =rf:r. Then by InToluifoo 

(d^ - b)* — r*, and by Evoluiion 

|a the hjsit m^u^t wtf gA ^{b - ay = * (* - a*)* 

PROP, 
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PROP* -To, refblve the gen^al^^aaAratie^eqitttioi 

Or «• — 2»a:+«*=o ... * 

Bat x\+ iax'+ b =o by, fappoGtioo* - 
Th^eforCf. by the lawi of equations,, a = t « ^ 

»*+«*=^ ' -(W -!)*+»«*=* 

Or n*=k-a* Or (W-i)* =<»*-* 

But W-i = ± V(<»* - *) 

I III iJA 

ThcoH X (i +V- = ±V(^i* - A) X Ci +v^- 1) 
nzz :±:V(a*— i) by dividing by (i +^/— i) 
m/ - 1 == ± V(tf\- *) X V - 1, by oaultiDlyiag by \/ - 1 
Whence we draw W - r^ db V(*'- ^ ) 2d value* 
Therefore being ^=«i+irV- 1 by fuppoiicion^ 

jN!^/^ L Bd&'Chdi valaesfatisfy tHe general equa« 
Becaufe, ift, x'=d'^2a'J{a^-b)+^/(a'^by 

- 2d, iV* = tf * =F 2 Js/(* - a*) + Kf{h - tf 0* 

2tfrt: = — 2a* db za»J(b — fl*) 

But sf{a* - *)• = db(tf» ^h)\ . . T 

And Jlp ^ a^y = ^ - a*) /' '^y ^^^ ^^"^"^^ 

Therefore taking +(a*-^) in the ift cafe. 

— (A — fl*) in the 2d. 
The fum of the equations fliall always be or:o» 

NqU 



Htu TL A» «qUitiofij hi the terms of mhkh nro 

p<mert only of the unknown quantity are found, and 
fach that um index of tbe oibe ii dosbfe tbat <^ the 
odier, may» by thia Ptop&Mon^ bd rcdneedr to* si jwre 
equation, and may therefoic be sefolied -4>yr the pre- 
ceding Seftion. Such an equationl my geMMfly- be 
reprefented thus : 

Let «• =r«, then z* + a^iz + i srx) ; 
And2=-ii*V(#«-*)l . , „ ^. 
Or ^=-aAV(*-aO) ^I *«^ I'^P^***^ 

Therefore, being jr=r^ by fuppofitioi^ 
We have :t= V(— tf =fc VSShJ}^ 



and *=:\/(.- Jdby^A-tf*). 



SECTION IV, 

RESOLUTION OF GENERAL CUBlC 

Eq^U A TIONSk 



LEMMA. — «esa«=L=#:FV*»-<<*. 



For _^! .f x(*rpy^-rfO 



f" " «^ ■ ■ 



e^^e'-d' (e:k^e*-d')x(e=FV^^d*) 






PROP. 



PROP. To. Hfs\w .the general cpbK fequatidtl • 

[We porhnhe cqo a t too fi^ i ue numerical coefficierits, 
inbrdcr tb ifoid Ae fraaionslii ihe fdllo#ing opert- 
tioos.1 '• *i 7^ . .' ■'.''■ • , • • ■ T 

nufing to tie third power, . . . I ' > 

(by t)ecbmpo6tiori) dtm* + 3^ x ot+« + » 
, <b5r §i^a4tipo> :r«^4■3/»«KA?-^-^+«' - . ) 
(by -Miakiplication):.^ m? + 3««* + 3*^ + " • 
• Hemrety Tfaniifotiiibii we^^ the arti$dal equation 

— 3i»«r — ^mtip 



-— ■« 












» \ 



^ •: '. , /^S .^ ymp'-tn^ — n* = 2^, or 

How i«<»s:^V-^^:±ii'^*==<'' T^?^^'??^ 

; _p\-3timp-ic.iza*-zad-tc^iejcixyi lak«. 

Thep«i»4r. ff' =2/, and »»»»' =<i' 



l^*^***^^*^^^'** ^^ 



Whence m^^.T^Vf^l' by Seft. lit. Wot. 11. 
And «, = — ' = ^ /- -T; =tfyV?^» by the Um. 

Z Jt Then 
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I, 






Th^o ^=v ^=p\/^^~^ by Evoltiribfl. 
And xczm+n--p by ftippoGtioH. therefore 

If yqa take the other y alue, m=z^t+ s/d^ — e*, 

acxordiog to oar meriiod (Not. IL Scfe. flK);'^ycfu will 
find the following value:- :. i 

COR. I. If jjiro, or ar* +3^-f irteOf^ tifcn 

& 2d, *= v^ - c + \/^ ;=T^+ vC^CyT^rff 

N^/^. The I ft value of x is Cardan's canon for cu- 
bic equations. And ic is to be remarked, that if ia 
the given equation %b is ^i^ativ^ and if <^ is lefs fian 
b^ , this expreflion of the root involves, ioipoffiblc roots ; 
while, at the fame Ume, all the roots of that equation 
are poffible. This is called the irreducible cafe^ to 
which belongs, for inftanc?, the equation x^ - 156;^+ 
56or:o,-\»hofe roots are +4^ +io,'.-i4. If the 
cube root of the compound Turd can Be eirtra^cfl, the 
impoffible parts balance each other, and the "true root is 
obtained. But the other value of x, found by our me- 
thod, is a poffible root rn this cafe, snrd-anfwers to the 
general equation x* +3^x + ir=o. Set ihe Preface. 

Cor. II. If 3^=0, or atM 3^^ + 2^=10, then 

Jift, xs=:-tf4 V^-tf^ ^c + y/o^^c+c'' + 
|| f T— ====: 

3/- ■ ■ ■ > . 

ad, *= -a+^ -^' -"^+v -^a'c^c^ + 

SEC- 
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5 E C T J O N V. 

RESOLUTION QF GENEliAL BIQUADRATIC 

EQUATIONS, 



M 9 « 



PROP* To refolve the general biquadratic equation 

Take x*+px+q=Mx+f, 

Raifc this equation to the 2d power, and then,, hjf 
'^ranfpofition^ you will get the biqi;iadratic equation 

9e*+zfx^+p*x*+2fqx+q*:zQ 
%gx* 
. #- mV - irnnx - uK 

But x^ + tax^+bx^ + icx+dizo. 

Therefore f^a; /* + 2jr-»*=:i; fq^-nrnzz^c i 

That 18 m*=:2y+tf*-^; mn^zaq-^c; n^zz^q^-^d. 

Hence,»*»* = 2f + d* ^ A x j* - ^, and «>«* r:^;-ir » 
Or iB*»* = 2y'+^*j*-a^ -^2*t/ 

And w*»*= i>*j*-2j^j+r* 



■•^ 



20' -^j* — arfi^ —a*d:=0 

zacq +bd 



Z z 2 Sup' 
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Z « , • ^ • % 



Suppofe 9=:-f and by inferting - inflead of g^^ then 

2 2 

by multiplying by 4 you will transform t)mcvbic e(}«a** 
tion in the ftfrllowing ; j ^ . ' , '^. 

«' - fe» — 4</z — 4tf^^xo^ 
4acz + 43^/ 
-4^4. 

This equation, rcfolved by Se& IV. will gi? e a Ta- 
lue of 2 } hence it will be eafy to get the values of jf, 
4»9 and ;;, which fubilituted in the arbitrary equauoa 
V+/>2e+y=:»ijf-f «, will give a quadratic equation^ by 
which the general biquadratic being divided ; the quo- 
tient will be another quadratic equation ; and t^e roots 
of thefe two equations will be alio the root of the gene* 
'^ral biquadratic itfelfi which is theprodud of tl^cm both 
multiplied together* 

J^ote. There' aire no methods to refolve the general 
equations of higher orders) but you may fomerimesr^** 
duce, that is, refilve^^ zxx higher ni^mmr^/ equation into 
its inferior componentSjJ as will appear from the foU 
iQwing Se^ioD»>- 



SECTION VI, 

IIESOLUTION OF HIGHER NUMERICAJ, 

ECgTATIQNS, BY THEIR LOWER 

COI4PONENTS. 



PIIOP. I. T^ refolrc the namerical equatioQ 



9c9imfe 
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. Becanfe 3 is the prodoft of 3 x i^ fvppofip 

. s?+ax*+ bx +3=0 
«*+ €x +1=0, 

' ' ■ X 

**+tfap*+ bx^ +3«* +3^J?+3=o 
«*+a^«' +I^^+J« 

Then ^+^=5; tf^+3 + i=4J a+h + ^zz-^^i 
*+3^=i6. 

Hence b:z3''ac^ and ^=6-3^. Therefore 
$''ac=:6-y, and y^ac=z^. Whence 

^=: -^. But alfo c^s-^* Therefore 
3-a ^ 

5-^=:— ^, or i5-3tf-5a+tf*=3« That is 
3-a 

tf*-- 8^+12=0^ whofe roots j=4db2« 

Takea==:6} then ^ = 5-6=: — i; iic=:— 6; 

^=:3-j^=:3 + 6=:9; ^^=-9. But tf+^r + g = — 4. 

Therefore 6-9 + 3=- 4, ^^^^ is o = - 4, which is 

impofllble. 

Whence we muft talce a = 2; then c:r^; ac^6i 
^=3-^^=3-6= -3 ; ^^=-9; and 

^+^^+3 = 2-9 + 3 = 5-9= -4, as muft be. 

The two component equations are therefore 
;p* + 2x*-3X +3 =0 

x*+ix +1 =0 

— X 

jc' + 2x*-3x3 + 3Af* + 9af + 3=0 
3«* + 6jr'- 9x^-3* 
a:^ + 2** 



y* + ^:i* + 4«'-4X* + 6x+3.=o. 



( 35« ) 

Note, il yoti oke the f ellowmg compAnent cqQar 

you will find t^ai they do aot anfwcr youi^purpofe* 

Hence you fee» that the whole, matter depend9 
upon trials ; but, if the ppopofed equation is redmbk^ 
you will always fuqcecd* 

Prop. II. To refolve the numerical equatioq 

** ♦ - 7** + 8jt* ♦ + 2X+ 1 =o, 
Take«f'+^^*+ ** +i=o 



ii 



»P^^— i»«»»^»^P—i^^*^"*r*""p»» 



Hence*+^=i»*-7; tfr-<2*z:6; Aczro; 4+r=LZj 
Therefore «* -* 7 = 1, or tf* =9, and a = =b 3 j 
Now take 4=:.3, ^=c, it will be czz% \ and - 
a^-4^ = 6-o = 6^ as mud be. 

Wherefore the componept equations ^re 

^' + 3*?* *• +1=0 



— 3Pf ' — 9a;* + 6jf^ + 3:1:* 



( 859 ) 

'iJote. If we could not fucceed with twd component 
cubic equations, we ihould try two' others, one of tic 
4fh, and the other of ihe 2d degree ; or we Ihould take 
tkfec quadratic equations. , Bat, if all ouf trials are 
without fuccefs, the -ffropofed equation becomes irre- 
iitmble^ and its roots inuft be found by /z/j>r^Ar^^^^ 
Stt Part IL Chap. IH, Seft {!• 

I • ' , 

* : . . • 

.■ i • .■ • ■ • 

; ^ E- c T i: b N 'vir. 

■ • • : I •• I 

j - . ' • ' 

RESOI^'UTilON OF EQUATIOKS BY 
•CONVTIRGING SERIES. 



• . 



W.HEK ari cqiwition may not be refolded by the 
preceding methods, the bell way of finding ii^ roots is 
that of converging feries, iis univerfal, extending ta all 
kinds of ^quatiotis, and though not accurately true, k 
^ves the value fought with little trouble, to a tery 
great degree of exaAnefs* It is the fame method, 
which we /explained in Part II. Chap# III. Sed. II. 
Dtvifion IL ; but here it is applied to a general equa« 
tion of any^degree whaifoeven 

PROP. To refolve, by converging feries, the ge- 
nerai equation 

Let x:=zr + Zf r being the root nearly eftimated, and 
z the difference beiweett that value, and the true 
value X. Then fubftiiuting, inftead of *, in the given 
equation, its fuppofed value r-t-2, and neglefting the 

powers 
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( 3«« > 

$c:sr+z^i*5y nearl^r. Therefore, in order to repeat 
the operation, let 3.5 be writ inftead of r, in the 

preceding* equatioDi and z will come out =. ^\ ? 

= - 0.027, which added to 3.5, gives 3*473, for the 
value of Xi more nearlf. And, by repeating the ope- 
ration once more, x will be found =t 3*47296351^ 
whifh is true to 7 or 8 places of Decimals. 

COR. If the root . of a pure power is to be $x- 

. ^traded, or, which is the fame, if the propofed equa** 

fion be fl;*=:Xy, then a being = i, and k, r, d, Sec. 

' O — r* 

each =0, z in this cafe will be barely =: -^^^^rr ; 

which may ferve as a general theorem for extracting 
the roots of pure powers. Thus, if it were required 
to extraA the cube root of 10, them m beine = 3 ^nd 

Q=:io, % will be = i in which let r bQ t^keo 

=2, and it will become z= — =: o.j6. Therefore 

• 12 •' 

x=:2.i5; from which, by repeating the operation, the 
^ext value of x will be found =2.1544. 



SECTION VIII, 

« 

l^ETHOO OF DEDUCING FINA^- QEN|;RAI, 

E CLV A T I O N S, y" 

RtJLE« Confider every power of one unknown qitan* 
titj^ as an unknown quantity itfelf\ then, by the Rules 
given for Jimple general equations {fee Chap. III. SeSf. I.^, 
jfou will gef^ a final general equation^ jpcludin^ only one 
unknown quantify^ 
1 A ^ ^ Example^ 



( J62 > 

Example. 



Let ift, ax*+ if •{■ eiy + dx + ex ^/ \ 



-I 



< ■ ^ M » j >i 



agx'+ahy^+aJuy+alx+amy^an > 

' ■ ■ ' ' ' . J ' ' — ' 

Take A = A? r <**; B == <f> - .iir*f + ^ - 4/ ; 
C=eg-am; Drz/g-an; and you will hafe the fols 
lowing equatioo : 

Ay'+Bx +C^ ssD 

• T—r-xPC 

A/«+Bx'+Cy«=Daf» or 

. . B**+ Ay* +Cy-Dxx=z<i 

— X0 

Bax* + Aay^ +Cay -15a xx=o 
lAxB Btfjf»+B3y»+Bfy+B</x*+-B<y=:B/ 

. ' • . 

B^*+B<ry+B</-Aav»-Cfly+DAXJ?+B<jf 

=B/, 




Hence *= , B/^B^'«-I, . _ 

Bcjf + Bii-Aa;*r-Ctf>+D<» 

•But alfo izz^zMjzS^, Therefofrc 

B 

B -A/-Cy . B/-B^/-Bgy 

B ~B^+Bi/-Aa/~CV5r+D«' 

Wbicl) equation contains only tbe unknown quaO" 
tity y ; and being cleared from ^a^ion^ ivill offer tC 
raifed to ibe 4th ppwer. 



t 3^1 ) 

Note. l*his general example will be fufl^cient for 
bur purpofe, which Was only to explain ^ method ^ 
whofe ufe is uncommon in Algebra. Bat there are 
fometimes equations^ which, worked by this method^ 
Would give j(^l eqttarion c^ a v^ry -high degree, which 
by their nature may be tery eaiily refolved^ as will ap- 
pear from the following example t 

^eife are three ntimbeh id a conttmial geometrical 
|>roporti6o9 their fum is 74, aiid the (urn of their 
%««^ )f »$»4 • wh^t'.ajTp 4hdfe lumbers f 

■ ■ 

Xxt, tfce ?brfee npttiBett be icj 7,. and «• Therefore 

» I *■ I 2 _i» 






.A.— ^ 



■^ ^ 






■»-«■ 



• « » 



0= ?4.,-^> 
Whcnceya:a4, «B=r576, and *4-2 =5<^ 



»<■# 



^-f-xanr^ojc- ^ 



■ ■■ i .1 



** * =r5o:c-574; 



The finskl equjiion is therefore only of the 2d de- 
gree, and being rclblycd, give** = iS^^qd hence a = 31^ 



-A a a ;fc C H A ?»- 






( 3«4 )^ 



C H A P T E R !a 



OF SPEAKING ALGEBRAICALLY. 

• a. . 

• • \ • • ' • ' 

DEFINITION. WE are ftud to ffeii a^bfak/tlfy / 
iS(, when we reafon abftraiftedly iiCK>n our problems^ 
and propofing them ihdefinitefy we give an indefinite fo- 
lution, from which a general Rule or Theorem may be 
drawn, for folving all particular cafes to which they are 
applicable ; and ad, when we demonftrate Xheortials 
with regard to all thofe quantities concerning which 
the algebraical language may be ufed as an analyfis. 

lf(fte. ' Such a generaf iiivefttgation of the unknown 
quantity, i$ called the Analyfis; or Analytical invefiiga^ 
tion of the problem. - The afluming the value of the 
tittkt^oi^n quantity (in known terms), fuch as the pro- 
blem finally detemines that value to be ; and (hewing 
that the (}ua&tities A> aflumed-have the ^operties- de- 
fer il^^ in ^e. problem, is calleci the ByntBetical Demon- 
Jiration*^ The tranflation of the unknown quantity (in 
known tenns) oiit of the algebraic into common lan- 
guage, is dcducing^.a Theorem^ or forming a Canon^ for 
^N cafes of the like kind, according to the form of 
worcls in which the tranOation is made. If the equality 
'between the unknown quantity and its value (in known 
terms)- be fimply declared;, it is a thjcoretii* If tKe 
arithmetical operations for computing the value of the un- 
known quantity (as algebraically exprefled) be laid down 
in words at length, this is called a Canon, or Rule for 
computing the value of the quantity fought in all qucftions 
t > of 



of the like kind. C)f all ttiii we. fludl ^l^. erne com- 
plete Example ; though ilfproblems of the next ^- 
tion L mufi; be, not only analytically invcltigated, but 
fyntheticalljr demonftrated. :'^ . . i 






» \ 



S EC T\r O N 'l. \ . 



' CJENERAL' SOLUTION OF PROBLEMS. ' 

* 

LET X and y be any two numbers, whcrco^.x. is tj(ic 
greater and y the lefs. 

Let their fum nf^zrx, 

their dififeren^e • - -^ • ^--yzxd^ - 

their produdi • * » - ^ _^^ 

their quotient . , . /e-r/=ry, 

the fum of their fquares ' x^'^^zza, 
the diflference of their fquares . x*-y*^b. , , 

Then jiny two of thefe fix being given, the riumbersr 
may be found;- bf any of the quantities withotu ^finding 
the number^ themfelves, as may appear from the fol- 
fo^ing ifF'proM^s : ' -• '^ 

'PRQB^j %• .GJFen s and ^, quaere ;ir,andj;. 
Synthetical Dmonftratm. ^i^-L ii;^- ^ - /^ 



m m 

4,* < 



. . It 



r I 



jAgain^ 



Hence THEOREM I. 72/ Mfftrem betfimen am 
two immBers, added to their funtf it eqml tb twice tSe 
greater. 

Theorem 11. The difference hehoeen any two num- 
bers, MtraSttd fym their fitm, is eggal to twice the 
Ufs, 

CANON; A4d AeJiigtrmm to ihfim, ^ half the 
^^egate will be the greater number. Again. SuhtraS 
the deference Jrm tbe^m itmd half the r^mftinder wiUke 
the lefs wtfRfer% 

Example. 
Letthek fom be 19^ and thdr di^erence 10: Here 

\ rr— =:J4f> the greater nmniber j aihd 

2 • ft ' 

— =r— =:4i> thelcfs. For 



2 • ft 
s 

It a 

i45+4i = i9» ^^ i4i'-4i = io> a$ required. ^ 



Note^ We are at liberty to change the. form of the 
jgeneral algebraic expreflipns, which determine ic and j^ 

{>royided we do not change their value. Thus We xaaf 
eparate the two members which conipoie the numeral 
tors of the fra^Qpal values of x and y, aod they will 

S d ' id 

ftand in this form': x=- +— , and y=-.-— • Thif 

V9\\\ afford great variety of expreffion in drawing out i, 
theorem or canon. It may now ftand thus: to the fe^ 
ttii-fumof the two numbers add their femi-difference, and 
it makes tbe^re^ter; and from the femr-fum fubtrad: 
their fernkdifferencej and it learcs the left ntimber. 

PROBU 



■ « 

a 

Kx-yy^hi and ap*p* +;5j> 

■ « 

Hence y^'l^, and ,=,-ii±£-'i+f, 

Synthefo, flil ±ffZ*^H=, , 

2S 94 a,s 

PROBL. III. Gi?en d and i, quasre ;r and y f 

9c- y ridi 9c±d+y ; xxrzdd-^zdy-^ 
t(x-yyzzki Vwid. jr;rz=* .{yy 

\ zd J "[ %d ) ^ fid, " 4^ 

Ab/^, Inftead of *^^ and* T . ^t w€ mav pot — 

2i zd "^ *^ arf 

f|---, and ~-. --, then <fraw a canon ^m cither ex* 




frcrr~i -fi* 



n^OBL. 



t ■ 



(( 358 .') 
^R^^^ IT, GWeh s aha y, querc i tod y > - 

y . :•. . . 

• / ■ , 






Hence >=:--i-, and*=^ 



^+^ ?+i J+» 




Syntbejts^ -2— + —7— = — i-J— = J, 



?^ ._:» ?f_x2iL'=;/ ^ 



J»RQBL. V. Given i Jknd J, quaere »\^%} 
x-y-d'i teisd-ryi 






Hence y=—r--i 



9 



— I 




£t d dq •q-\_„ 

FflOBL. VL Giren p sjnd q, quapre * and ;» ? 



^ .';' 9 = 2)' -/^J'' 

Henc9 



( 369 ) 

jricnce qy=-iyy- — » and y - a/ t. 
Again, x=qy= ^\/j = \/^ = ^P9' 

PROBL. VII. Given J and /, quxfe ^ and y ? 
xy=ps *=f-^y 

. p 

o = — +V — J, 

r 

Hence }7 — J/ + j& := o, and putting — z=. py 

* 4 

y =f±ii (by Chap. III. Sea. IIL), and • 

X = J Z_. 



2 



Becaufe, by fuppolitioDj x is the greater^ and y the 

Icfs number, we (hall have ;?= ^t-, and yzz-^^^^ — • 

2 2 

oynthejis. —* — 4. .:^-~ = /. . 

J+R j-R ji-RR w Jj . ^ 
22 444 



B b b PROBL, 



( 37© ) 

FROBL* VIII. Given d and Pt quaere x and jr. 

x-^y=d; x=y+<i; 
gfzzpi x=f^y 



^ 



o=v+rf- ^ • 

y 

Hence /+^-?=o, and patting — =— +/f 
yzz -^^ (by Chap. IIL SeS. IIL) and 






rf±R -i±R_ -rfrf+RR_ -*/, irf , ^_^ 
z z 4 4 4 

PROBL. IX. GiYca i and j, quaere x and > 

a?+j^ =r/j xziS'-y; xx^ss^isj+yyi 
9fx+yj^ai and y*= ^ ^J7 

Hence j3f-4Uf+-^—=o, and putting — =:_-_, 

^=i±5: (by Chap. IIL Seft. III.) and 
z 

-Ti^R J:?:R 

« = 5 — - = . 

2 2 

«=ii-- for the greater, andv^r-Z— for the Icfs 

number. 

SyntbeJU. 



( 371 ) 

Syntbefis, -+_I1— — — =:j. Again 



% % 2 



i+R\» , /*-R\»_w+*Kj+RR . xx-zRi+RR 



.+■ 



rtMa^BHM 



4 



_2w+2RR iss . ass 
— ■ h^ — — — :rtfi 

4 4 4 



PROBL* X« Given d and ^j quaere x and jr. 

x-y:=di x=:d+y; xx^dd+zdy+yy 
xx+yyna; and x;Ft:ij — jy 



MIMMMM* 



. o:=dd—a + 2dy-h2yy. 
HtTice yy + dy -{ =o; and putting — s=— *--^, 

y^z£^ (by Ch. in. Sea. IIL) and 

x^a = • 

2 2 

o .L r ^±R,rfq=R i^_j A - 

Synihefis. + zzi—zzd^ Again 



\2^ \2-^"" 4 



^*=P2^R+R* 



_ 2i*-h2R* _2^ J _24/*_ 



B b b 2 PROBJL, 



( 37^ ) 
FROBL. XL Given p and a quaere x and r< 

xyzip; x^p-T-jfi xx=pp^y 
9tx+yyzzai and xxzza-yy 



Hcnce/^ — tfy*+ji*=:o; and putting — = ^ //i 

4 4 

y-Jt^ (by Chap. III. Seft III. Not. 11.) and 
X'=i»Ja-yy'=:'Ja — ^^^^ = V "~^ • Therefore 
:Wf — for the greater, andj^^Y/ " 



lefs number. 



a/^xv/^ 



Again 1 = — = <». 



% ^ if 

4 4 



Z 2 2 



PROBL. XlL Given s and d^ quaere ^ or ;ry. 

^+J^=^ • Hencexzr'J:^ 

,!i[byProbl,l 



x-y^d 



2 



X 



Therefore ^ = . 

4 

ft 

Uote.. Here the foluriop itfclf contains the fyntheti- 
•' cal dcmonftration of the problem. 

PROBL^ 



(.niy 

PROBL. XI IL If A and 6 together, can perform a piece of work id 
time of a^ A and G toge.ther in tHe'tirae^, and.B and C together ia 
time Ci in what fink will each of tHem perform it alone ? 

Let A perform the Woric in the tirne^^ B in y, and G in z; thca-as the 
rk is the ianie in all cafes, it may iSt risprefented by unity. 



\ 



i'* 



the probiera.'* 



3* 

t 



I 



I 
t 
I 
I 
I 



a 

b 
b 

^ • c 



a-r- 












7th X be 
8th X ac 
9th X ab 



i3ih-2 xioih 14 

13th — 2 X nth 
i3th-2x 12th 



8 



9C' % 



10 



b^x 
b^z 



^\ it /A in ^ days. 



g^ I B in ^ days 



J A in & days. 
I C in ^ days, 
I B in r days. 



.J4 'p 
^ B' 
^•^Jf ' «mS I B in r dayi 
if *r>-^ •£ ^C in c days. 



y z 

x y 
\abt abc _ 

X z 

abp . abt , 
-'+ — zzab i 

f z ^ 



12 






+ 



13 



I u 



2abc,2abc , labc , . ^, . ^i 
X y z 

— = tf^+w-*f andzr: — ^ 

z ac + ab^bc 

— ^bc-i^ab-^ac andjfrr- j 

jf bc+ab-ac 



c:i^4-^r - ab andof =7- — --. 



B b b ^ 



^nihefis. 
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SyvUb^. 



• • 



bc+ac — ab 2bc . , i 



I I A in tf day's 



i 




bc+a-ac ''''''''' —TbT-i IBiaadzys. 



%bc 

-7- = i> the work of A and B in n days. 



the work 



bc+ac — ab 2ac ' 

zabc - ac+db-^bc 






ac+ab-^bc zac 



{A in ^ days. 
C in ^ dajs. 



— = 1. the work of A and G in b days^ 



zabc bc+ab-^ac 



• • 



bc+ab-ac 2ab 

zabc ac+ab-^ 



• • 



se+ab — bc lab 



II B in ^ days, 
thewkofj 
I C in r days. 



— 7 = If the work of B and C in r dajrs. 

Note. It appears that a^ 3, c, muft be fuch, that the prodaft of any 
two of them muft be Icfs than the fum of thefe two multiplied by the 
third. This is necefiary to give pofitive values of x, jf, and Zj which 
alone can take place in this queftton. Befides, if x, jr, and z^ be aflfumed 
as any known numbers whatever, and if values of a^ b, and r, be de- 
duced from the 7th, 8th, and 9th, fteps of the preceding operation, it 
will appear, that a, b^ and (^ will have the property required in the li- 
mitation here mentioned. 

If a^ bf and c, were fuch, that any of the quantities x, jr, or 2, be- 
came equal to o, it implies,' that one of the agents did nothing in the 
work. If the values of any of thefe quantities be negative the only fup- 
pofition which could give thetn any me.tnii g, would be^ that fome of the 
agents, ^nftead of promoting the work, eiiiicr obftru^lcd it, or undid it to 
a certain ejctept. ' ' 

PROBL. 



o » «^ 

tJ > »- 

*^ O u- 

%> c4 O 

OS P4 

fa TJ 

no B «^ 

^ ^ 

c« ti Q 

*-» 3 cj 

is O g 

U CO O 

* o g ^ 



S3 
O 



.^^ 



t« C c w 

.1} o 6 S 

V 9 o S 

^-^ H o 

^ S.2 

P'^ «'» «» OJ 

— n c8 



( 375 ) 



1$ 
•I- 

s 



I 



CM 



1^ 

II 






I 



a 

S 



•• 



•• 



I 

H H IS 



e <^ 



^4 



I 



CM 



« d cr> T|- 



*x> 



•8 






o 



CJ 



u 



Ut 

a 
o 



>4 

C 



CO 

-% - 



E 
s 
•I- 






CT) 

o 

I 

c 



en 

I CM 

a 



CO 

u 

«-» 2 J^ 

§ c^ «, 

Q D 4-» 

•£ c - 

^ V 4^ 






;>! 



TJ 

o 



§ 



o 



^ S- 



> 






4> 



R ^ 'a 

^ CM 
{ I 



^>i 



I 






II 

CJ 

I 

5t 



I 

5* 



NO C"* OO 



o\ 



a 
o a 






( 376 ) 

Synthejis. 

n I m II ^ f^ : ^ v — the travel of ift courier. 
np ^mq np — mq 

a : p : : ?— : — the travel of 2d courier. 

** np — mq np — mq 

Note. Here It is obvious, that np mud be gsearcr 
than m^y elfe the problem is impoilible; for then the 
value of X would either be infinite (if np'=:mq or 
np^mqzzLo) or negative (if np<Cviq or np — mq^o^. 
This limitation appears alfo from the nature of the 
problem, as the id courier mud travel at a greater rate 
than the ift, in order to overtake him. For the race 
of the I ft courier is 10 the rate o{ the 2d as m-^n to 
prrq^ that is, zsmqtonpi and therefore np muft \>c 
greater than mq. 



SECTION I[. 



DEMONSTRATION OF THEOREMS. 



I. Of Arithmetical Series^ 

PROP. In an arithmetical feries, the fum of the i ft 
and laft t<rmi is equal to the fum of any two interme- 
diate terms, equally diftant from the extremes. 

Let the ift teem be a, the laft x, and d the com- 
inou difference ; then a+d will be the 2d, a;*-^ the lull 
but one, &c« 

Thus, 
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Thus, tf, tf+rf, a + id^ ^ + ^^9 a + ^d, &c. 
X, «f-rf, ;c-2rf, x — ^d, x-4i, &c. 

It is plain, that the terms' in the fame perpendicalar 
rank are equally diftanc from the extremes, and that 
the fum of any two in it is a+x, the fum of the firft 
and lad:. 

COR. I. Hence the fam of all the terms of an 
arithmetical feries, is equal to the fum of the firft and 
laft^ taken half as often as there are terms. Therefore, 
if n be the number of terms, and j the fum of the feries; 



n ,^ nx 



4zza4-xx — • lftf=:0,i=:— • 

2 2 

Example. 

What debt can be difchargcd in a year, by weekly 
payments in arithmetical progreflion, whereof the firft 
term is i fliilling, and the laft is 5/. gx. 

Here we have ^z = 1 ; j:=rio3; 1^ = 52* 

> 

Thereforc/= 1 + 103 ^ — =104x26=2704/. 

2 

The debt required is then 135/. 4J. 

COR* II. .The fame notation being underftood, 
fince any term in the feries confifts of Oy the firft term, 
together with d taken as often- as the number of terms 
preceding it, it follows, that 

x:=a+n'- I xd=a+dn^d^ and 



s:zza+dn — d^ - = 

2 



n ^zan^-dn^-dn 



Therefore 
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Therefore, from the firft term, the comtxion diffe- 
rence, and number of terms being given^ the fum maj 
be found. 

Example. 

A traveller wants to arrive at the end of his journey 
in 4 days, by haftening his journey 3 leagues every 
day. To execute his dcfign, he is obliged to go aof 
leagues the firft day. It is required to know the num* 
ber of the leagues of his journiy- 

Hcretf=:2oi, i/=3, nzz^. 

Then ^=41 + 12 - 3 x 2=150 x 2 = 100, the leagues 

required. 

COR. III. Again, bccaufe from the equation of 

Cor. L we draw anzzzs- nx^ this value fubftituted in 

• 

the 2d equation of Cor. II. gives i=3 : ^ 

2 

and then s = • Hence from the laft term, 

2 

the common difference, and number of terms being 
given, the fum may be found. 

Example. 

A man in 1 6 days went from London to a certain 
place, every days journey ipcreafing the former by 4, 
and the laft he went 64 miles. How many miles is 
that place diftant from London ? 

72 = 16, ^=4, :i:=:64. 

2x16x64 + 4x16-4x16x16 
j=: 3.544 ml. 



COR. 
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*■ - * * ■ 
COR. IV. Andfiacc«=— ^ (Cor. IL) thi* 

a ' 

« 

value fubftitutcd in the equation sz=a+x x — (Cor. 



I.) gives j^^xx'-^'+i or . =f^i:fl±££±^ 

Whence the iirfl and laft terms^ with the comtnon dff» 
ierence^ being given, tha liim may be found; 

Example. 

Suppofe 12 eggs were laid in a ftraight line, at one 
yard diftance from each other ; and the firft egg, one 
yard diftance, the laft. |2 yards, from a basket, into 
which a man is to put them one by one : how many 
yards muft he walkf ' 

Since the man muft come back again^ ^ben he has 
walked one yard, the firft term is 2, the coramou dif- 
ference alfo 2, and therefore the laft term muft be 24 
(Corollary ll.) Hence ^*=4, ^=:s^6, and 

,^576-4+4+48^624^ 6 ^^^^^ 
4 4 ^ ^ 

Cor. Vv Hence any problem whatever, belonging 
to Arithn;^etlpal Series, may be refolfed by one of the 
fdlpwing^ five equations : 



P 



2 
2d xzza+dn-^di 

3d 2i = 2^» + ifl*— ^fej 

4th 2s::z2nx+dn'^dn* I 
j^\hzdszix^+dx-a*+ad. 

C c c Joy 



r. 



; 

I 



( 380 ) 

For of the four qosintitics of an equation^ three being 
given, the fourth may be found, by refolving the equa- 
tion in which thry are contained; as may be feen by 
the folbwing Examples. 

Example I. 

A man going from London to a certain place, dif* 
tant 544 miles, went 4 miles the i ft day, and increafed 
every day hts journey in an arithmetical progreffion^ 
fo that the laft day he went 64 miles : how many days 
was he upon his journey I 

•n -A ^^ _io88 , J 

By equation ift, «= = — — := lo days. , 

Example II. 

A perfon being fined for a certain number of months, 
payed 6/. the firft montb^ and 102/. the laft; his fine 
increafing i il. every month : how many months did 
be pay it ? 

By eqtiation 2d, »= — = =0 mo. 

' a 12 ^ 

Example III. 

In a heap of bullets difpofed in an increafirlg arith- 
metical progreffion, I fuppofc ift, that there were 18 
rows, of which every row was greater by* a bullets, 
than the row which preceded, it; ^d, that there were 
360 bullets in all: I demand how many' bullets there 
were in the ift row, and alfo how many there were m 
the laft? 



Bf 
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By equation 3a, a^ * — — + — — • 

2n n 2 z 

^^T7r + • — ? bullets. 

68 2 2 ^ 

« . , 2s + dn' -dn s , dn d 
By equation 410, x = = — =: — + _ - ^ 

• • » • ■» 

360 , 2,18' 2 , .:' * 

18 2 * ^^ 

Example IV. 

A man is to go to a certain, piaee 544 miles diftant 
from London, in 16 days, and lie intends to go 4 
miles the firft day ; by what common difference, iguft 
he baften every day bis journey, in order to cxecuje 
his defign ? 

By equation 30^ d=i 



rC' — n 



» . ^k 



1088 -1 2a ^(iO .,' ' 

= 7 T —^ — =4 nulcs. 

Example V« . 

A gentleman buys an horfe for 82/. 8/. paying 5^. 
for his firft nail^ 8/. for the fecotid^ lu. for the third, 
and fo on in ap arithmeticfil progreffion; I want to 
know the number pf qai|s wbi(;h w^VP (rontgined in this 
horfe's ihoes* 

Pj equation 3d, n' + . x n - -j=:o, that ts. 



C c c a Tbwefpre 



J 

i 



f 



Therefore «±:~i 

6 

■ -6 



=-^= -g^ = 3 2 nails. 

It IS plain, that 32 is the only root which anfwers 
to the qucftionj the other, -34I, being ncgati?e, 
has no fignification. 



II* Of Geomaricdl Sirier. 

- PRQPOSITION I,. THE produAof the ex. 
tremes in a geometrical feries, is equal to the produd 
of any two terms equally didant irom the extremes. 

Let a be the firft tertn, x the laft, r the comipoa 
ratio i then the feridi is, 

» 

a, ar^ ar*^ ar\ ar^t &c* 
r r* r' r* 

» _' » * • 

r 'It is obtlous, that any term jn 'the tipper rank i« 
equally dSlaWt from the begiftmng, as that bdow it 
is Prc^m th€ ^d ; and the produA of any two fuch is 
equal to ax, the product of the firft and laft. 

PROPi If. ThcTum of ^geometrical fcries, wanting 
the 6r(l term, is equal to the fum of all but the laft 
term, multiplied by the cornmea ratio. 



For, 



-^*-- - 



li iiMii 
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For» aiTaming the preceding notation of A leri^ it 
is plain« that 

ar+ar*+ar\ kc. . . +— + ^+— +« 

f^ r^ r"- r 

ff 

COR. L Therefore s being the fum of the feries. 



— J rx — a 

I'-nxrizS'-a ; andi=: , 

r— 1 



t . 



COR. It. Since the exponent of r in any term it 
equal to the number of terms preceding it ; heoce in 
the lad term its ^exponent will be n-^ii the laft tetfxi 
therefore is 

, ar^ — a • r " — i 

*=tfi*— », and jr: :=.ax . 

r-i r-i 

COR. III. If the feries decreafes, and the' number 
of terms \% infinite, then according to this notatioBj' 4r^ 
the lead term, will be o, and 

s = = , a finite feries. 

r-i i-r 

' Example. 
Required the fum of the feries i> I, || |j &c« to infinity. 

iiere II :s: I, and rt:|» Therefore 

^= — i=-r=^* 



^H€. 
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' Nrtr. What are called in Arithmetic repeating and 
circulating decimals, are truly geometrical decrcafing 
fcries, and therefore may be fummed by this Rule. 

Thus, -SSSf *^^* =-rir + T!Tr-|W«ny+ &c. is a 

geometri(:al feries, in which azi^^^ and rzz^; there- 
lore J^'-Tv'^v^ — rv/--T^"^i'8'"-T* 

Thus alfo, .2424, &c, zr^"^, for here 9c=:^-^ and 
r ^Tt^tt^ therefore J=tW -^ (i -x^tt) = tVW -r ^ 



9 • 



.. t 



COR. IV. Beca\ife«i=-^^ (Cor II.) fubilituiiog 

-? 
f*— I 

^9 value in the equation jr=« x •= — , we Qq4 



Cor, y. Siflce ,r:^lZ± (Cor. I,) and rr:-^ 



I 



j-r "-' 



/ ' . —I 
(Cor. 11.) we get -—-zr^ or s^ax y/ a 

s:/-.r x-s/xi wjliph eqt^tlqp, raifed to the po^cr 
fi r- 1 , becomes <» x (1 - tf)"— ' zzxx^s- ^)*^- 1 



COR. 



« • 



\ 
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COR. VI. Hence any problem whatever, upon 
geometrical feries, may be rcfohcd by one of the fol- 
lowing five equations, 

ift, rs-rxzzs'-ai ^ 

2d, flf = jr«— »; 

3d, rs'-srzar^'-ai 

4ih, sr^' — sc'^^zzxr^'-x; 

5th, J X (j — tf)*-i = jc x.(i - ^)*-'. 



For of the four quantities of an equation, any three 
being given, the fourth may be found by refoiving the; 
equation in which they are contained, as may be iee^ 
by the following Examples^ 

Example I. 

By a lawyer's being obftinate, it cofl: a man in kw- 
fuits I a loop/. The nrft lawfuit coft him 1000/. and 
the laft 810.00/. The expences of the others were 
mean proportionals between thcfe two extremes ; it is 
required to know in what proportion the law-fnits have 
been increafed ; and how many they have been. 

9 

-^ . rt S — a T2I000-I00O 

By equation ift, r=: 



StX laiooo — 81000 

• 120000 



40000 



^3* 



•X 

Agab by' equation 2d, r»-i rr-^, that is, 

3*— 1 2= = 81=3*. Therefore 

1000 

n- 1 =24 and /i^5 the number of the Iaw<fuic9« 



Example 
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•Example If. 

A perfon playing againft another double or quits, 
loft lo times running. He played for 3/. the firft linne, 
what did he lofe the 10th ? 

By equation 2d, x=:tfr"^*r:3 x 210— ' = 3 x 2* 

= 1536. 

Example III. 

We fnppofe that the population of a country has in- 
ereafed every year by -rV ; how many fouls were there 
at the beginning, if they are 14641 at the end of 5 
years ? 

n . J . * I464i_ 14641 

By equation 2d, ^ =— - = 7Trr-TT777 = ^^^- 



Example IV. 

A man skilled in numbers met wi;h another, who 
cxprefiiDg a great defire of buying his coat, he agreed 
to let him haire it, if he woula give him only the price 
of the 16 buttons, reckoning id. for the ift butipn, 
2J. for ike 2d, 4^* for the 3d, and the reft thus, in 
doubly proportion: for how much did be fell his 
eoat? 

By equation 3d, /= r^ ::: =: 3^767^. 

s:i^6L 10/. yd^ 



Example 
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Exaaple V« . 

A rake fpeat all his fortune in 5 months ; he qua* 
drupled . his expences every month, .and the flrft iSoAth 
he fpenc looA what Was his fortuiH: ? 

f. . • ar^ — a 100.4* — roo 
By equation 3d, szz ^z — . J ■ > 

102400 — 100 , ' ' 

4 

Example VI, 

• - « 

A perfon draws at five different tidies, ffom a calfk 
of wine, accotding. to an increafing geometrical pro- 
greflion/ whofe lau term is 243 pints, and whofe com- ' 
moa ratio is 3. How many pints were drawn the ift 
timCy and how many in all the five difierent dmes I 

By equation idf 4=:* ^ ■ :s-rr— X^^3*' 
By equation 4^1^ i=— zr^''' ? — T^ 

- 243-81 !* ^ 

Note. 1 do tfot gitcf any «ampic for the equation 
5th^ becaufe the calculating becomes fo complicate ; 
and therefore 1 \^ill\tr^t this matter in the following 
Chap. V, Scft. I. Vherei by the ufc df logarithms, all 
the difBculty vfrill Ue t^kdn away. 



• - f 



' 1/ 



Pdd m. Of 
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III. OfAlgtiraual Smes» 

> 

DEFINITION I. Tht general firm of an algebraical 
ferie$ is an cxpreiHon containing fooie powers ot n (the 
Dumber of terms) ; and fon^e nMnibers, fo that fubfti- 
tutiog I, i,- 3^ 4^ &c« in(lead of n, the refu|ts give 
the ill, ad, 3d, 4th, &c. ternlsof the feries itfelf. 

Thus, a» - 1 is the general terto of the feries 

i> 3> 5> 7f .9* ^^» ^^* 

For taking n=z i, v^e find in- 1 = 1. 
n=a, i;f-i=:3. 

»=:3, &C. 2)1— 1 = 5, &c. 

DEFINITION II. The gemralfum of an algebraical 
feries is an algebraic ekpreffion containing ibme powers 
of n ; and fooie numbers, fo that fubftituting 1, 2, 3^ 
4, &c. inftead of ^ the refuUs give the value of i, 2, 
3, 4, &c. terms of the feries itfelf. 

Thus, n^ 16 the general fum of the feries 

If 3t 5> 7. 9f &<^- 

For putting »= I , we find«*::i^i, 

»=r2, n^zrj^. . 

H — 3,.&C« »* = 9f &C* 

Note L The higbcft power of » in a general term 
of an algebraic feries^ is always equal to the order of 
the feries itfelf ; but in its general fum it furpafies that 
order by unity. 

• 

Note II. A general expreffion of the laft term of 
an algebraical feries, may be coniidered as its general 

term. 

PROP. 
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PROP. I. To fiac^ the general term of a given al- 
gebraic feries, take« according to the preceding Note L 
fbme terms of the following indefinite fefies : 

a+h+cn^-i-dn^+en^+fn^ &c. 

Then put fucceffively, inftcad of «, the numbers i, 2, 
3, 4, &c. in order to have as nlany equations, as there 
are indeterminate coefficients {t^ h^ c^ 4p &c. and^ re- 
folving thefe equations, you will find the value of thofc 
coefficients, which being fubftituted in the terms .you 
have t^ken, will givp the general term required. 

Thfs prppoiirion Is demonfirated by theprogrels itfelf* 

Example; 

Required the general term of the algebraic feries of 
the 2d order. 

I, 5, It, 12, 35, 51, 70, 92, &c. 

I take 4^+^^+^^% apd putting n::^i^i^ 3, 
I have a+ b + c ^i, 
'^ + 2^+4^125, 

HenceA+3^=4 5 2r= 35 r=l; 
^ + 5^=7? *=-i^* «==6. 



Therefore i- ., - is the general te^m required. 

2 ,2 

COR. An algebraic feries being giyen^ make ano- 
ther, fo that its ift, 2d, 3d, 4th^' &C. terms be the 
value of the ift, 2d, ^d^ and 4th, &c. terms of the given 
feries ; fjnd the general term of this new (cries by the 
propolition, and it will be ibe general (um of the feries 
propofed. 



D d d 2 Example* 
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Required tbc general fom of the fame. 

Series, i, 5, la, »a, 3S» ^i, , 7?» 9»» *«c. 
Its fum, I, 6, i2, 40, 75, 126, i^6f 288, &c. 

. ^his new ferics being of the third order, I take 

The indefinite general term a+iH+cn^+dn*. 

Therefore, by Prop. j+*+r + 4=i, 

a + zb+ Ai: + id ::^ 6, 

tf + 4* + 1 6^ + 64/r r: 40. 
Whence *+3r+7^= 5; 4^+12^= 7; 6d:^^. 

b+ic + 37dzzz2. 
Therefore ^=i, f ==i, ^=^0, tf=ro. 

And -^H — ^> the general term of the feries i, €, 18, 
22 

&c. as well as the general fum of |he proppfed feries 

• • • 

t. — • » 
n^ giyca general fum fubftttutei in* 

ftead of », the quantity «-i, and fubtraft the refult 

from that fum, the remainder will be the general term 

anfwering to the given general fum. 

Let T be the general term, S the general fum of 
tetins n^ and i the geperal fum of terms ei - i, it is plain 
that S-j will be the laft term, becaufe, if, for in- 
ftance, from the fum of five te^ms the fum of four be 
fubtraded, the remainder will be the value of the 5th, 
or laft term. Therefore, S-j being a general expref^ 
fion of the laft term, S — / will be the general icrnj 
(Pcf. II. Not. II.), that is, T^S-j. 

, Example. 
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r 

Example^ ■ 
Let Sz=— +— ; theaj=:^^ A+i — ^-ri-, 

2 2 .9 2 

or J :=: — — — + * • Theretore 

2 2 2 



T=:S-j= * ?— ~- the general term required. 

2 2 

COR. Subftituting facccffivftly, in the general term, 
inftead of n^ the numbers i, 2, 3, &c. the refuits will 
give the ferics belonging to the fum S. . , 

Thus^ in our cafe, the feries is 

I, Sf la, 2Z, ^5, 51, 70, 92, &c. 

• Becaufc, if »=i, 2 — iH-rr i. 

2 

, =3, &c, . =12, &c* 

PROP. III. Raife the quantity « - i to the power, 
by unity, greater than the nigh^ft power of « in a given 
general term ; then multipjying that power by a frac- 
tion, whofe numerator is the coefficient of this higheft 
power, and the denominator its index increafed by unity, 
add the produdk to the general term itfelf ; and cutting 
off from the rcfult the higheft power of », this power, 
if there is no rettiainder left, ^ill be the general fum. 
But, if there is any remainder, thiJ power will be only 
the ift part of the general fum; tben/confideriog the 
remainder as a general term, repeat the fame opera- 
tions as before, and fo on, till there is no remainder ; 
all the powers of n fo found, and taken together, will 
give the general fum of the given general term. 

For 
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For being S«-j=:T, it foUqws that S = T+i: then 
s is found by the method explained in the {^ropofidon. 

Example J. 

T T- *\. 2X11-1* 

Let T = 2» - X ; then j = , 

2 

or j=»* -2»+i. Therefore 

+ 

S=:T xi=:»* ♦ * the general fiim required. 

Example II. 
Let T= 2— -~i then j=^2 >^n-iy 

2 2 3 

5 = ^+^ . Therefore 



or 

2 2 2 n 



+ 



iftpartof S=— j * + n . Again 

r=— •S^r7*= »H — . Therefore 

2 2 2 

+ 

2d part of S = ^) * *• Therefore 



2 

- + 



n' . u* 



Srr— 4 — the general fum required. 

2 2 

COR. I. The feries belonging to th^ general fu^, 
is found as in the Corollary of Prop. 11. 



COR. 
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COR II. If Tsztt, 



n n+i 
I z 

n »+i »+* 
z: — X X ^ 

123 

ri — X — I — X — — X _L1 ; 

1.22 A 



Then will S be = — x^±i, 

I 2 

i=-t/u X — --^ X — Li-, 
123 

=z iL X !LL! X ^±i X !!iJ 

I a 3 4 * 

n »+i »+2 »+^ »+4 
rr — X — I — X — 1— X ^ X «JLZ 

12345 

and fo on^ as will appear by drawing from the value of 
S by the propoficion, and then by refolving it int6" its 
faflors, from which refolution the law of continuation 
IS manifeft. 



... \ 

IV*. Of FtguraU Numbers. ' 

DEFINITION. That algebraic fcries which arifcs 
by adding together a rank of 

Units, called fig. numb, of the ift order 
Figurate numbers of the 2d order 

3d order 

4th ordef 

5ih orf^er . 

6th order 
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Therefore the fignrate numbers ctf th<J^ 

ift orderl fi, 1, i, i, i, &c. 
ad order I ] ii 2, 3, 4, 5, 8cc 
3d ordcryareyi, 3, 6, 10, 15, &c. 

4th order l if 4» lo* io> 35i ^^ 

3thor4erJ Li, 5, 15, 35^ 70, &0 

COR. Heoce it is manifeft that caeh figarate ntim-- 
ber is equal to the fum of the prece4ing feries fo far a^ 
that number 1 and therefore, to find a general expref- 
fion for a figurate number of any order, is the fame 
thing as to find the general fum of the figurate numbers 
of the preceding order, 

PROP. The general fum of the following figurate 
numbers i - 

I, If >f I* i,&c. is n* 
l|2, 3* 4. 5>*cc. 18 —X 






x,3f 6,io,i5,&c. IS — x_-x__. 

I z 3 

. • n n+i n+t n+7 
i,^,io,^o,iS^hc. IS — X ^ X __ X 3. 

^ . « »+i « + 2 Ji + 3 «+4 

i,^,i5.35i70i&c.«-x-^x— X— ^ ^. 

It is evident by infpeftion, that the general fum of 
thf feries i, 1, i^a^.ij ,&<j. is n y but » is the general 
term of the feries i^ 2, 3, 4, 5, &<:• (Dcf. Cor*) ; 

therefore — x!Lti is it^ general fum (fee Algcbr. Sc- 
I . 2 — *^ 

ries, Prop. III. Cor.' If. Again — x -I— is the gene- 

ral 
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* 

hd term of the feries i , 3> 6, lo, 15, 8rc, and -x^ 

^^ii X ??i- its getieral fum (ib;); and fo on. Whence 

* 3 

the general fum tf the -figurate numbars Z9 iti the pro^ 

politioD.- 

COR* Hence ohivef fally the general fum of figurate 
numbers of order m, is ^ 



ft x^^'i xg + 2 xir + 3 X . . . • . ^ xn^m—i 

XX 2 X 3 X 4 X«.i.«iX i» 

ill which the ;qiiantity "*"' ~ figflifes th^laft fa^orjf 

thus, fot inftance, if the figurate naipbers ar« ef the 

5«h orders then ffl=5, 8ild'i±^ll=l±i-i=^ 

rt • 5'' ■" • A' 

the lad &aor« 



Vi Of.CprHbiatUuui 



* 1 I < . 



i)EpINirtON h When fpfne quantities are X?\^n 
two by twoi -three by three, &c. witKoiiE'^ any' .rcDeji^ 
tion of them, and withouf including the different chatjfi? 
ing bf plade, the reliiUS arc ckllcti Cio^Bin&if&f^, 
Thus, >i^ aCf be, ire three combinations hi tetf^rs' 'iU 
i> c^ taken two by tWa ; but da; hb, fr, is repetitions 
bf the fame let'tci', are not' to be cdilfitlcfed sfe'cqiubrqiif 
tions, dnd ^^^, w, cby being ditfcfent ffdra '/J^, W, 'fe^ 
duly by <JhaCnging of place> are »6 ne1i^ tqr^biqaQQJjis* / \ 

DEFINITidhf H* The ixpmnt pf a jcombiiladco 
is the number cxprefling how many quantities tfiere are 
la that combmatioD, Thus^ 2 is the expooent of com« 

£ e e binatioos 
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blnations ab^ dc, hc^ becaufe it (hews that there are ia 
each combinatidD two quantities* 

PROP. If n be the number of quantities to be coni'» 
Slned, N their number of combinations, and m their 
exponent^ it will be univerfally 



I X 2 X 3 X ••.... X m 

I fly Let the exponent m, or the number of quantities a^ 
by Cy dy &c. in each combinationy be fuppofed only two^ 

If ny the number of quantities to be combined, be 
only 2y as a and b^ it is evident there can be only one 
combmationy ab \ but if n be iucreafed by i> or the 
quantities to be combined are fuppofed to become g, 
as Cy by Cy then it is plain that the number of combina- 
tions will be increafed by 2, the dumber of the prece- 
ding quantities a and by iince with each of thofe, the 
new added quantity c may be combined ; and therefore 
the whole number of combinations, in this cafe, will be 
truly expreffed by 1 + 2, viz. N=: i +2. Again, if n 
be increafed by x«inore, or the whoIeTnumber of quan- 
tities be 4, as ay by r, dy then it will appear that the 
number of combinations muft be iscrea^d by 3^ iince 
the number of the preceding quantities is 3, and iherc- 
Fore will here be truly N = i + 2. + 3, And, by rca- 
iGJping in the fame manner, it will appear that the whole 
tiumbcr of combinations of 2, in 5 quantities, will be 
!?^=r I + 2 + 3+4; in 6 quantities, N = I +2 + 3+4+5; 
Wnd in 7, 3S;=i'+2 + 3+4+5 + 6 ; &c. Whence 
univerfally, ^the nurnb^r N of combinations of n quan- 

tideS, ukeu"2 by 2, is N= 1+2+3+4+ »- if 

a ftries of figurace number^ the general fum whereof is 

S^=i '- by what is above demonftrated* 

.,^ , " , «d. Let 
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2d, Let tmv the exponent mbefuppofed = 3. 

It IS plain that ia 3 quantities a, b, r, there can be 
only one combination ; but if n be increafed by i , or 
the number of quantities be a, b^ r, d^^ then will the 
nnmber of combinations be increafed by 3, the number 
of all the combinations of two in the preceding letters 
a^ by ci fince with each two of thofe, the new letter 
d may be combined ; therefore the nnmber of combina- 
tions in this cafe M 1+3. Again, if « be fuppofed to 
be increafed by i more, or the number of letters to be- 
come 5, as J, bj c, df e^ then the number of combi- 
nations will be increafed by 6 more ( =: i + 2 + 3), or by 
all the combinations of two, in the 4 preceding letters 
tf , by Cy d; fince (as before) with each two of thofe, 
the new letter e may be combined. Hence the number 
of combinations of n quantities, taken three by three, 
appears to be i + 3 + 6 + 1 o, &c. continued 10 ri — t 
ccrms ; which, being a feries of figurate numbers of the 
3d order, the value thereof, by what is above demon- 

ftratcd, will be truly expreffcd by S= "" ■. "' ■ 

■ . ^1x2x3* 

And univerfally, fince it appears, that increafing the 
number of letters by i, always increafcs the number of 
combinations by the whole number of combinations of 
the next inferior order^ in all the preceding letters (for 
this obvious rcafon, that to each of ihefe laft combing- 
tions the new letter may be joined), it is manifeft, that 
the combinations of any order obferve the fame law, 
and are generated in the very fame manner as iigurate 
numbers ; and therefore may be exhibited by the fame 
general expreffions ; only, as there are 2, 3, 4, or 5, 
&c. quantities given, or as the value of n is 2, 3, 4, or 
5, when the number of terms in the feries thus gene- 
rated is only one; according as thofe quantities are' 
Uken 2 by 2, 3 by 3^ i^ by 4, &g. \t is plain that the 
number of terms mult be lefs by i, 2, or 3, &c. re- 

E c c 2 fpeftively,^ 



( S98 ) 

fpcftlvclf , than n the number of quantities ; an^ tb 
fore, inltcad of n in the forcfaid general exprcffions 
muft fubftitutc, n-i, ?J-2, «-3, &c, refpcftively, 
in order to have the true valpe in this cafe* Hence 
fhe number of combinations of 2 quantities in n quan^ 

... . nxn—i - nxH—ix,n-i ^ 

titles, will be : \ or 3^ -r — , — ^ 1 of 4. 

I X z 1x2x3' * 



Whence, univerfaUy, the 



py g- I x>2-a xai~3 
i^ 2 X 3 X 4 * 

nuinbcr of conobinations in any number n of quantities 
jaken z by 2, 3 by 3, &Ct will be exprefllcj by 

^- »x«-ix« — 2x;i— 2X ..•».. xn — m + i 

N= — ' ^ • 

1x2 X 3 x 4 X X m 

Nate. From this laft general cxprcffion, (hewing the 
(Tombination which any number of qiianttcies tt^ill admit 
pf, the theorem laid down in the next pages (where of 
ififinlte fcrics) for raifmg a binomial to any giyen pow- 
er «, is very eafily and naturally derived, as may be 
fecn in Simpfon's Treatife of Algebra, J>. 199, &c. 

CQK* Becaufe a quantity as a has only i conabin^* 
tion ; 2 quantities, as a, b^ have 3 combinations ; viz. 
(iy by ab \ 3 quantities, as ^, b^ c^ have 7 combinations : 
viz. tf, h^ f, dby ac^ bcy abc, and fo on, the number or 
thcfe combinations will be exprelTed by the terms gf 
jhc follpwjpg feries : f 

Ti 3i 7? ?5i 3h ^3f ?27> ^55^ S^U *^<^? 

lh:^t IS, the ift term of this feries gives the number of 
ail the combinations of one quantity, the 2d gives the 
numbjer of all the combinations of 2 quantities, the 34 
of 3, the 4th of 4, and in g^eral, the term 9 giv.i^s 

he niimber of all the combinations of n quantities. 

3ut 1=2-1, 3=4-^1, 7 = g-:i, 15-16-1, &C. 

^ • There. 



I 
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Therefore, the terms of our feries arife from the dif^ 
Terence between; the* terms of the two foltomng-: 

2, 4, 8, i6, 32, 64, . , , . . , 2» 
,ii i> !>.. ^> 'f ^9 • • • • f i 'If 

Whence the general term of our ferie« h 2*-i^ 

iKrhich exprefiioQ will coDfequently reprefent the yujiii» 
ber of all th^ combinations of n quantities. 

• SCHOLIUM. The problem of dies, that UfHn 
faoiv many ways a number n of dies may be combined, 
in relation to the numbers i, 2, 3, 4^ 5, 6, whichare 
upon their faces, is to be refolved in a diffibfent man- 
ner. If the dies are two, or ;2 = 2, the number of com- 
binations is 36, or N=:6^; becaufe a number of one 
die being combined with the 6 numbers of the otfaet, 
gives 6 different combinations, 2 numbers gife 6+6 
= 12 combinations, 3 give 6 + 6 + 6 = 18, and fo on; 
confequently fix numbers give 6 + 6 + 6 + 6+6 + 6 = 
•36 = 6* combinations. If the dies are 5, or «=3, the 
number of combination?, or N wiH be =216 = 6x6 
X 6 = 6^ ; becaufe one number of the 3d die^ combined 
with the preceding 36 combinations of the 2d dieSf will 
|B[ive 6 times 36 combinations, that is, N=2i6=6x 
6 = 6^ Hence, in general, the number of combina* 
^ps of n dies will be N = 6% 



(L Of Permutations^ 

DEFINITION. When fome quantities are difpofed 
in all poffible fliflferent manners, the refults are called 
Permutations^ Thus, all the permutations of Httera a, 
kf are the £x following : 

gbc, acby cah^ bac^ bca, cial 

Notii 
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Nof(» Permutation concerns only the order of quaa 
^des. 



PROP. If n be the number of qaantities to be per- 
muted, and N the number of permutatioDS, it will be» 
ia general^ 

Nm X4 xj X4x5x6x xn. 

, fff nst, or if the number of quantities to be per-r 
muted be only z, as a, and b, the permutations are 
.only aby ba^ and then N m x 2. But if n be increafed. 
by 1 9 or the quaojtities to be permuted are fuppoied to 
become 3, as a^ by Cy then it is plain that the new 
quantity ^may be cither the ift, 2d, or 3d, in order, 
in each of the two preceding permutations, and it will 
therefore give the fi^ fpUowing pcrmuutions : 

cahy achy abcy cbOy bcay bac. 

, Hence in this cafe, N = i x 2 x 3, that is the whole 
number of permutations will be fhree times the laft pre- 
ceding* And, by the fame reafoning, it will appear 
that the whole number of permutations of 4, 5, 6, &c. 
quantities will be 4 jtiipes, 5 times, 6 times, &c. the 
)aft preceding, becaiife 4* 5, 6, &c. quantities may ob- 
tain 4, 5, 6, &c. diflfercnt places in each of the laft 
preceding permutations. Therefore, in general, 

N=ix2X3X4xcx(}x •^••.. xn. 

i 

Example L 

How many changes may be rung on 7 bells ? 
Anfw. N = 1x2x3x4x5x6 X 7=5040 changes. 



Example 
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f 

Example II. 

In hovf many different pofitions may 8 perfoas fit tt 

table i 

Jnf N=: 1x2x3x4x5x6x7x8 =;40320 pofitions* 

Example III. 

•I * 

A gentleman deiirous to board in a genteel family, de^ 
manded what were the terms for a year. Bdfng ai> 
fwered ioq/. he cunntngly aiked what he muft ^Ve fot 
fo long as himfelf aud other gentlemen of his friends 
could (it every day at dinner in a different order. The 
hoft^ thinking it would not be long, told him i$L tl>' 
which they agreed. How long were they to board ia 
the boufe ? 

Anf.^zzi x2X3X4X5x6x7x8 x 9=3628*8oday8* 



VIL Of Infinite Scries. 

It was obfervcd, p. 77, that in many cafes» if the 
divifion and evolution of compound quantities be adually 
performed^ the quotients and roots can only* be ex« 
preffcd by a feries of terms, which may be continued in 
infinitum* By comparing a few of the firft terms^ the 
law of the pcogreffion of fdch a feries will frequently be 
difcovered, by which it may be continued without any 
farther operation. When this ^cannot be done, the 
work is much facilitated by feveral methods ; the chief 
of which is that by the binomial theorem. , 



♦ » 



Theorem,^ ^-^^7 binomial, as a+b^ may be raifed to 
any power' m by the following- rules : ^ 

!• From 
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U Prom infpeding k table of the powers of a binb*^ 
total obtaioed by maltiplitation^ ' it appears that th^ 
team without their coefficioati^ . vre as toUows : 

^*f q'^^ tf»-»3*, 4i*-3*% &c. 

' 1. The coefficients of thefe terms will iie found bf 
die following Rule i 

Divide th^ exponent of a in any term ly the epcponent ef 
h inereafed by i , and the quotient mukifUeci by the, epejgi^ 
cient of that term, will give the coefficient of the next Jol^ 
lowing timti 

' This Rule k foUHdj upoo tfial ia the table o^ftolrers^ 
to hold uniferfally. The coefficient of the ift cerm is 
always i, <apd^ by applying the general Rule now pro- 

J)ofed9 the coefficients of the terms in order will be aa 
bllows t 

I, m^ m X J m x x , &c. 

a 23 

They may be* more conveniently cxprefled^ thus, 

1, A/n, Bx^-11^9 Cxp-^, Dx^-^, &c^ 

^ 3 4 

Ae capitals denoting the preceding coefficienti Hetidl 



«i-fly X — — ^ X X a^^ib^ +, &c. 



2 



/^«/^* 



» "^\ 



Noie. This is the colebr^tpd iinomal theorem : it is 
deduced here by induAion ohty, bat it may be rigidly 
demqnilraxedf though ujioa principles which dp^ot 
'belong to this place. (See tlJe Note to thft ^ppofition 
upon Combinations.) 

? CGRv I/! As ^m'^mtty denote ismy mnnberinqfgral or 
fraAionaI» politive or no^tive i hence \He evolution and 
\3i^fibn;"as well as t!itf mvofction, ofV b|CR)mi^,' ijia^ 
Wpcrformed by'this theflSrem. "^ ' ' '^ ' 

... ; • Exampk-L ^ r^^ ^ ^ 

let m'r:4/ t^«p thiBf ft{ttai«'root of a+b will be as 
follows ; 

or (a+by = V<i+-^ - r-~- + , ^ . , «a:. ^ ' 

2i/a 8«V4 ibaWa 

This beidg/applted i^-4hc xextr^ioir af ihc /qnare 
root of tf*+** (by infertibg a* for tf, and x^ for ^) ihc 
fame ferics rcfuk as fm^^^^ thafis, .,, ., .....^ 



i..- : 






. ,-, , .•;•..■*?.... PC:::! W .,-... 

.'. : ;;'t rr. ,-. jj f.i*!n TiP»8: Vh-.t v" > :> fj . ...4 
If ^ — is to be turned into an infinite^ feries, ilncc 

and m= — I ; and the (ame ferics will arife as was ob> 
tained by divifion ( ), that is, 

(1 -r>rJ=:i+r+r*+H+r'»+8fc, 

F f f Exaihple 
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^ % 

• • « • % 

Ixample III. 
Let -^ ; — Be cjcp^eflcd by: an iftSultc (txlch 

• • • 

Zl ' ' ' 
Since -^^— =r» X (ani-f;s?0 :* * • *7 F iMfpoang 



I . . . • • 



ipzzzrz, b^ -352s,\an(J m^ -|^ ibcn pwlttplying thif 
leries by 'r^, and reduqn^'th'e pcpdufi^' we fiiul 

-I 

COR. II. If the quantity exprpiS&d by b k negative, 
or if the binomM \^ ar-bp then the even terms of the 
general powep aTe all negitive; and i^eref ere it j« 



♦ • 






I 
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SCH(^LIUM, Thit.theorfm njay be applied to 
quantities which eenTi^^ iiiore^han two^pafus^^ by <vip- 
pofing them diftioguifhed' iotdtwo^^and then fubftitut* 
ing for the powers . of, ihcfe eoo^pofund paru, their va* 
lues, to be obtained ilfOt if required, from the theo* 
rem. Thus, , , . i . 

' (c+d+e)* = {a-i-iy, fuppofing i/+esr5j 
♦ ~ ar llfo Aippofiag tH-dsta, and. ir +/= *. 



i 
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VlU. Prafertits of Numbers, 

. THSORBM L If a and^ b be any two qvamitids, of 
"crhich the fum ttay be dehdted by s^ the difference by 
dy and their ptodufi by f^ then the following propdft* 
Cions w91 be true. 

w 

•• 4^^l^sisS$ ■■ ■ 

f • 

.W^ff. It is ufiticceffary to .exprefs thefe propofitroii* 
in words, and the demonfti^ations are very eafy, eithef 
by raiting a+kto certaiu ^ower8» and makiog propet 
fubftttutions^ or fubilttotiog the values q£ s, d, and ^» 

hos^ 

By the I ft method. . 

Hence «* + A' = j* - 3^/. 

By the 2d method. 



i n I * i* 






F f f a LEMMA. 
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LEMNtA L Let r^ any nttmbefy and n znj inte^ 
gcr, r" - I is divUiblc by r — !• 



The qcottent will be r*^."+r«^*. Sop. till the indcjc 
of r be o, and then the laft term of ir win be i ; for if 
this feries be multiplied by r-i, the divifor, it will 
produce die dividend r* - i« . It ^iU appear alfo *by 
performing the dlyiiion, ^ and inierttfig' '£(>r. n, znj 
number. ^ 

. - •• # 

LEMMA IL Let r be any number, and n any 
jo teger odd number y r^-^-i-^is divHible by r^i. Alfo 

if » be any even number, r" - 1 . te divtfiMe bf r-|-i. 

« 

The quotient in both cafes is ^-""-^ •^-r*^*^-;*^^^ &c. 
till the exponent of r be-pi albd the {aft te#m r"" zzi* 
If this feries con(i(l of an <3dd mtmber of jerps, and be 
multiplied by r+i/^the d/vifar* the produA, is r" + i> 
the dividend. If the feries eonml' bfan even number of 
terms, the produd isr*-.!.. 3ut it is plain, that the 
pumberof term's will be odd.aaly when n is cvenl The - 
cuuclufion will bc^ maoifeft \>y .perforratog the divifion. 

' 'LEMMA m. If r is the root of an arithmeiicaf 
fcale, and tf, t, c, &c. the coefficients or digits, any 
number in that fcale may be reprcfcHted in the fol- 
lowing manner, tf -f Ir + ^f^'+^r'.-f ^'f% Sic.,. 

This propofition- is cvideiR*- In^the common fcalc 
f. = 10, and tkf number 256^ for inftance^ raay be ex- 
preffed thus, 

6 + 5x10+^2x10*^6+30 + 200 = 256. 

See Principle VL p.. 24. 

*■ 
TrtEOftESl n. If fnoin amr number in the general 
fcale now dcfcribc'd,' the fum of its digits be fubtraflcd, 
the remainder is diriiible by r-i. 
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^ The-number4*/i4*r+icr*+4*'',+ef\ &C. md tbf 
liim of the digits a+b+c+d+e, &c. (by LcmiBa^IU.) 

SubtraJiiBg the latter fron the fiormer^ the rcmaiiH 
detis ' . , 

But by Lemma I. r- i is divifibic by r- 1^ what* 
ever ,the integer number, »» may be, ^nd therdfore inf 
multiple of r« - 1 is alfo divi fibic^. b y rr- 1^ v Hence 
each of the terms txr-j^ c^r^^.iy &€• is div^fibtai 
^y r - If aod tberefdre the whole is.diviiibte bv r — 1« : 

COR. I. Any number, Ae fuTn 6f whoTe digits U 
divifible by r - r, is itfelf divifible by r - r. 

Let the number be calle4 N, and the fum of dtt 
digits S ; ^ben.by chjs Proppikioot^^^-^ ts divifiUe fay 
r — I ; but S is fuppofed to be diyifible by r — i ; che»^ 
fore it is plain that N muft alf(> be divifible by r,- u 

- COR^ IL Any number, the ftnn of wbofe digits it 
divifible by an aliquot part of r^ i, 'is alfo dhrifible hf 
that aliquot part. For, fince N - S (Theor. IL) is di- 
▼ifible byr-- 1, it is alfo divifible oy sen aliquot part of 
r- ft ', but S is fuppofed to be dirifible by -that aliquot 
part; therefore N is alfo divifible by the faV^aliqaot ^'rt:. 



COB. lU. This Theorem^ with die XoiSilaneii, 
relates tp any fcale whatever,. It ipclodes^beMforethe 
^vell-known property of 9 and of 3 its aliquot pan, m 
the decimal or common fcale ; for, fince r n 10, r — i rrpl 

THEOREM III. In any number, if from, the fuai 
of the coefficients of the ,odd powers of r t^^ fijpi of 
the coefficients of the even powers be fubti;gcL;^^and 
the remainder added to the number itfelf, thV fum *wiu 
be divifible by r + x. 



i 
i 

y 

i 
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^'tbe iraffiber tf+ftr+rH+ift^+^r^+A*, &c. the 
Auto c/f the ooefficieutt of thb eteit powers of r iv 
t^d^f, he. thefvmof ihe coe&icms of the even 
powers of r is 4i+r+^, &c. If the latter fund be 
fobtraded from the ionner, aftd the itmiillder adde4 
to the given aambcr^ ic makes 

=:*.r+i +r^* - 1 +j/.r' + 1 +5.r* • i +/.r* + 1, fee 

Bat (by liemma 11.) r+i, r*-i, r' + i, r*-i^ 
r*+i, &e. are each divrfible by /•+ r, and therefore any 
iDUkijrfes of them are alfo dirifrble by r+ 1^ hence the 
If hole number is divifible by r + z. 

COR. I. If the diflfercnce of the fum of the even 
di^ts^ and the fnm of the odd <figks of any number be 
divififole by r+tf the auflaber itfeif is divifible by 
r+i- 

Lee the fum of the even digits (that is, the coeffi^ 
dents of the odd powers of r) be S, the fuitt of the 
odddigitt (that is, the coefficients of the even powers 
of r) be^, and let the number b« N. Then by xkc 
Theorem N+S*/ is diTiTible by r+ if and it is fop* 
pofed that S-i is divifible by t+ii therefore N is 
divifible by r 4^1. 

COR. n* U like nuinner, if S - i is divifible hf au 
aUqwc ptseof r^ i^ N will be di^fffiUe by that aliquot 

COR* nL If a number wants all the odd powers of 
r» or if it wants all the eVen powers of r, and if the 
fum of its digits be divifible by r+ x^ that number » 
dH&blebyr+i. 

CORr 
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COR. IV. In the common fcale r+z=:x,i| vHicfi 
therefore will b&fe the properties mentioned in this 
theorem^ and the corollaries. Thus, in the number 
648349 thei fum *of the en^en digits it^ 7, tho fum of 
the odd digits is 18, and the difference is ii| a nnm^ 
ber di?ifible by 1 19 the given number therefore (Cor« 
h) is divifible by i|. Thus aUb, th#«fwi lof the di» 
gits of 7640^08 is divifible by 11, and tberefdre the 
number isf dm(ble by n* (Cor. ^U^., 

SGOLIUM. Thefe Theorems relate to any fcale 
iifttattVeT)) aod therefQve the propertie^of r-^i hi '^e* 
oreirT II. 'would in a fcale of eight belong to fsvin, and 
thofeofr+j in Thporepi ni.,<:^ nfpe^.Jf mttfp^ ^^ 
the rbot of the fcale, the former properties WQuld 1)^ 
long to elewriy and the' latter to thirteen* 
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SOME APPLlCATfONS t)r ALt5!»!CA, * 

• ». . . '* * •' - - - . 

ALGEBRA has been fuccefsfuUy applied to. ahnod: 
emry branch of Mathematics ; and the pTiaciplet of 
jhtfa bcaneiies are oftcD adyantageouOy ufcroducdil iHtci 
algebraical calculations. . • - * *. 

In this place (hall be given fome examples of ^ its af>; 
plication* ifi:» to thofe equations whofe refolurion tc^ 
quire^tbe^ufedr logarithms^ zd^ to aatiijral pbUolbphy 
of to ,p&yjics; a^d 54#.taxhe practical ^alcalttions 
of bufinciEi* 
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TKXAMPLES'Or THfe USE Ot LOGARITHMS, 
IN RESOLVING- EQUATKWIS. 

^ i » * ■ • 

• PROPOSITION I. TorefclviAecquatidii*;: — . 

. (. • • . . • ^ <• 

* By tbe properties of logarithms (Chap* II* Seft«^I V») 
tbfe operaiion will be as follows; 

• • • ■ 

U=1.5!*xlur+U-l^=iiU+U-»l^, 

If »U+W-»U=I.N, then U-1.N and y:^N. 

Exitnple. ' '^ 

Soppofe there are looooo inhabitants in a province, 
Md f h^ icY popoiMOD augiDe^iB every y^aCb^ a* thir- 
tieth part ; what will be the number of its inhabitants 
>t the end. of. an aec ? , 

Lcs K ibt^hf nambef^ of *th:e inhabit ami ; theiiy b^ 
c^uff mavy %q people bocqme 3 ij at ihc - «ftd of every 
year, the population in our province i^iU) increafe* as 

$h:p::%ooQc6':xyioo6co(^%) it the end of rft ycai 
So:3!::ioo(Jp6(4"S)':«f— it)6coo(^i)* ----- ad year. 
'3t):3i::i*66ooo(4^)^;^tridcJodo(|i)» 3d year. 

And therefore the number of inhabitants at the end 

of 1 00 years will be x=riooooo(f^)''**. Hence by 

logarit]^ 

... u t 



00 
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l^=:l.iooooo(fj)**'=;l.i0000o + mi)* 
r=?l,iooooo + iool.(|4)=: 1,100000+ 100I.31 — 1001,30. 

Bat Kiooooo = 5 and I.31—L36 =0,0x4240439. 

Therefore Ljp= 5 + 100 x 0,014240439 
=5 + ^4a4<>439<^ = 6,4240439, aud ar=;2654874, by 
Tables. 

PROP. II. To refolve the equation a(t±iy zic. 
1 /b+xy - ,^+^ . 

1*^( —^ ) rr^r, or lt^+«l.-I^=T.r, 
that is n\.-— zz \x - ha. 

X 

whence l.i±5=llzif . 

Suppofc llnilf =1.N, theo l.^=I.N, \ 

n X 

=N, and laftly xz:^ 



X ' ' N-i 



Example I. 

The earth having been repeopled after the deluge 
by the tbrec fons of Noah and their three wives; it is 
demanded in what proportion population muft have in- 
creafed every year, that there might be 1 000000 men 
at the end of 200 years ? 

Let 1 be the annual increaic for every x men, fo'that 
^men, at the end of every year, may be found ;r+i. 
Therefore in our cafe 

* « 

* : *+ 1 : : (5 : ^f— )' for a year. 

^ X ^ 

G g g » X *+» 



/ 
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,, : x+t i 8 6(l±i) i efiliV for t yetrt. 

) for 200 jrcaKt . 

X ^ 

/x "4-1 \ * ** ® 

Hence 6^ j r: 1000000 by qaeftioQ, ot 

1.6 ^ J = 1. 1 000000 by logarithm*. 

1.6 + 200I. ( ^ = 1, 1 000000, 

t ar+i ^KiooQOoo - 1.6 _ 5,2218487 
;ir 200 200 

=0,0261092435 3Li,o6i963 by the Tables, 

Hence 1. =1.1,061963 { ^ — ^ = 1^061963 j 

* X 

«ndx=-^-^=i6.mennctTly. 

0,061963 ^ 

Example II. 

It is required to know the number, by which a pco«r 
pic muft increafe every year, to be double at the end 
of every century. 

The fame notation of the increafe being fuppofed, 
and taking i to reprefent the people, we (hall find after 
a century, 

^l—— J . =«, orL— — .= — . 
^ X ^ X 100 

Hence by Tables, l.i±i =£i32123f? 

,* 100 

. =0,9030103 =l.ir,oo^9555. 

That 
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That i« 1. =l.i>oo6955^; =: 190069555 ; 

and X rr = 144 men nearly. 

0,0069555 

Note. From Aeie ca!cuIation$ It appears, that the 
objeAioDs againft the^popalation of the old world 
oppoic xbt eridncc* 

PROP. III. To refohe the equation a^zib. 
1.^*=!.^, ot x\.azz\.b, and a: = 1.4 -rl.^** 



^ • y 



^ El^ample. 

Suppofe that a catiftin nambpr of men increafe eT^ry 
year by the hundredth part,, how long will 5hejL't>e before 
they are ten times as many as at firfl i 

Let the number of men be reprefcnted by unity, 
then ' ..^ T . • - . ... / 



V * 






xoo : loi : : i : 1(41^1) fot <i ytaf^. 

xoo : lor : : t : 1(444-)* for 2 year& 
And confequcntly I (44- J)' for a: years. 

Hence 1 (4-^4)*= 10 by the queftion: 
and ^14^4^ = 1.19 by logarithms. , 

Therefore «r(l. loE^ — 1. 100) = 1. io; 

0^(0,00432 1 4) = I = 1,0000060; and 

i,opooooo . , 

Kzz ■.. ? ., . I . X zit Te^ruieariyt . \ , 
0,004321^ . _ / . 

PROP. IV. To refolve thei equation a X (x- tf)^«" 



l-a+tt-il.(s-a)=:\.x+n~il.{t'-x)r 



G g g a ' JToft; 
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Note. This logarithmicai equation may be different- | 

ly worked according to the unknown quantity required. 
I will coniider the cafe, in which the value of the 
quantity i is to be required. Divide the iaid equation 
by // - 1, and it will be 

'•^ +l.(i-j)=— +K5-«)i dicn 



l.(x - fl) - l.(x - *) =-l-II — by traofpofifbn. 
Suppofe — - — r:I.N, then 
l.(/-tf)--I.(i^x)=:l.N, or l.iZf =1.N. ^ 

• Hence -^ =:N, and j= ^, "" , 

« 

... Example. 

A man fold a houfe> in which were 12 rooms^ on 
condition that the purchafcr ihould pay only ^J* for 
the fir ft rooni) and then for the others fuch a. geome- 
trical progreffion, that the laft room fliould amount 
to 2214/. 6s. 2d. What did the boufe cod ? 

Hered=:3</. If =53 1441//. «=i2. Therefore 

, »-I II II 

=6,477" =1.3' 
Whence Naj^ and confequently . 

The houfe therefore coft 3321/. xo/» 

SEC- 
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SECTION II. 



EXAMPLES OF PHYSICAL PROBLEMS, 



THE ufc of Algebra in Natural Philofophy may bcr 
properly illuftrated by fome examples of phyfical pro- 
blems. The folution of fuch problems muft be de- 
riyed from knowa phyfical laws, which, though ulti« 
mately founded on experience, are here affumed a& 
principles, and reafoned upon mathematically. The 
experiments by which the principles are afc^rtained ad- 
mit of various degrees of accuracy ; and on the degree 
of phyfical accuracy in the principles will depend the 
phyfical accuracy of the conclufions mathematically de- 
duced from them. If the principles are inaccurate, the 
conclufions mufl in like manner be inaccurate; and, if 
the limits of inaccuracy in the principles can be afcer- 
fained, the correfpondmg limits, in the conclufions de- 
rived from them^ may likewife be calculated. 

. PROBLEM I. We know, by the obfervations of 
Galileo, ttfat the ipace palled through by a body failing 
from a ftate of reft, by the power of gravity, iucreafcs 
in the progrefiion of the uneven numbers i, 3, 5, 7, 
&c; that is to fay, that a boAy, only by the force of 
gravity f' paiFes through a fpace of 1 5 feet nearly in the 
l&fecanckoi its fell, 45 in the zdfecondj 75 in the 3d, 
tnd thus in progreffioo* It is requrred to know how 
Qfiany feet it will, have paiTed through in 6feconds. 



SO- 
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SOLUTION. The prpgreffion 15, 4^, 75, &c. is 
aritbmetica), in which the ift term ^ = 15, the dif- 
ference d=30f and the number of terms « = 6. There-. 
fore by the property of arithmetical ferics the fam 

xr: — — ^=540 f^^^* 

2 

PROBL. IL Let a glafs tube, a inches^ long, be 
filled with mercury, excepting ^ inches; and let it be 
ioTerted, as in the Torricellian experiineftt, To that the 
b inches of common air may rife to the top : it is required 
to find at what height the tnercary will remain fuf- 
pended, the mercury in the barometer being at that 
time c inches high. 

Note. The folatidn of this problem depends upon 
the following principles: 

I . The preflure of the atmofphere is raeafured by 
the column of mercury in the baiometer ; and the elaf- 
tic force of the air, in its natural ilate» which refills 
the preflure, is therefore meafured by the fame column* 

Z. In diHerent fiates, the elaftic force af the air it- 
reciprocally as the fpaces which it occupies. . 

3. In this experiment the mercury that remains 
fufpcnded in the tube, together with the elaftic force 
of the air in the top of it, being a coumerbalaiice ta 
the preflure of the atmofphere, may therefore be ex* 
preiTed by the column of nnercury in the barometer. 

SOLUTION. Let the mercury in the tube be * 
inches, the air in the top of it now occupies the fpace 
a-^x; it occupied formerly ^ mches, and its elalftic 
force was c inches of mercury : now, therefore, the 

force muft be inches, for -7- *: : : c 
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be 
OPrinc. 2.) Therefore ^ + —= f (Prlnc. 3.) Th« 

reduced, and putting ^+^ = 21/, and b-a=:e, the 
equation is x^ — idx^ce* This refolved gives 
x=zd:±^k/(ce+dcf). 

APPLICATION. Let a-^o, ^ = S, c=:zS; then 

d = = ^9, and e = b -^ a =: — 22, Therefore 

2 

;i:=29±i5, that is x=z^ or 14. 

One of the roots 44 is plainly excluded in this cafe, 
and the other 14 is the true anfwer; 

Note. If the column of mercury x, fufpcndcd in the 
tube, were a counterbalance to th? preffure of the af- 
mofphere, exprcffed by the height of the barometer c, 
together witlj the meafore of the elaftic force of b in- 
ches of common air^ in the fpace of x-a; that is^ if 

if=^C'\ or X — i — =:f, the equation will be the 

x-a x-a 

fame as before, and the root 44 would be the true an- 
fwer. But the experiment in this queftion docs not ad- 
mit of fuch a fuppofition. 

PROBL. IIL The diftance of the earth and moon 
df and their quantities of matter e, m, being given, to 
find the point of -equal attrafiion between them. 

SOLUTION. Let the dirfance of the point from 
the earth be x ^ its diftance from the moon will be 
therefore d-x. But grayitation is as the matter ^- 
re£lfy, and as the fqQare of the diftance invcr/ely i 

therefore the earth's attradion is as - , and the moon's 

attradion 
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attntftion is as ^i — r.- But thefc vc here equal s 
therefore 



/ m ._ v'^ \fm 



or -T=- — by evolution, 



This equation reduced gi?cs xzz . . 

Or multiptyiog the numerator and the denominator 
, . , de-dJem 

APPLICATION. In round numbers, let rf=6o 
femidiamctcTs of the earth, rzr40, mzzi^ then x^^z 
fcmidiameters nearly. 

NoU. There is another point beyondl the moon at 
which the attra^ions are equal, and it would be found 

^ iff 

by refolving the firft equation — ==7^ — r^ as follows : 

* \^ """ * J 

dde — zdex+ex^zzmx^ by clearing of fra&ions ; 

(e^m)xx^- 2dex = - dde by tranfpofition 5 

A* =-^= — by diTifion s 

de^ds/em^ -, . 

A'=: by rcfoluuon. 

e — vi 

t> ^^-. ^ de-d'Jm , - . , de+d^Jem 
Hence «= — . , as before, and yrr — . 

which cxprcflion in round numbers gives ;r:= 71 nearly. 



PROBL 
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PROBL. IV* Let a ftone be dropped into an empif 
pit;, and lee the. time of the dropping of it tq the 
hearing the found fropi the bottom be given : to findl 
the depth of the pit. . : 

. SOLUTION. Let the given time be a; let th^faiH 
of a heavy body in the ift fecond of time be ^ ; Mih 
let thp motion of found in a fecond hcc. 

Let the time of the {tone's 1 
fall be J 

The time in which the found 1 
of it moves to the top is j 

rThe defcent of a falling body S 
is as the .fquare of tTie tinie; t 
therefore being i* : ** : : 6 : ^x*, j 
the depth 'of the pit is J 

The depth from the motion of 1 
4aQnd (being i :c ::a- x.fa - a) > 4 
is alfo * . J 

Therefore 3 and 4 IS, 



a—x 



bx' 



ca-cx 
%x^±ca-cx 



This equation being refolved, gives tW value 6^ i't 
and from it may be got bk^ or ca -Vx^ the depth * 6f 
the pit. 

If the time is a =10 fecondsj ^=715 feet, and 
<:=2ii4Z feeCy then x=:8.9 nearly, and' the depth is 
2188 feet nearly. 

Note. There are fcteral circumftances in this pro- 
blem which, render the concltiiioh inaccurate.. 

I. The values of ^ and c^ on which the folutioh is 
ibunded; ^ are ddrived from experiments, which, are 
fubje& to confiderabte iitaccuraqies. 

%. The re&ftance of the air has a great eSc^ In ^e- 
taring the defcent of heavy bodies, when the velocity 

H h h becomes 
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becomes fo greit as is fuppoted in this <}ue(tioa i sui^ 
fbt;t esrotmfiiitote i» not r^ardtd in the (blutioif* 

7* A ffflalt errors In makrng the experktteot to 
fwMcb tfa)s (fUeftioo reia€es» prodoecf a great errof in 
the conclofion. This ctrcumftance h parttccrlarlj to be 
attended to in all phyfical problem^ ; and» in the pr6^ 
^fent^csft^ i*itbotJt*ftofcicilig the preceding imperfc^ons^ 
^fterror iof halFafecoiid, tneftinni^ttnjg tte trme, makes 
an error of abovt^ too feet in the cxpreffion of thr 
depth of the {]it« . . :]4 
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OF INxtRJEST ANp.ANNU.I*riE"3. 

/I . • ..... 

THE apptiqatiofi of Algebra to the calculation of 
Intere(!s and Abifuities^ will furhiih proper examples 
of its ufc in bu0ne6tf Algebra Cannot determioc' the 
j^t >priety or juRice of the common fuppoGtioos qn which 
tbefe calculations are' founded, but only che^ n^ccfiary 
concluiions refuitlng from them. 

t>EFIN ITION S. I, Inieteji k the ppctniiitt al- 
lowed for the loan of money. •- - • *^ 

.. , Jl. -The fum lent is called the PrindfioL 

ill. The^ftim of the principal and iatereft is caffltd 

, i\^^ Jrrwunt. ^ .^ . . 

•. ,i, •••• • ■. 

IST. Int^e& is allowed at To m«di per lenU per M ; 
num^ which premium per cent, per /mmni^ on anterefi uf 
iQCd. for a ycar> is called ibi Rat^ rflnt^re/h 



• » . .... ^ 4 
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V. Siif9fle hiere^ is that whiqh & aHowed fgr jtbe 
^riscipal lent only. 

Yl. Comfound fntisrffi is that whkh is dlom^d^ not 
only for the fum lent, but alfo for its jntereft, as a|C 
becomes dae at the end of eac^ ftated time of payment. 

V^I. 4» i^niHy h « payjoent tnf de animatly 16s % 
certain ifrm Qf year^ 

VUL Alt anni^ty .vfajchr is to <:oiMience after a 
certain ti^e^ and then, to continue fome ye^r^^ is called 
4m qnnuify in reytrftn^* - 

IX# An ammhyt i*h^ch iy \s^ c<«tijBi|ie £fr ever, if 
j^crmed « perpeiuify^ . , - • 

, X« Annnities or jPenfions, t^c. are faid to be in or* 
rears when they are payable or due^ either yearly^ 
)ialf-ye^rly» or ^[o^tqrly^ (04 are unpaid f(N: aoy ftum^ 

lo tbe £d11omng theorems let/ denote any principal 
^m of which I A is the wt, t the time dnring which 
\i bears intereft^ of which t year (hall be the unit, r 
the TZXR of 'tf)rereft of lA for i year^ and let a be the 
amount of the pidocipal fum^ f^ withi its iniereft for 
the time, /, at the ratjc r. 



I. Of Simple Interejl.. 



THEOREM- In fimpfe mptf^. «J=^+M «»d of 
thcfe four, a^ fy r^tl any thrcq being given^ the 
ifoarth may be found by refolyiog a iimple equation. 

H h h a The 



I 
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The foundation, of the canon is very obvious ; for 
the intereft of lA in i year is r, for / years it is r/, and 
for ^ pounds it is ^r/ ; the whole amount of principal 
and intereft mtift therefore be p +frt == a. 

Example L 

What will 368/. i6i. amount to in 7^ years at 6i 
per cent, per annum ? 

Here ^=368.8/. tzzj.'j^ yearsj r=: 0.065^ (^^ 

100 : 6«< : : I : — ^=ro»o6c)* 

Therefore 41 =3368.8/. +368.8/1 x 0.065 x 7.75 

= 554-583'- =554^^ iiJ. 7^* 3**S/, 

Example II. 

What principal will amount to 554/. i is. yd. 3.68/I 
in 7I years at 6} per cent, per annum ) 



tfrr 554.583/. r=: 0.065/. ^=7'75 J^^^h ^^^' 
fequently 

i+rt 1+0.065x7.75 1.50375 
-368.8/. =368/. i6j. 



IL Q/" Compound Interefi. 

The fame notation being ufcd» let x +r=R« 

THEOREM. In Compound Intercft a=:f{L'. 

For the fimple imereft of i/. in a year is r, and the 
new principal fum tfaicrefore which bears intertft daring 

CfiC 
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Ac Id year is z +r, or R ; the intereft of R for: a yeir 
is rKy and the amoum of priQcipai aQ4 intereft at the 
end of the 2d year is 

R+rRt=R- r+r =RS fori +r=:R. 

In like manner, at the end of the 3rd year it h R', 
and at the end of / years it is R'» and for the fum / 
itis^R'=:tf. - 

COR. T. . Of thefe four^, R, t, a,, any three bcisg 
given, the fourth may be tound. 'yVhen / is not very 
fmall, the folution will be obtained moft conveniently^ 
by iogarithms. When R is known, r may be found, 
and convcrfely, becaufe R=:i +r. 

Example. 

If 500/, has been at intereft for 21 years, the whole 
arrear due, reckoning 4I, or 4»5, per cent* compound 
intereft| is iz^o.izL or 1260/. 2/. 4^. 3/! 

In this cafe ^ = 500, r=:.045 (for 100 ; 4.5 j : f 
: .045), R=i-fr5r 1.045, /srai, and ^=: 1260.12, 
and any one of thefe may be derived by the theorem 
from the others being known. 

Thus, to find tf, becaufe R'=(i*045)**, i^ ^iU ^ 
by logarithms, /1.R =z 2 1 1 . i .045 = 2 1 x o.o i 9 1 1 63 (by 
Tables) =:o.40i4423; therefore l.R'=o«4oi4423y 
and R'rr 2.520242, this being, by Tables, the number 
anfwering to the logarithm 0.4014423. Hence 
a=:pR'=:50o X 2.520242=: 1260.121. 

COR. II. The prefent worth of a fum, s, in rever** 
fion, that is, payable after a certain time, /, is. found 

thns : 

... Let 
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l^et tW prtfeiit Wftnh be ^^ tha this money tmn^ 
yMvcd by compaofid intereftt <iuf ing /, pro^ces jrR,^ 
which mu4 be equal to i ; ;tnd tti^fore^ if x^' rr r. 

Example. 

what U the prefeot worth of SlS-^i/sA^ of 315^ 
1 2/. 4</. payable 4 years hcnce^ at 6 per ceat. 

^nrrssae^, Rsjci+r:? 1.061 1=4, >=r3i5.<5f7jj. 

^(1.06/ i.2t247 

Nrti* This operation is othemrife f^Ied ^ebat^ qr 



COR. nip The tfflftc 10 which a fum is dourble4 
at compoond imereil wi)l be found thus : 



By hypothcfis /R';?2j», or R'=:2j thpo, by Jqga^ 
Tithflis,7iai=U, apdl=:l.a-^U. ' •» * ^ ^ 

Example. 
Suppofc r = .05, then' R = i +/;;;; f .5^, and 

tzz^ =—2 ^ = 14.2060. 

I.X.05 o%o»n89^- ^ 

That is. 14 years and 75 days nearly. 

N&fe. Many .other fuppofitions might be qiad^ vith 
regard to the impsovement of money by compound in^ 
tered. The intereft might be iuppofed to be jmoed to 
the capital, and along with it to bear iniered at the 
end ot every day, or even at the. end of every inftsnt, 
and fuitable calculatioiis niight be formed ; but thefe 
fuppofitionsi being felddm ufed in praAice^ are omitted« 

III. Of 
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III. Of Anmititu 

* ■ / ■ w « 

i 

« 

The chief problem with regard to Annuitiea Is to 
determine their prefcnt worth* The fuppofition on 
ti^hlchthe foltition proceeds i^, that the money received 
by the feller, being improved b)r htm in a cer^in mao* 
ner, during the continuance of ihe annuity^ amodots to 
the fame fum as the feveral payments received by the 
pwrfibafcr^ kipmvdd in the (JMne/maBair. ) 

Let the innirity be called a^ and p be the prefeoc 
wortt 6f4t or purchife money, t Ae time of its tobit- 
noanccy. and let the other letters desote aa forjBetly« ;. 

The feller, by improving the price received, ^, at 
compound 4nter^^ at tik tioe.the.aanuit/jce^^s^ 

\pR*. -; \" ; • - - • -* • 

; The^piircTiaTtt* is fujppofcd to recdvc tbe.frft.^- 
'naicy, 'i7, attbe.end6f the firft year, whrcb is' improved 
by him for / -^ s jpem^ It beG90)4s tberefore 4&'~^S 

He receives theftetiftd annmty at the cod i>f tli^. fe« 
cond year, and* iJi;h(f^ imprd^fi^ V -'2 ycbrs^ ft be* 
comes tf R'— *. 

Th* third tmmity biex:6rtics tfR*^,iStc. i»d tfce laft 
:is£mplC4i. :;- i ^ -' ^ ' ■ ^: 

Therefore the whofc athoant 'bf tht' i m pr a t td 
nuities is the geomeuigil ftries ^ 



The fum of this feries is ^ ^ (p. .) 



Bur, 



( 4^6 ) 

But. from the natare of the problem* ^R' = ^ '^ 

■ 

Therefore R - 1 = r, confcqucntly / =: "" 



rR' • 

COR. I. If an anooity has been unpaid for the 
the term n, the arrear, reckoning compound intcreily 

COR. IL The prefent worth of an annuity in re- 
Terfion> that is to commence after a certain dme^ f, 
and then to continue t years, is found by fnbtra^dng 

the prefent worth for n years, that is — 5— • or (mul- 
tiplying diis fraffioh by R') ^^- — i, from the prc- 

fcnt worth for n+t years, which is ,, , , : ; and 

then the prefent wonh required is 
tfR*-H-ii _ <iR«+*+gR, ^ <R'--i> 



COR* III. If the annuity is to continue for etreo 
dien/=roo, R'=R«=oo, K5^i=oa •i:=90» am^ 
therefore R'nR'-x. Whence • 

' rR« rRf rK' r' 



• » 
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Cbtl. iV. A perpetuity i^ reverfion, fmce 

PROBLEM. When 12 years of a leafe of 21 years 
Vitrt, expired, a renewal for the fame term was granted 
for 1000/. 8 years are now expired, and for what fum 
muft a correfponding renewal be made, reckoning 5 
per cent, compound intereft I 

SOLUTION. From the firft tranfa(aion the yearly 
rent muft be deduced ; and from this the proper fine in 
the fecond may be computed, as follows : 

In the firft bargain, an annuity in reverfion, to com- 
mence 9 years hcnc^ and to continue 12 years, was 
fold for 1000/. The annuity will therefore be' found 
by Cor. II. in which all the quantities are given, but 

^ z: -£— J becaufe by infertinjj numbers, viz. 

pzz 1000, n = g, /=:i2, r^.05, and R = i.o5; and 
then wgrking by logarithms, it will be ^^ 175 029 
= 175/. 7^. 

Next, having found J, the fecond renewal is made 
by finding the prefent worth of the annuity a in rever- 
fion, to commence 13 years hence, and to laft 8 years. 
In the canon (Cor. II.) infert for ^z, 175.029 and let 
^imj, /zrS, r = .©5, and Rrzi.o^ as before 5- and 
then you will find /> = 599.93 = 599/, ig/. jd, the fine 
required* 

-. ^ .- . ' ^ 

Note. As thefe computations often become trouble- 
fome, and are of frequent ufe, all the common cafes 
aie calculated in tables, from which the value of any 
annuity, for any time, at any intereft, may cafily be 
found. 



1 
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It is to be obfcrved alfo, that the preceding Rules 
are computed on the fuppofition of the annuities being 
paid yearly ; and therefore, if they be fuppofed to be 
paid half-yearly, or quarterly, the conclufions will be 
fomewhat different, but they may eafily be calculated 
on the foregoing principles. 

The calculations of life annuities, depend partly upon 
the principles now explained, and partly upon phyfical 
principles, from the probable duration of human life, 
as deduced from bills of mortality. 



CHAPTER VI 



OF INDETERMINATE PROBLEMS OF THE 

SECOND ORDER. 



I. 

Refoluiion in Whole Numbers cf the equation 
y=V(ax* + 2bx+c). 

PROPOSITION. To find all thofe numbers, which 
fubftituted, inftead of ^, in the particular cafes of the 
general equation x:=:»J[Mc' + %bx + c)y give all the ra- 
tional and integral values oiy^ anfwering to thofe par- 
ticular cafes. 



Cafe 
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Cafe !• 

Let s/{ix^ + ibx -{-c^zzx+m. Therefore 

2x^ + 2bx+czzx* + 2mx+m^, or 

A* + 2^^ - imxzzm^ - r. Whence 

x=m — b + s/(2m^ — 2bm+i^'-c. Now 

- let ^/( im^ - 2^^; + ^* - ^) = ;« + w. Therefore 

2fn^ — 2bm + b^ — c = m^ + 2mn+n*y or 

^* - 2^«i — 2mn — n^ + c — b*. Whence 

m=n + b + \/{2n^ + 2bn+c), and 

xzz^n^b-{ 2v^(2»* + 2^« + c). Now 

this lafl: radical expreilion being the fame 'as the firft 
given, all the bufinefs will be to find a value of Xy fo 
that the correfponding value of j^ be rational and inte- 
gral ; becaufe fuch a value of x fubftituted, inftcad of 
;i, in the faid lad radical expreilion, will give a new 
value of X anfwering to the conditions, and fo on, as 
may be lecn in the following examples* 

Example II. 

Let jf = v'(2x*- i\ 

Here we have 2^=0, r=: — i, and then 
A:=:3» + 2^/(2»*- i). 

Now, ifx=i, then j=r>/(2x^- i)=2i. Therefore 
take 12=1 1, and you will find x = ^^ and/ = 7, 

n = 5, ^ = 29, - - J'=:4'f 

nzzz^y x=:i69, - - ^2=239, &c. 

I i i 2' Example 



I ■ I ■«! I 4, ,■■ W J — - 
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Example IL 

Here 2^ = o, rzri, and x=: 3;? + 2^(2/1* + i). 

Now, ifxrip, thenj=N Therefore 

Take « = o, and it will be a: =2, and J^ = 3 

» = 2, xzzii, - -J— 17, &c. 

O/e II. 

jf=:3^* + 2^Ar + r, 

Let \/(3x* + ^bx +c) = x+m. Therefore 

2x^ + 2bx + c=:imx+m\ Whence 

7n-'b+ \/(2m^ + 2bm + ^^ - ic) 
X zi ^^^^ < =:m + n. 

2' 

Hence V(3/7/- + 2^;i+Z'*-2f)=:f« + 2«-f i'. 
Then »i* — zmn = 2«* + 2^;; + c. 
And m rr » + </( 5»* + 2^« + c). 

This radical exprcffipn being the fame as the fiift 
propofed, it/ gives the rcfolution required. 

Example. 

Let y = ^(ixx + 6). Therefore 
2^ = 0, r=:6, znd x = m'\-n=zzn + \/(2n' + 6). 
If x= I, then j^=:3. Therefore taking 
;iz=i, iiwillbe.r=:5, and^^rzg; 

n = 5f - • - • ^=i9^ - - J = 33* ^'^- 

AW. The application of this method to the other 
cafes may demand a longer feries of operations, but, if 

the 



( 43^ ) 

the folution is poffible, we (hall always get it, only 
drawing from the given radical expreffion, by the mean 
of convenient fubftiiutions, another quite like it, and 
then finding, by trials, the leaft value of x anfwering 
to our parpofc ; which value of x fubftituted, inftead 
of ftj in the general expreffion of x^ will give a new 
value of the fame x^ and fo on, we ihall have all the 
poffible values required* 



II. 

SOLUTION OF INDETERMINATE PROBLEMS 
OF THE SECOND ORDER. 

PROBLEM I. To divide a given fquare number 
into two parts, each of of which Ihall be a fquare num* 
ber. 

SOLUTION. Let the given fquare be d". If one 
of the fquares fought be j:% the other is ^* — x*. Let 
rx - tf be a fide of this laft fquare. 

Then r^x^ — larx -|- ^ * = a^ — x^ 

r'x^ + X* = 2arx 
-x 

lar 



; *.v + *r = 2tf r, and x = 



Hence rx-ar: azz 



r + i^ 



r+i r* + i* 



2ar 



Let r therefore be alTumed at pleafure, and — 
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, vrhich tnuft always be rational, will be the 

iides of the two fquares required. 

Thus, if<i*=:ioo. Then, if r=r2, the fides of the 
two fquares are S and 6 ; therefore 64 + 36 = loo. Alfa 
fet 0^ rr 64 ; then if r =: 2». the iides of the two fquares are 
V and V I therefore ' ||* + y/ = '^^ = 64. 

FROBL. II. To find two fquare numbers whofe 
diflference is given. 

SOLUTION. Let x* and y* be the fquare numbers, 
and a their diflference. 



Put — i- = X, 


and 










2 






2 








Then by 


taking 


the 


fquares, — 


+ 2;«» + »* 
4 


= *» 










m* 


4 


=/ 


• 


m ^ m 






m 


mn *: 


-x^-y* 


m 



If X and jf are required only to be rational, then take 
n at pleafure, and m^a-r-n, whence x and y are 
known and rational. 

Bur, if X and y arc required to be whole numbers, 
take lor m and n any two favors that produce a^ and are 
both even or both odd numbers. And ibis is poffible only 
where a is either au odd number greater than i, or a 

number divifible by ^. Then and are the 

2 2 

numbers fought. For the produft of two odd numbers is 

odd, and that of twoeven numbers is divifible by4. Alfo, 

if wand » are both odd or both even, and 

2 2 

mufl. be integers. 

Example 



( 433 ) 

Example L 

If ^ = 27^ take»=i, then mzzij; and the fquares 
are 196 and 169 : or n may be 3 and fn=9, and then 
the fquares are 36 and 9. 

Example II. 

If tf = 1 2y take n:=:2, and m:=:6; and the fquares 
are 16 and 4. 

PROBL. III. To find two fquare numbers, whofe 
fum fhall aifo be a fquare number. 

SOLUTION. Let w*-»* be the fide of one 
fquare number, and zmn the fide of the other. 

Then the two fquare numbers will be m^ — 2«r*;i* +»* 
and 4»i'«*, whofe fum m^+m^n^+n^ is alfo a fquare 
number, the fide of which is m*+n^. 

Take m and n at pleafure; then m^^n* and 2mn 
will be the fides of the two fquare numbers fought. 

Example. 

LetOT = 2, «=:i; then m^ — n'zz^^ zmnzz^, and 
the fquares are 16 an J 9, whofe fum is the fquare num- 
ber 25. 

PROBL. IV. To find two fquare numbers, whofe 
difierence fliall alfo be a fquare number^ 

SOLUTION. Let m*+w* be the fide of one fquare 
number, and zmn the fide of the other. 

Then the two fquare numbers will be;n* + ^wW+«* 
and 4W*/2*, whofe difference ;w* — 2wV+«'* is alfo a 
fquare number, the fide of which is w* - p*. 

Take 
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Take m and n at pleafure; then ni'+n^ and zmn will 
be the fides of the two fquare numbers fought. 

Example. • 

Let /w=:2, « = i; then ni^ + n^^^^ zmnzz^^ and 
the fquares are 25 and 16^ whofe difference 9 is alfo a 
fquare number. 

PR(>BL. V* To find all thofe whole numbers, 
whofe fquaresj being doubled, furpafs unity by another 
fquare. 

SOLUTION. Let x be one of thefe numbers ; then 
2XX— I, by the conditions, mud be a fquare, that is, 
y^zz2xx—\^ which is the firft Example confidered in 
Gefe L of the Propofuion. 

PROBL. VI. To find all thofe whole numbers, 
whofe fquares being doubled and added to unity pro- 
duce other fquares. 

SOLUTION. Let x be one of thefe numbers ; then 

2x^ + 1, by the conditions muft be a fquare, that is, 

y=:2x.v+i, which is Example II. of Cafe I. of the 

Propofitioh. 

PROBL. VII. To find all ihofe whole numbers, 
whofc fquares being tripled and added to 6, produce 
other fquares. 

SOLUTION. Let x be one of thefe numbers; 
then -.V' + 6=:;\ which is the Example of Cafe II. of 
the Propofition. 



CHAP- 
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CHAPTER VII, 



A PROMISCUOUS COLLECTION. 

OF PROBLEMS. 

!• Determinate Problems of the tji Order. . 

T« Let m and n be two given multipliers. It is re- 
quired to divide a given number, as a, into two fuch 
parts, called x and y, that mx added ny may make fome 
other given number^ as b. 

J. r b — an . am —b 

Auux:=: and^r: ». 

m—n m—n 

2. To divide a given number a, into two fuch parts, 
9c and y, that x may be to y as m to ii« 

A f am ^ an 
Adi. Of = — andjfir 



3* To find a number Jf, which being feverally added 
to two given numbers, a and b, will make the fojrmcr 
fum to the latter as m to »» 



Am. A?=: ' 



4* To divide a given number, tf, into two fuch parts, 
fc andjf, that the excefs of x above another given num- 
ber, as 6, may be to what y wants of ^, as m to m 
fpppofing m to be greater than n. 

JC Ic k Ann 
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Apu X g ■ and y=r «-, 

j. A gentleman meeting a company qf beggars, 
gtves to each n pence^ and has a pence over ; but if he 
had given tkcm m pence apiece, he would have 
found he had wanted If pence for that purpofe : I de* 
mand the numbers of beggars, x, and the pence which 
the geptleman ha4i y^ 



Anf.xrz^ and y=^Jl±^^ 



m — n m-^n 



6. There are two places whofe didaface from each 
other is 0, and from whence two perfons, A and B, 
fet out «at the fame time with a d^ligti tb hieet^ A 
travelling at the rate of p milts in q houts, and 6 lie 
the rate of r miles in s hours : I demand ho^ long an^ 
bow far each travelled before they ttiet« 

Aaf. The wmber of hours travelled by each, — 2_ 

IWiles travelled by A, ^ . , 

^ pi+^ 

Miles travelled by B, — i— . 

J. Gut of a Common pack of fifty-two tard$> let 
part be diflributed into feverai diftinft parcels ot heaps 
in the following mjinncr : upon the lowcft card of Hftty 
^eap let as many others be laid as are fufficient to make 
up its numbei^TWelve ; as if four be the number of the 
loweft card, let eight others be laid upon it ; if five, 
Jetfeven; if j let tz — aj &c. It is required, having 
given the npmber of heaps, which we Ihall Call n, as 
alfo the number of cards Hill remaining in the drier's 
jiand^p wfeicli we Ih^ll fall r, to find the fum, x, of the 

Rijmtcw 
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tiQthbeif€ o( all the bottom cards put together^ 

Anf. x=i3«-" 52+^=13 x»-4+f4 

8* Let A be the number of heaps as before, p the 
number of cards in a pack ; let as many cards be laid 
upon the loweft of every heap as are fufficiedt to make 
np its number q ; and laftly, let r be the number of 
remaining cards as before : it is required, to find the 
fum X of the numbers of all the bottom cards put tch 
gether. 

Anf. A;nnq+n+r'-f±q+ixn+r^p4 

9* Thfee caufes C, C, C'', working feparately, 
may produce the effe&s £, E% £'% in the times 1\ 
T', T'\ In what time trill they, Working jointly, piro- 
duce the effea E''' i 

Anf. T'''±f; , ^^ i ,v -, 

10. The particular rates a and b of two ingredients 
to be mixed, and the rate c of the mixture m being 
given, to f qd what portions x and y of each ingredient 
muft be taken to compofe that mixture. 

Anf. *r:OTX.i— i-; and t=«lx-^^^, 

a-b . a-^b 

II* Two travellers^ A and B, whofe velocities aris 
to one another, as m to », fet out from two places C 
and D at the fame time, A from C bound for D, and 
B from D bound for C( it is required to find^ at 
whatdiftance, ;r> from the place C they will meet 
together. 

* f, tnd 

1%. A hare having ttiade a number n of leaps, a 
greyhound be^bs to purfue her. The greyhound takes 

K k k 2 m leap# 



'Mfm Hp^gHKBiaW-^ '^VWPI^ Jl 



( 438 ) 

m leaps la the fame time that the hare takes tn+a; 
but the leaps of the greyhound are greater than thofe 
of the hare in the proportion ofp to q. It is required 
to find a canon, in order to know, whether the grey- 
hound (hall overtake the hare, and at what diftance^ Xp 
calculated in leaps of the greyhound* 

Anf. x=: , and the greyhound will over* 

take the hare only when qm;::>pa+fm^ 



II, Determinate Problems of the fecond and bibber Orders^ 

m 

I • A certain company at a tavern had a reckoning 
of a pounds to pay ; upon which a number, A, of the 
company going away, obliged the reft to pay c fhiU 
lings apiece more than they fliould have done: what 
was the number,* a:, of perfons ? 

Anf. ;vrr— ±\/ _+ — ^ 
2 ^ ^ 4 

2. To divide the number a into two fuch parts, x 
being the lefs, and jr the greater, that my multiplied by 
nx may ^ive the produA b. 

Anf. xzz — — \/ — andvrrtf-*'. 

* 2 ^ 4 w/i 

3. Two merchants, A and B, enter into partnerihip 
with a principal of ^ lounds together; the merchant A 
puts in his money, x, for m months; and the other 
Bhis money, ^, for n months; thtn each oF them re- 
ceives b pounds, principal and intereft. What are their 
ie>'eral pi incipals \ 

Anf. ;tf=:— /=fcVy+^* and;r=:tf-y^ 
^ • Note. 



/ 
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Note. Here wc fuppolc f = , and 



?=r 



abn 



m — n 



^. The fum, a^ of two numbers, jf and y^ and^ the 
quotient, q^ which arifes from the diTifion of the lefs^ 
x^ by the cubic root of the greater, jf, being given^ to 
find thefe numbers. 



Anf. x=yv/'-+\/- + 2!+yY/i.->Vi: 

and jfzra — Of. 

5* A certain number, 4r, of perfons enter into part- 
nedhip, and each of them contributes m times as manjr; 
pounds, as there are perfons: they gained for everjr* 
1 00* pounds fo many pounds as there are perfons and 
» more, that is, x+» pounds; laftly the total gain is 
a pounds. I demand the number of perfons. 

Anf. mx^ -^-mnx^^iooa^o* 

6. Some merchants have in common a principal of 
a pounds ; each of them adds to it m times as many 
pounds as there are partners ; they gain as many pounds 
per cent, as there are partners ; and after having taken 
each n times as many pounds, as there are partners, 
there remain b pounds. What is the number, Xf of 
merchants i 

Anf. wx'-xoo«4?*+j*-ioo^=:o* 



III. U^ 



